CHEN CHUANG: LECTURES ON REAL ANALYSIS

Chapter 0: Introduction

e What is Analysis?
e What about Analysis?
¢ Why do Analysis?

Background of mathematics

e Number Systems

N = the set of natural numbers
7, = the set of integers

Q = the set of rational numbers
R = the set of real numbers

C = the set of complex numbers

e Elementary algebra — Advanced algebra — - -
¢ Euclidean geometry — Analytic geometry — - - -

e Calculus

x What is the limit?

x What is the continuity?

x What is the differential?

x What is the integral?

* When is f integrable on [a, b]?

x What is the fundamental theorem of calculus?
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Development of Analysis.
I[. The First Wing

o I. Newton (1642-1727):
* The method of fluxions (1666)
* The sine and cosine series (1669)
¢ G. W. Leibniz (1646-1716)
* The transmutation theorem (1673)
« Leibniz series (1674)
e The Bernoullis
* Jakob (1654-1705) and his figurate series (1689)
* Johann (1667-1748) and the function z* (1697)
e L. Euler (1707-1783)
« The interpolation of f(n) = n! (1729)
* The resolution of Jakob’s challenge (1748)

x Differential 8 and dsinx = cosxdx (1755)

« The integral fol w dx (1768)
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IT. The Classical Wing

e J. D’Alembert (1717-1783):
*x From “limits” to differentials
*x D’Alembert’s criterion for series
« General solution of wave equation (1747)
e J. Lagrange (1736-1813):
* From power series to differentials (1797)
x Applications of inequalities
e J. Fourier (1768-1830):
x Concept of functions
* Trigonometric series (1807)
e A. Cauchy (1789-1857):
x Limits, continuity, derivatives
x The intermediate value theorem
*x The mean value theorem, integrals
* The fundamental theorem of calculus
x Cauchy’s criterion for series
e P. J. L. Dirichlet (1805-1859):
* Dirichlet function (1829),
* Trigonometric series
* Analytic number theory
e G. F. B. Riemann (1826-1866):
* Riemann integral (1854)

* Riemann function

* Riemann rearrangement theorem (for series)
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e K. Weierstrass (1815-1897):

x “e — 07 for limits

« Uniform continuity of functions (E. Heine)

* Uniform convergence of series (1841, 1894)

x Weierstrass approximation theorem

* Weierstrass M-test for series

+x Weierstrass function (P. Bois-Reymond, 1875)
e G. Darboux (1842-1917):

* Simplification of Riemann integral

* The Darboux theorem

Remark:
(i) How discontinuous can an integrable function be?
(ii) How discontinuous can a derivative be?

(iii) How, if at all, can we correct the deficiencies of the
Riemann integral?

(iv) Recall sufficient conditions of the fundamental the-
orem of calculus

b
/ F'(z)dr = F(b) — F(a)

« F" is continuous on [a,b] (Cauchy)

« [ is integrable on [a,b] (Darboux)
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ITI. The Modern Wing

e G. Cantor (1845-1918):
« Completeness of the real numbers (1874)
* Continuum Hypothesis

e R. Baire (1874-1932):
« Nowhere-dense sets (due to H. Hankel)
« The Baire category theorem (1899)
* The Baire functions (1899)

e H. Lebesgue (1875-1941):
* Measure of sets

* Measurable functions

* The Lebesgue integrals (1902)

The main results are

Theorem 1. A bounded function on [a, b] is Riemann
integrable if and only if it is continuous almost every-

where.

Theorem 2. If F is differential on [a, b] with bounded

derivative, then I is Lebesgue integrable and

(L) / F'(z) dx = F(b) — F(a).
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Henri Lebesgue

Henri Lebesgue (June 28, 1875-
July 26, 1941) was a French mathematician most famous for
his theory of integration, which was a generalization of the
seventeenth century concept of integration summing the
area between an axis and the curve of a function defined
for that axis. His theory was published originally in his
dissertation at the University of Nancy during 1902.

The Lebesgue Integral

e Riemann integral: partition the domain of the function
f and obtain the Riemann sum Y7, f(&;)|1;].

e Lebesgue integral: partition the range of the function
f and obtain the Lebesgue sum > 7, ;| E;l.

k| k
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e limits of functions — continuous functions — Riemann
integrals

e measures of sets — measurable functions — Lebesgue
integrals
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Outline of Real Analysis.

e Sets

e Measures of sets

e Measurable functions
e Lebesgue integrals

References.

e E. M. Stein and R. Shakarchi, Real Analysis.

e J. N. McDonald and N.A. Weiss, A Course in
Real Analysis.

e Zhou Min-Qiang, Functions of Real Variable (C).
e T. Tao, Real Analysis.

e P. R. Halmos, Measure theory.
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System of natural numbers (N)

e What are natural numbers?

e What are operations of addition “+” and mul-
tiplication “x”7?

We start with the following two fundamental concepts
* the zero number “0”

* the increment operation “++”
and define
1:=0++,
2:=(0++) ++,
3:=(0++)++)++,

......

ni= (- (0++)++)++-)++.

Axiom I. 0 is a natural number.

Axiom II. The increment of a natural number is a nat-
ural number as well.

Axiom III. 0 is not the increment of any natural number.

Axiom IV. Different natural numbers must have differ-
ent increments.

Axiom V. (Principle of induction) Let p(n) be any
property pertaining to natural numbers n. Suppose that
p(0) is true, and suppose that whenever p(n) is true, p(n +
+) is also true. Then p(n) is true for every natural number
n.

Proposition. 2 is a natural number.
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Proof. By definition, 2 = 14+ = (0++)++. By Axiom I,
0 is a natural number; so is 2 by using Axiom II twice. [

Proposition. 3 is not equal to 0.

Proof. By definition, 3 = 2 + 4. Since we have proved 2
is a natural number (by Axiom I and Axiom II). Thus,
the increment of the natural number 2 is not equal to 0

(Axiom IIT), i.e., 3 # 0. O
Proposition. 3 is not equal to 2.

Proof. First, we can show that all the signs 0,1,2, and 3
are natural numbers by using Axioms I and II.

Secondly, by definition, 3 =2 + + and 2 =1 + +. Thus,
by Axiom IV, it suffices to show that 2 # 1. Also, by
definition we have 2 =1+ + and 1 = 0 + +, and hence, it
suffices to show that 1 # 0 by Axiom IV again.

Finally, note that 1 is the increment of the natural num-
ber 0. Thus, 1 # 0 due to Axiom III. ]

Remark. Note how all of Axioms I, II, III and IV
had to be used in above proofs. What about Axiom V?
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Addition “+” of natural numbers

In order to define the operations of addition and multi-
plication, we need the following concepts

* the set X and x € X, in particular, write
N:={0,1,2,3,---},

* the function f: N — N,
and the following result.

Proposition. (Recursive definition) Suppose that for
every n € N, there is a function f, : N — N. Let ¢ be a
natural number. Then for every n € N, there is a unique
a, € N such that ag = c and a,,.y = fn(a,).

Proof. Define ag := ¢ and
(0.1) Unit = fula,), mneN.

First, note that 0 # n++ for all n € N (by using Axiom
ITI). Thus, none of the definitions a,., = f,(a,), given
in the procedure (0.1), will redefine the value of ay. This
implies that the value of a( is uniquely determined.

Suppose inductively that the value of a, is uniquely de-
termined. Then by the definition of function, the value of
fn(ay) is uniquely determined as well. In addition, note
that m + + # n + + for m # n (Axiom IV). This im-
plies that none of the other definitions a1+ = fm(an)
will redefine the value of a,,, that is, the value of a,,
be defined only once. Thus, the value of a,, . is uniquely
determined.

So, by the principle of induction (Axiom V), the value
of a,, is uniquely determined for every n € N. ]

By using the recursive definition, we can give the defini-
tion of addition “+” as follows.
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Definition. (Addition) Let m,n € N. Define 0 +m :=
m. Suppose that n + m is well defined, we then define
(n++)+m:=(n+m)++.

Remark. By the last proposition (recursive definition),
we observe that, for every n € N, the sum n+m is uniquely
determined. Indeed, note that f given by

f(n):=n++4+, neN

is a function from N to N (WHY). By using the signs in
the last proposition (f, = f,a, = n+m for all n € N), our
recursive definition is given by ag := m and

niv = (n+m) ++ = f(n+m) = fulan).

Thus, all the values for ag,aq, a9, - are uniquely deter-

mined. That is, the addition of natural numbers is
well defined.

Example. Let n € N. Then
l+n=n++,
24+n=Mn++)++,
3+n=(n++)++)++.

Proposition. Let m,n € N. Then n +m € N.

Proof. Fix m and apply induction to n. Note that 0 € N
(Axiom I) and 0 +m = m € N. Suppose inductively that
k+m € N for some k € N. Then

(k++)+m=(k+m)++€N

by Axiom II. Thus, n4+m € N for all n € N due to Axiom
V. O]

Lemma 1. Let m € N. Then m + 0 = m.
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Proof. Clearly, 040 = 0. Suppose inductively that k+0 =
k. Then by the definition of addition,

(k++)+0=(k+0)++=k++.

Thus, m+0 = m for all m € N by the principle of induction.
O

Lemma 2. Let m,n € N. Then
n+(m++)=(n+m)++.

Proof. Fix m and apply the principle of induction on n.
Indeed, it is clear that (by the first step of definition of
addition)

O+ (m++)=m++=(0+m)++.

Suppose inductively that k + (m + +) = (kK + m) + +.
Then

(k4 +) + (m + +)
(E+(m++))++
=((k+m)++) ++
=((k++) +m) + +.

Thus, we obtain the desired conclusion by the principle of
induction. [

Corollary. Let m € N. Thenm ++=m+1=1+m.
Proof. The first equality is a direct consequence of Lemmas
2 and 1. Indeed,

m+1=m+0++)=(m+0)++=m+ +.
O

Further on, by using the principle of induction, we can

show that the natural numbers obey so-called commutative,
associative and cancellation laws.
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Proposition. (Commutative law) Let a,b € N. Then

a+b=>b+a.

Proof. Fix a and apply induction on b. Clearly,
a+0=0=0+a.

Suppose inductively that a + kK = k£ + a. Then
a+(k++)=(a+k)++
=k+a)++=(k++)+a

Thus, we obtain the desired conclusion by the principle of
induction. [

Proposition. (Associative law) Let a,b,c € N. Then

(a+b)+c=a+ (b+c).

Proof. Fix b, ¢ and apply induction on a. Clearly,
0+b)+c=b+c=0+(b+c).

Suppose inductively that (k+b) +c=k+ (b+c). Then
(k+4)+D0)+c=((k+b)++)+c
=((k+0b)+c¢)++
=k+0+c)++=(Fk++)+(b+c).

Thus, we obtain the desired conclusion by the principle of
induction. [

Proposition. (Cancellation law) Let a,b,c € N. If
a+b=a+cthen b=c.
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Proof. Fix b, c and apply induction on a. Clearly, 0 + b =
0 + ¢ implies that b = c.

Suppose inductively that whenever k+ b = k 4 ¢ we have
b=c. Let (k++)+b=(k++)+c. Then

(k+b)++=Fk++)+0
=(k++)+c=(k+c)++,

so that £k +b = k + ¢ (by Axiom IV), and hence, the
inductive hypothesis implies that b = c.

Thus, we obtain the desired conclusion by the principle
of induction. [

We finally introduce the concept of positive natural num-
ber which will be used to construct so-called order of nat-
ural numbers in the next subsection.

Definition. A natural number n is said to be positive
if n is not equal to 0.

Proposition. Let m,n € N. If m is positive, then m+n
is positive as well.
Proof. Let m be positive. We apply principle of induction
on n. It is clear that m + 0 = m is positive.

Suppose inductively that m + k is positive. Then, by the
associative law of addition, we have

m+(k+1)=m+k)+1=m+k)++.

This implies that m+(k+1) # 0 (WHY). Thus, m+(k+1)
is positive by the definition of positivity of natural numbers.

Finally, by the principle of induction, we obtain the de-
sired conclusion. ]

Corollary. Let a,b € N. If a +b = 0, then a = 0 and
b=0.
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Order of natural numbers

>, = <, > <

— Y —

Definition. (Order of natural numbers) Let m,n €
N. We say that n is greater than or equal to m (write
n > mor m < n)if n = m+ a for some a € N, and we
say m is strictly greater than m (write n > m or m < n) if
n > m and n # m.

Proposition. (Basic properties of order) Let a, b, c €
N. The following statements hold.

(i) a > a.

(ii)) If a > b and b > ¢, then a > c.

(iii) If @ > b and b > a, then a = b.

(iv) @ > b if and only if a + ¢ > b+ ¢ for all/some ¢ € N.

v) a < bif and only if there is a positive d € N such that
b= a+ d, or equivalently, a + + < b.

Proposition. (Trichotomy of order) Let a,b € N.
Then exactly one of the following statements is true:

a>b, a=0b a<hb.

Proof. Step I. It can not be more than one of the statements
holding at the same time (by the method of contradic-
tion).

Step II. There holds at least one of the statements (by
the method of induction with b fixed).

Indeed, for a = 0, it is clear that a = b if b= 0. If b # 0,
from the equality b = a + b we observe that b > a. Thus,
there holds at least one of above three statements.
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For n = k, suppose inductively that there holds at least
one of the statements:

k>0, k=0b k<b.
Then, for n = k + 1, we have
(i) if £ > b, then k+1 > k > b;
(i) if k = b, then k+ 1 > k = b;

(iii) if £ < b, then k+1 <b (WHY), so that k+1=10bor
E+4+1<b.
Thus, there holds at least one of the statements:

E+1>0b, k+1=0b k+1<0D.

Finally, by the principle of induction, we obtain the de-
sired conclusion. U]
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Multiplication “x” of natural numbers

Definition. (Multiplication) Let m,n € N. Define
0 x m := 0. Suppose that n x m is well defined, we then
define (n + +) x m := (n X m) + m.

Remark. Observe that the multiplication of natural
numbers is well defined. Indeed, by letting a, = n x m
and f, = f (the signs in the proposition of recursive defi-
nition) with f : N — N defined by

f(n):=n+m, neN,
our multiplication is given by ag := 0 and
Uprt = (nxm)+m= f(a,), neN,

Note that f is a function since the addition of natural num-
bers is well defined. Thus, the multiplication of natural
numbers is also well defined by the proposition of recursive
definition.

Example. Let n € N. Then
1 xn=n,
2Xn=n-+n,
3Xn=n+n+n.

This implies that, just as addition is iterated incrementa-
tion, multiplication is incremented addition.

Proposition. Let m,n € N. Then n x m € N.

Proof. Fix m and apply induction (Axiom V) on n.
First, by the definition 0 x m = m € N.
Second, suppose that &£ x m € N. Note that
(k+4) xm = (kxm)+m (Definition).
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Since the set of natural numbers N is closed under the oper-
ation of addition, (kxm)+m € N, and hence, (k+4)xm €
N. Thus, n x m € N for every n € N by Axiom V.

Finally, the arbitrary of m implies that n x m € N for all
m,n € N. Il

Proposition. (Commutative law) Let m,n € N. Then

nxXxm=mXn.

Proof. Step 1. Prove that m x 0 = 0 for every m € N.
Step II. Prove that
nx(m++)=Mnmxm)+n, m,néecN.

Step III. Prove the desired conclusion. ]

Remark. We write a X b := ab for short and use con-
vention that multiplication takes precedence over addition,
for example, ab+ ¢ = (a X b) + c.

Proposition. Let a,b0 € N. The following statements
hold.

(i) If a, b are positive, then ab is also positive.
(ii) ab =0 if and only if a = 0 or b = 0.
(iii) ab # 0 if and only if a # 0 and b # 0.
Proof. (i) Let a,b be positive. Since a # 0, there is a nat-

ural number o’ such that ¢’ + + = a (Definition). By the
definition of multiplication, we have

axb=(ad++)xb=(a xb)+0,

and the last term is positive due to the positivity of b. This
proves the positivity of ab.
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(ii) (=) Let ab = 0. Assume a # 0 and b # 0. It follows
from (i) that ab # 0 which contradicts ab = 0. Thus, we
have a = 0 or b = 0.

(<) It is easy to verify that 0 x m = m x 0 = 0, which
has been given in the proof of the last proposition.

Finally, it is clear that (ii) < (iii). O

Proposition. (Distributive law) Let a,b, ¢ € N. Then
a(b+c) = ab + ac,
(b+ c)a = ba + ca.
Proof. Fix b, ¢ and apply induction on a. It is clear that
0(b+c¢)=0=0b+ 0c.

Suppose inductively that k(b + ¢) = kb + kc. Then by the
definition of multiplication, we have

(k++)b+c)=k(b+c)+ (b+¢)
=(kb+b) + (kc+c¢) = (k+ +)b+ (k+ +)e.

Thus, we obtain the desired conclusion by the principle of
induction. O

Proposition. (Associative law) Let a,b,c € N. Then

(axb)xc=ax(bxc).

Proposition. (Multiplication preserves order) Let
a,b € N and a < b. If ¢ € N is positive, then ac < bc.

Proof. Fix a < b and apply induction on c. It is clear that
al =a < b=0>0l.
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Suppose inductively that ak < bk. Then, by the basics of
addition of natural numbers, we have

a(k++) =ak +a
<bk +b="0bk++).
Thus, we obtain the desired conclusion by the principle of
induction. U]
Corollary. (Cancellation law) Let a,b,¢ € N such

that ac = be. If ¢ is positive, then a = b.

Remark. Let a,b,c € N. By analogous argument, we
can show that

(i) ac < be with ¢ negative implies that a > b,

(ii) ac = be with ¢ negative implies that a = b.

Proposition. (Euclidean algorithm) Let n € N and
let ¢ € N be positive. Then there exist two natural numbers
m,r such that 0 <r < qand n =mq+r.

Proof. Fix ¢ and apply induction on n. Clearly,
0=0x0+40,
where m =r =0 € N.

Suppose inductively that there are my,r, € N with 0 <
ri < q such that k = mypq + ri. Note that 1 <r, +1 <gq.

(i) If rx + 1 = ¢, then
kE+1=mpq+r,+1
=(mp+1)¢g+0=mg+r,
with m =my; + 1 and » = 0.
(ii) If rp + 1 < ¢, then
k+1=mpq+ (rp+1) =mq+r,

with m = my and r = r, + 1.
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Therefore, by the principle of induction, we obtain the
desired conclusion. [

Remark. Euclidean algorithm marks the beginning of
number theory.

Finally, we define exponentiation for natural number ex-
ponents. Just like addition was recursive increment and
multiplication was recursive addition, exponentiation is re-
cursive multiplication.

Definition. (Exponentiation) Let m € N. To raise
m to the power 0, we define m" := 1. Now suppose that
recursively that m” has been defined for some n € N, then
we define m" ™" := m" x m.

Example. Let m € N. Then

m' =1xm,

m?=m x m,

mgzmxmxm.

So far, we have constructed the system of natural num-
bers (N, +, x). Recall the expansion of system of numbers

N—-Z-—-Q—---.

Problem. Could you give appropriate definition of sys-
tems of integers and rational numbers:

(Z,4,—, %), (Q,+,—,x,%)?

Problem. What about the system of real numbers?
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Mathematical logic

In order to extend the system of natural numbers to that
of integers, we need some basics of mathematical logic:

I. Mathematical statement.

II. Logical connectives.
IT1. Equality (=).
IV. The structure of proofs.

I. Mathematical statement is a judgement concern-
ing various mathematical objects (numbers, functions, etc.)
and relations between them (addition, multiplications, etc.),
which obeys the following basic axiom of mathematical
logic: a statement is either true or false, but not
both.

II. One can make a compound statement from more
primitive statements by using logical connectives such
as and, or, not, if~then (=), if-and-only-if (<), and so
forth.

ITI. Equality (denoted by “=") is a relation linking two
objects x,y of the same type (e.g., two natural numbers)
which obeys the following four axioms of equality:

¢ (Reflexive axiom) z = z.
e (Symmetry axiom) If z = y, then y = x.
e (Transitive axiom) If x = y and y = z, then x = 2.

e (Substitution axiom) If z = y, then f(x) = f(y) for
all operations or functions f. Similarly, for any property
P(z) depending on z, if x = y, then P(x) and P(y) are
equivalent statements.
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IV. Prove the proposition “A = B”.

Proof 1. Suppose that A is true. Since A is true, C'is true.
Since C'is true, D is true. Since D is true, B is true. This
completes the proof. O

Proof 2. To show B, it suffices to show D. Since C implies
D, we just need to show C'. But C follows from A. Thus,
A implies B. ]

Proof 3. To show that B = A (WHY). O

Proof 4. To show that B implies something which is known
to be false. That is, assume B is false and show that this
implies some statement simultaneously true and not true.
This contradicts the axiom on statements. ]
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The system of integers (Z)

Definition. (Integers) Let a,b € N. An integer is an
expression of the form a —« b. We say that two integers
a~ band c - d are equal if a + d = ¢+ b. The set of all
integers is denoted by Z.

Definition. (Addition) The sum of two integers,
(@~ b) + (¢ — d) is defined by

(a~b)+ (c—d):=(a+c)— (b+4d),
Definition. (Multiplication) The product of two
integers, (a — b) x (¢« d) is defined by
(a~b) X (¢~ d):= (ac+ bd) — (ad + be),
Remark. The concepts of equality, addition and multi-
plication of integers are all well defined. Indeed, it suffices

to verify the reflexivity, symmetry, transitivity and substi-
tution axioms:

(i) (Reflexivity) a « b=a - b.
(ii) (Symmetry) awb=cwd=c—d=a~vb.

(iii) (Transitivity) a v b=c—wdandc~—d=e— f
implies that a « b=¢e « f.

(iv) (Substitution) a « b = o’ « ¥/ implies that
(a~b)+ (c—d)=(d < ¥V)+ (c—d),
(cwd)+(a—b)=(c—d)+ (a ~b),

and
(a~b)x (c—d)=(ad V) x(c—d),
(cwd)x(a—b)=(c—d)x(ad1).
Remark. The integers n « 0 behave in the same way as

the natural numbers n, so that we may identify the natural
numbers with integers by setting n = n «— 0. Indeed, this
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gives an isomorphism between the natural numbers n and
the integers of the form n — 0, that is,

(i) n~ 0 =m ~ 0 if and only if n = m,
(ii)) (n~0)+ (m~—0)=(n+m) -0,
(ii) (n~0) x (m~ 0) = (n xm) 0.

Definition. (Negative integers) Let a « b be an in-
teger. We define the negation —(a -« b) to be the integer
(b~ a).

Remark. For natural number n = n « 0, we have —n =
0 —«n. Note that n =0« —n = 0.

Proposition. Let m,n € N. Then

(—n)m = n(—m) = —(nm).

Lemma. (Trichotomy of integers) Let x € Z. Then
exactly one of the following three statements is true:

(i) x is zero,
(ii) = is equal to a positive natural number,

(iii) « is the negation of a positive natural number.

Proof. Let x = a — b with a,b € N. By the trichotomy of
natural numbers, exactly one of the following statements
holds: a =0, a>0b, a<b.

(i) If @ = b, then x = 0 —« 0 = 0 by the definition of
integers.

(ii)) If @ > b, then there is a positive & € N such that
a=0+0V. Thus,z=0 0=V

(iii) If @ < b, then there is a positive @’ € N such that
b=a+dad. Thus, z =0 d = —d.

O
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Proposition. (Laws of algebra for integers) Let
x,1y, 2 € Z. Then we have

rT+y=y-+uz,
(@ +y)+z=2+(y+2),
r+0=0+2 ==,
r+ (—x)=(—xz)+2x2=0,
Y =yzx,
(zy)z =2(y2),
rl =1z =z,
z(y + z) =zy + xz,
(y + 2)x =yx + 2z,

Definition. (Substraction) Let x,y € Z. The differ-
ence xr — y is defined by

r—y=x+(-y).

Proposition. Let z,y € N. Then z —y =z — y.

Remark. Observe that every integer is the difference of
two natural numbers.

Proposition. Let a € Z. Then a + (—a) = 0.
Proposition. Let a € Z. Then a =0 < —a = 0.
Proposition. Let a,b € Z. Thena=0< a—0=0.

Proposition. Let a,b € Z. If ab = 0, then either a = 0
or b= 0.

Proposition. Let a,b,c € Z. Then ab — ac = a(b — ¢).

Proposition. Let a,b,c € Z. If ac = bc and if ¢ # 0,
then a = 0.
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Order of integers

Definition. (Order of integers) Let a,b € Z. We say
that a is greater than or equal to b (write a > b or b < a) if
a = b+ n for some n € N, and we say a is strictly greater
than b (write a > bor b < a) if a > b and a # b.

Proposition. (Basic properties of order) Let a, b, c €
Z.. The following statements hold.

(i) @ > b if and only if a — b is a positive natural number.

(ii) If a > b, then a + ¢ > b+ c.

(iii) If @ > b and ¢ is positive, then ac > be.

(iv) If @ > b, then —a < —b.

(v) If a > b and b > ¢, then a > c.

(vi) Exactly one of the following three statements is true:
a>b, a=0b a<hb.

Remark. Notice that the principle of induction is not
valid for integers. Can you give an example to explain it?

Example. Fix a,b € N and consider the statement P(n):
a > b implies that a(1+n) > b(1 +n) for all n € X.

(i) X = N.
(i) X = Z.
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The system of rational numbers (Q)

Definition. (Rational numbers) Let a,b € Z and
b # 0. A rational number is an expression of the form
a//b. We say that two rational numbers a//b and ¢//d are
equal if ad = ¢b. The set of all rational numbers is denoted

by Q.
Definition. (Addition) The sum of two rational
numbers, (a//b) + (¢//d) is defined by

(a//b) + (¢//d) := (ad + ¢b)//(bd).

Definition. (Multiplication) The product of two
rational numbers, (a//b) x (¢//d) is defined by

(a//b) x (¢//d) := (ac)//(bd).

Definition. (Negation) The negation of a rational
number, —(a//b) is defined by

—(a//b) == (=a)//b.

Remark. Observe that rational numbers a//1 behave in
the same way as integers a:

(i) a//1 =b//1 if and only if a = b,
(i) (a//1) + (b//1) = (a +b)//1,
(iii) (a//1) x (b//1) = (a x b)//1,
(iv) —(a//1) = (=a)//1.

Thus, in the sequel, we will identify a with a//1 for every
integer a, that is, a = a//1.

Proposition. Let x =a//b€ Q. Then x =0 < a = 0.

Proof. Since 0 € Z, we have 0 = 0//1. By the definition of
equality of rational number,

0//1=a//b< 0b=al < a=0.
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This proves that desired conclusion. O

Definition. (Reciprocal) Let © = a//b is a non-zero
rational number. The reciprocal of 2 ( denoted by 1) is
defined by

v ti=1b//a.
By using the negation and reciprocal, we can define the

substraction and division of two rational numbers, respec-
tively.

Definition. (Substraction) Let x,y € Q. The differ-
ence xr — y is defined by

r—y:=z+ (—y).

Definition. (Division) Let z,y € Q and y # 0. The
quotient x/y is defined by

r/y =z xy "

Remark. Observe that a/b = a//b for all a,b € Z with
b £ 0. Indeed, let a,b € Z and b # 0. Then

afb=ax b = (a//1) x (1//b) = (al)//(16) = a/ /b.

Thus, in the sequel, we also use the more customary a/b
instead of a//b.
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Proposition. (Laws of algebra for rational num-
bers) Let z,y,z € Q. Then we have
r+y=y-+uz,
(x+y)+z=0+(y+2),
r+0=04+2 ==,
r+ (—x) =(—z)+x =0,
Y =Yx,
(zy)z =2(y2),
rl =1z =z,
x(y + 2) =zy + xz,
(y + 2)x =yx + zx.
If further x # 0, then

Definition. A rational number x is said to be positive
if x = a/b for some positive integers a and b, and x is said
to be negative if v = —y for some positive rational number

y.

Lemma. Let 2,y € Q. Then

(i) x + (—x) = 0.

i)z =y —x=—y;

(iii) z is positive if and only if —x is negative.
Proof. (ii) The necessary is obvious. Let —x = —y. By
taking x = a//b and y = ¢//d, we have

(=a)//b=—(a//b) = =(c//d) = (=¢)//d.
Thus, (—a)d = (—c)b, which implies that ad = ¢b. This
proves a//b = c//d.

(iii) is a direct consequence of the statement (ii). O
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Proposition. (Trichotomy of rational numbers)
Let x € Q. Then exactly one of the following three state-
ments 1s true:

(i) = is equal to 0,

(ii)  is a positive rational number,

(iii) x is a negative rational number.

Proof. Let ©* = a//b, where a,b € Z and b # 0. By the
trichotomy of integers, we have a is zero, or positive natural
number, or negative natural number; and have b is positive
natural number or negative natural number. Clearly, it can
not be more than one of the three statements holding at
the same time.

(i) If a = 0, then x = 0 (no matter b > 0 or b < 0);

(ii) If a and b are both positive, then x is positive by the
definition of positivity of rational number, directly.

(iii) If @ is positive and b is negative, then

a//b=a//(=(=b)) = —(a//(=D)).
Thus, = a//b is negative. So is the case that a is negative

and b is positive.

(iv) If a and b are both negative, then

a//b=(=a)//(=D).

Thus, x = a//b is positive. O

Definition. (Order of rational numbers) Let z,y €
Q. We say that x > y if x —y is a positive rational number,
and r < y if x—y is a negative rational number. In addition,
we write x > y if either x > y or x = y, and x < y if either
r<yorx=y.
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Remark. Let z € Q. Since x — 0 = 0, it is clear that
x > 0 if and only if x is positive. Also, x < 0 if and only if
x 1s negative.

Proposition. (Basic properties of order) Let x,y, z €
Q. The following statements hold.

(i) Exactly one of the following three statements is true:
r>y, =y, x<Y.

ii) x > y if and only if y < .

iii) If x > y and y > z, then = > .

(

(

(iv) If x >y, then x4+ 2 >y + 2.

(v) If z > y and z is positive, then zz > yz.
(

vi) If z > y and z is negative, then zz < yz.

So far, we have constructed the system (Q, +, —, x, +, <)
which has been proved to be an ordered field. Finally, we
introduce two particularly useful ones: “absolute value”
and “distance” which will be used to construct the system
of so-called “real numbers”.
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Absolute value and distance of rational numbers

Definition. (Absolute value) Let © € Q. The abso-
lute value of = (denoted by |z|) is defined as follows:

(i) If  is zero, then |z| := 0.

(ii) If x is positive, then |z| := .

(iii) If = is negative, then |z| := —zx.

Remark. It is clear that o < |z| for every z € Q.

Definition. (Distance) Let z,y € Q. The quantity
|z — y| is called the distance between z and y. We also
write d(z,y) := |z — y| for convenience.

Proposition. (Basic properties of absolute value)
Let x,y, z € Q. The following statements hold.

(i) (Non-degeneracy) 0 < |z|. Also, |z| = 0 if and only
if v =0.

(i) (Triangle inequality) |z + y| < |z| + |y|.
(i) —y <z <y if and only if |z| < y.
G

iv) |zy| = |z|ly|. In particular, | — 2| = |z|.

Proposition. (Basic properties of distance) Let
x,y,z € Q. The following statements hold.

(i) (Non-degeneracy) 0 < d(z,y). Also, d(z,y) = 0 if
and only if x = y.

(ii) (Symmetry) d(z,y) = d(y, z).

(iii) (Triangle inequality) d(z, z) < d(x,y) + d(y, z).

Finally, it is necessary to point out that

Proposition. Let x € Q. Then there is a unique n € Z
such that n <z <n -+ 1.
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Proof. (Existence) Without loss of generality, we can take
r=a//bwith a,b € Z and b > 0 (WHY).

(i) If @ > 0, then, by the Euclidean algorithm, there are
two numbers n,r € N with 0 < r < b such that a = nb+r,
so that 0 < a — nb < b, or, equivalently,

nb<a < (n+1)b.
This implies that n < x <n+1 (WHY).

(ii)) If a < 0, then —x > 0. Thus, we can complete the
proof of existence by using the step (i) (HOW).

(Uniqueness) Suppose that m,n € Z satisfying
m<rx<m+1l, n<zr<n+l1.
Then
m<zx<n+l nlr<m+l,

and hence, —1 <m —n < 1. Thus, m —n = 0. 0

Proposition. Let z,y € Q with x < y. Then there is a
z € Q such that r < z < y.
Proof. Write z := (x + y)/2. Note that x < y implies that
/2 <y/2. (WHY)
Thus,
z2=(2/2) + (y/2) < (y/2) + (y/2) = v,
and
r=(x/2)+ (z/2) < (y/2) + (x/2) = z.
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The set of real numbers (R)

Definition. (Sequence) Let m € Z. A sequence
{a,}22,, of rational numbers is any function from the set

X :={n€Z:n>m}toQ. Moreinformally, {a,}>  is
a collection of rational numbers

Amy Am+1y Am+25 " * *

In addition, if a,, = c € Q for all n € X, we write

{C}?Lozm c= {an}zo:m
for short.

Definition. (Cauchy sequence of rational num-
bers) A sequence {a,}>°; of rational numbers is said to
be a Cauchy sequence if for every rational number € > 0,
there is a natural number N such that

|y — ay| < €
for all m,n > N.

Definition. (Equality of Cauchy sequences) Let
{a,}>2, and {b,}5°; be two Cauchy sequences. We say
that {a,}22, is equal to {b,}>2; (denoted by {a,}:>, =
{b,}°°,) if for every rational number € > 0, there is a nat-
ural number NV such that

la, —b,| <€
for all n > N.

Lemma. (Subsequence of Cauchy sequences) Ev-
ery of subsequence {a,, }72, of a Cauchy sequence {a,}>°,
is also a Cauchy sequence. In addition, {a,, }?2, is equal
to {ar}3o, itself.

Lemma. (Boundedness of Cauchy sequences) A
Cauchy sequence is bounded, that is to say, there exists a
rational number M such that |a,| < M for all n € N.
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Lemma. (Closedness for addition and multiplica-
tion of Cauchy sequences) Let {a,}:°, and {b,}>°; be
two Cauchy sequences. Then {a, + b,}:°; and {a,b,} >,
are Cauchy sequences as well.

Lemma. Let {a,}>2, {a,}22,{b,}>2; and {b/,}>°, be

n:l? n:l? 77,21
four Cauchy sequences. If

{antnl, = {a%}%o:p {butoey = {bé};’ip
then {a,+b,}52, = {a;+0, }72; and {anb, }52 = {a,b;, 102

Definition. (Real numbers) We call a Cauchy se-
quence a real number, and define two equivalent Cauchy
sequences as the same real numbers. The set of all real
numbers is denoted by R.

Definition. (Addition of real numbers) Let a =
{a,}5°, and b := {b,}°°, be two Cauchy sequences. The
sum of a and b (denoted by a + b) is defined by

a+b:={a,+ b} .
Definition. (Multiplication of real numbers) Let
a = {a,}>2; and b := {b,}>2; be two Cauchy sequences.

The product of a and b (denoted by a x b or ab) is defined
by

ab := {a,b,}o2 .

Definition. (Negation of real numbers) The nega-

tion of a real number a = {a,}>2; (denoted by —a) is
defined by

—a:={-1}2 X {an}ply = {—an}nls.

Remark. All definitions above are well defined. Indeed,
it suffices to verify the four axioms of equality.
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Remark. Analogous to that natural numbers are iden-
tified with integers (n = n -« 0) and integers with rational
numbers (a = a//1), for every r € Q, we identify r with
the real number {r}>2, i.e.,

r={r}>2,={rr -}

Remark. For every real number a = {a,}>?,, we can
find another Cauchy sequence {a; }°°, with a], # 0 (n € N)
such that a = {a/,}°°, (WHY).

Indeed, if a = 0 = {0}, then a = {1/n}>°; if a # 0,
refer to the proof of the next proposition.

Problem. Could you give an appropriate definition of
the reciprocal of real numbers?
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The non-zero real number and its reciprocal

Example. Denote the real number zero by 0 := {0}°2 ;.
Then

0={1/n};2 = {1/(2n) 155,

Proof. To show the first equality, by definition of real num-
ber, it suffices to show that the two Cauchy sequences
{0}22, and {1/n}>2, are equivalent. To this end, let
be a positive rational number and take N € N such that
N > 1/e. Then

-0
n

1
=—<e¢€¢ n>N.
n

=

By analogous argument, we can prove the second equality.
O

Proposition. Let a = {a,}°; be a non-zero real num-
ber. Then there is a Cauchy sequence {b,}>°, satisfying
the following conditions:

(1) |bn| > ¢ (n € N) for some positive rational number c.
(i) @ = {bn}iZs.

Proof. Note that a = 0 if and only if for every rational
number € > 0, there is a natural number /N such that

la,| <€, n>N. (WHY)

Thus, a # 0 if and only if there is a rational number ¢, > 0
such that for every k£ € N there is a natural number n, > k
satisfying |a,, | > €.

[. Write by = a,, with & = 1,2,---. It is clear that
|bx| > €y := c for all k£ € N.
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II. We show that {b,}>°, is a Cauchy sequence. Indeed,
since {a, }°° is a Cauchy sequence, for every rational num-
ber € > 0, there is an N € N such that

lay, —a,| <€, m,n>N.
Then for all k1, ke > N, ng, > ki > N and ng, > ky > N,
and hence,

‘bkl — bkz‘ = |ank1 — CLn,Q‘ < €, kl,kg > N.

ITII. We show that {b,}>° is equal to {a,}:2,. Indeed,
for all K > N with N given in step II, we have np > k > N,
so that

\ak — bk:| = |6Lk — ank\ < €.

This implies that {a,, }>° and {b, }2° | are equivalent Cauchy
sequences. L]

Definition. (Non-degenerate Cauchy sequence) A
Cauchy sequence {a, }>° is called non-degenerate if there
is a rational number ¢ > 0 such that |a,| > ¢ for all n € N.

Remark. The last proposition shows that every non-zero
real number can be expressed by a non-degenerate Cauchy
sequence.

Definition. (Reciprocal of non-zero real numbers)
Let a := {a,}>%; be a non-zero real number with {a, }°°,,
a non-degenerate Cauchy sequence. Then the reciprocal

of a (denoted by a™!) is defined by

a = {a, 3L
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The system of real numbers (R, +,—, x,+)

By using the negation of real numbers, we can construct
the operation of substraction for real numbers.

Definition. (Substraction of real numbers) Let a,b €
R. The substraction a — b is defined by

a—b:=a+ (-D).
Analogously, we can also construct the operation of divi-

sion for real numbers by using the reciprocal of real num-
bers.

Definition. (Quotient of real numbers) Let a,b € R
and b # 0. The quotient a/b is defined by

a/b:=ax b
Remark. We also use our customary a —+— b instead of
a/b.

So far, we have constructed the system of real number

(R, +, —, x,+). Further on, we can show that the system
(R, 4+, —, x,+) is indeed a so-called field.

Theorem. Let a,b,c € R. Then we have
a+b=b+ a,
(a+b)+c=a+ (b+c),
a+0=0+a=a,
a+(—a)=(-a)+a=0,
ab =ba,
(ab)e =a(bc),
al =la = a,
aa ' =ata=1 (a#0),
a(b+ c) =ab + ac,
(b+ ¢)a =ba + ca.
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Absolute value, order and distance

Definition.(Positive real numbers) A real number a
is said to be positive if a = {a,}2,, a Cauchy sequence,
with a,, > ¢ (n € N) for some rational number ¢ > 0; and
a is said to be negative if a = —b for some positive real
number b.

Analogous to that of rational numbers, we have the fol-
lowing trichotomy of real numbers.

Theorem.(Trichotomy of real numbers) Let a € R.
Exactly one of the following three statements is true:

(i) a is zero.

(ii) a is positive.

(iii) a is negative.
Proof. Let a = {a,}2;, a Cauchy sequence of rational
numbers a,,. If

(1) for every rational number r > 0, there exists an N €
N such that

la, — 0| <7
for all n > N, then a = 0 due to the equivalence of Cauchy
sequences {a,}>; and {0}>2,. Otherwise,

(2) there exists a rational number ¢ > 0 such that, for
every k € N, there is an a,, satisfying

\an, | > c.

Note that {a,, }32, is also a Cauchy sequence. Thus, there
is a K € N such that either

(p, = C

for all kK > K or

Qp, < —C
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for all £ > K (WHY). The former implies that @ > 0 and
the latter implies that a < 0.

Clearly, we can not have more than one of above state-
ments (i), (ii) and (iii) holding at the same time. This
completes the proof. O

Proposition. Let a € R. The following statements are
equivalent.

(i) a > 0.

(ii) There is a rational number ¢ > 0 and a Cauchy se-
quence {a,} = a such that a, > ¢ for all n € N.

(iii) There is a rational number ¢ > 0 and a Cauchy
sequence {a,} = a such that a, > ¢ (n > N) for some

N e N.

(iv) There is a rational number d > 0 such that, for
every Cauchy sequence {a,} = a, there exists an N’ € N
satisfying a,, > d for all n > N.

Proof. The equivalence of (i) and (ii) is a direct consequence
of the definition of positivity of real numbers. Others can
be proved easily. O

Proposition.(Basic properties of real numbers) Let
a,b € R. The following statements hold.

(i) a is negative if and only if —a is positive.
(ii) If @ and b are both positive, then so are a + b and ab.

(iii) If @ and b are both negative, then so is a + b while
ab is positive.

Definition.(Absolute value) Let a € R. The absolute
value of a (denoted by |a|) is defined as follows:
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(i) |a| := 0 if a is zero,
(ii) |a| := a if a is positive,
(iii) |a| :== —a if a is negative.

Definition.(Distance of real numbers) Let a,b € R.
The distance d(a, b) is defined by

d(a,b) :=la —b|.

Definition.(Order of real numbers) Let a,b € R. We
say that a is greater than b ( denoted by a > b) if a — b is
positive, and say that a is less than b ( denoted by a < b)
if a — b is negative. In addition, we define a > b if a > b or
a=>b,and a <bifa<bora=0>.

Proposition. Let a,b € R. The following statements
are equivalent.

(i) a > b.
(ii) There exist a rational number ¢ > 0 and two Cauchy
sequences {a,} = a and {b,} = b such that
a, —b, >c, néeN.
(iii) There exist a rational number ¢ > 0 and two Cauchy
sequences {a,} = a and {b,} = b such that
ap,—b,>c (n>N)
for some N € N.

(iv) There exists a rational number d > 0 such that, for
every pair of Cauchy sequences {a,} = a and {b),} = b,
there is an N’ € N satisfying

a, — b, >d, n>N'
Proof. The equivalence of (i) and (ii) is a direct consequence

of the definition of positivity of real numbers. Clearly, (ii)
implies (iii).
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(iii) = (iv) Suppose that the statement (iii) holds. Let
{al} = a and {0/} = b. By the definition of equivalence of
Cauchy sequences, there is a natural number N’ > N such
that |a! — a,| < ¢/4 and |b), — b,| < ¢/4, for all n > N'.
Thus,

a, — b, =a, — a, + a, — by, + b, — b,
>—c/d+c—c/d=c/2:=d>0, n>N"

(iv) = (ii) Write a,, :== a}, and b,, := b/, for all n > N, and
write a, :=d+1and b, :=1foralln=1,2,--- , N—1. 0O

Theorem.(Basic properties of order) Let a, b, c € R.
The following statements hold.
(i) Exactly one of the following three statements is true:

a>b, a=0b a<b.

ii) a > b if and only if a < b.

(
(iii) If @ > b and b > ¢, then a > c.
(iv) If a > b, then a +c¢ > b+ c.

(v) If a > b and c is positive, then ac > be.

Corollary. Let a,b € R be positive. The following state-
ments hold.

(i) a™! is also positive.
(ii) If @ > b, then a=! < b7 1.

Proposition. (Basic properties of absolute value)
Let a,b,c € R. The following statements hold.

(i) (Non-degeneracy) 0 < |a|. Also, |a| = 0 if and only
if a = 0.

(ii) (Triangle inequality) |a + b| < |a| + |b].
(iii) —b < a < b if and only if |a| < b.
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(iv) |ab| = |a||b|. In particular, | — a| = |al.

Proposition. (Basic properties of distance) Let
a,b,c € R. The following statements hold.

(i) (Non-degeneracy) 0 < d(a,b). Also, d(a,b) = 0 if
and only if a = b.

(ii) (Symmetry) d(a,b) = d(b,a).

(iii) (Triangle inequality) d(a,c) < d(a,b) + d(b,c).

Remark. Let r € Q. It is clear that {r}>?, is a Cauchy
sequence. In the sequel, we will identify the real number
{r}>2, with the rational number r itself, ije,, r = {r}>2,.

Archimedean property

Proposition. Let a = {a,}°°; be a Cauchy sequence of
non-negative rational numbers. Then a is a non-negative
real number.

Corollary. Let a = {a,}>2,,b = {b,}>2; be two Cauchy
sequences. If a,, > b, for all n € N, then a > b.

Proposition. Let a € R be positive. Then there are two
numbers ¢ € Q, N € Z such that

0<g<a<N.

Corollary.(Archimedean property) Let a,e € R be
positive. Then there is an integer M > 0 such that a < Me.

Proof. 1t suffices to show a/e < M for some integer M > 0
(WHY). Since a/e is positive, the existence of such M is a
direct consequence of the last proposition. O

Proposition. Let a,b € R with a < b. Then there is a
q € Q such that a < g < b.
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Proof. Since b > a, we can take two Cauchy sequences
{a,} = a and {b,} = b such that

by, —a,>c (n€N)

for some rational number ¢ > 0. Also, by the definition of
Cauchy sequences, for the rational number ¢/4 > 0, there
is an NV € N such that

la, —an| < c/4, |b, —bn| < c/4,
for alln > N. Let ¢ := by —c¢/2 € Q. Then, for alln > N,
by —q=b,—by+c¢/2>—c/d+c/2=c/4>0
and
q—a,=by —any —c¢/2+an —a, >c—c/2—c/4>0.
Therefore, a < q < b. O
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Theory of limits on R

Definition.(Limit) Let {a,} C R and let a € R. We
say that the sequence {a,} converges to a (denoted by
lim,, .o a, = a) if for every real number € > 0, there exists
an N € N such that

la, —a|] <e
for all n > N. Also, we say that {a,} is convergent if
{a,} converges to some a € R.

Remark. Let {a,} C Randlet a € R. Then lim,, . a, =
a if and only if one of the following statements holds.

(i) For every real number € > 0, there is an N € N such
that |a, — a| < € for all n > N.

(ii) For every real number € > 0, there is an N € N such
that |a, —a] < e for all n > N.

(iii) For every rational number r > 0, there is an NV € N
such that |a, —a| < r for all n > N.

(iv) For every rational number r > 0, there is an N € N
such that |a, —a| < r for all n > N.

(v) For every natural number k& > 0, there is an N € N
such that |a, —a| < 1/k for all n > N.

(vi) For every natural number k& > 0, there is an N € N
such that |a, —a| < 1/k for all n > N.

(vii) For every real number € = {¢;}72, > 0, there is an
N € N such that |af — a*| < & (k € N) for all n > N.

(viii) For every real number € = {¢;}32, > 0, there are
N, K € N such that |a* —a*| < ¢, (k> K) for all n > N,

(ix) For every rational number r > 0, there are N, K € N
such that |af — a*| < r (k> K) for all n > N.

(x) For every natural number m > 0, there are N, K € N
such that |a¥ — a*| < 1/m (k > K) for all n > N.
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Theorem.(Cauchy convergence principle) Let {a,}
be a sequence of real numbers a,,. The following statements
are equivalent.

(i) The sequence {a,} is convergent.

(ii) For every real number € > 0, there exists an N € N
such that

@y, — an| < €

for all m,n > N.

Theorem.(Weierstrass monotone convergence cri-
teria) Let {a,} be a sequence of real numbers a,,.

(i) If {a,} is bounded above and
ap Sap <o Sy <o

Y

then {a,} is convergent.
(ii) If {a,} is bounded below and

ap 2> Qg 22y = "

Y

then {a,} is convergent.

Theorem.(Cantor criterion of nested intervals) Let
{I,,} be a sequence of closed intervals I,, = [a,, b,]. If

Lho>L>o>---DI1,D---,

and lim,, (b, — a,) = 0, then there exists a unique real
number a € ()~ I, such that a = lim,_, a,, = im0 by,.

Theorem.(Existence of supremum and infimum)
Let A C R be non-empty and bounded. Then there exist
unique supremum of A and unique infimum of A.
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Theorem.(Bolzano-Weierstrass) Let {a,} be a se-
quence of real numbers a,. Then there exists a conver-

gent subsequence of {a,} whenever the sequence {a,} is
bounded.

Theorem.(Heine-Borel) Let F be a family of open in-
tervals, and let F' be a bounded and closed set satisfying

FclJo.

Then there are finitely many intervals, Oy, Os,--- ,O,, € F,
such that

F C Lmj O,.
n=1

Summary (Systems of numbers).

e N is constructed by using so-called “natural” axioms.
e 7 is constructed by using N and n =n -« 0 (n € N).

e Q is constructed by using Z and a = a//1 (a € Z).

e R is constructed by using Q and r = {r}>°, (r € Q).
e R is complete.

e C is constructed by using R and a = (a,0) (a € R).

e C is complete.

e Theory of series > a,, where {a,} C R.

e Base-p expansions.
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Chapter 1: Theory of sets

31. Basics of sets

Operations of sets

e Union AUB:={z:zx€ Aorx € B}
UaerAa = {z : x € A, for some o € A}

e Intersection ANB:={z:2€ Aand z € B}
Nacrldoa ={z:2 € A, for all a € A}

e Difference A\B := {z:z € Aand = € B}

e Complement A°:= X \ A

e Symmetric difference AAB := (A\B)U(B\A)

Properties.

1) AUA=A, ANA=A

) ANA=0,ANX = A AAB=(AUB)\ (AN B)
3) AUP=A ANP=0,A\0=A AAD=A

4) AUB=BUA ANB=BNAAAB=BAA
5) AU(BUC)=(AUB)UC

AN(BNC)=(AnB)NC
AN(BAC)=(AAB)AC
(6) AN(BUC)=(ANB)U(ANCQC)

AU(BNC)=(AuB)N(AUC)

(7) AN (B\C) = (AN B)\ (ANC)
(8) (A\B)\C = A\(BUC), A\(B\C) = (A\B)U(ANC)
(9) AUB = (AAB)U(ANB) = AU(B\ A)

(10) A\ (BUC) =(A\B)N(A\C)

(11) A\ (BNC) = (A\B)U(A\C)

Proposition. (de Morgan) Let S be a set and let {A,, :
a € A} be a family of sets. Then

S'\ LJJf4a:: (ﬁ](51\14a)a 51\ (~]14a = LJJ(5'\14a)'

a€eA acA acA acA



CHEN CHUANG: LECTURES ON REAL ANALYSIS 52

Rings and algebras

A ring, R, over a set X, is a class of subsets of X such
that AUB,A\ B € R for all A,B € R. An algebra F
over X is a ring over X with X € F; an algebra is also
called a field.

Remarks. Let R be a ring over a set X.

(i) It is clear that ) € R. In particular, R = {(}} when-
ever X = ().

(ii) R is closed under the operation intersection.

Proposition. Let R be a class of subsets of a set X.
Then R is a ring over X if and only if R is closed under
operations of finitely many unions and differences.

Proposition. Let F be a class of subsets of a set X.
The following statements are equivalent.

(i) F is an algebra over X.

(ii) F is closed under operations of union, difference and
complement.

(iii) F is closed under operations of finitely many unions,
differences and complements.

Examples.

(1) Let P(X) := {A: AC X}, then P(X) is the largest
ring/algebra over X. {0} and {(), X} are the smallest ring
and algebra over X, respectively.

(2) Let X ={1,2}. Then
Ry ={0,{1}} and Ry, = {0,{2}}

are both rings on X.



CHEN CHUANG: LECTURES ON REAL ANALYSIS 53

(3) Let F be the class of all finitely many unions of semi-

closed “intervals” of the form (a,b], then F is a ring over
R.

Note that R1UR, is not a ring with R, R given in above
Example (2). However, R; N Ry is a ring. In general, we
have the following

Proposition. Let M be a family of rings over X. Then
R= )R
R'eM
is a ring over X as well.

Proposition. Let M be a family of algebras over X.

Then
F = ﬂ F'
FremM
is an algebra over X as well.

Proposition. Let A € P(X). Then there exists the
smallest ring (or algebra) R (or F) over X such that A €
R (or A C F), that is to say, for every ring R’ (or every
algebra F’) over X satisfying A € R (or A € F') we have
R CR (or FCF).

Proof. Indeed, R = {0, A} and F = {0, A, A°, X }. O

Theorem. Let A C P(X). Then there exists the small-
est ring (or algebra) R (or F) over X such that A C R (or
A C F), that is to say, for every ring R’ (or every algebra
F') over X satisfying A C R’ (or A C F') we have R C R/
(or F C F).

Proof. Note that the set F defined by
F = ﬂ {F': ACF CcP(X)and F is an algebra}
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is an algebra over X. Clearly, F is the smallest algebra
containing A as an element. Also,

R = ﬂ {R': ACR CP(X)and R'is a ring}
is the ring desired. [

Remark. R (or F) given in above theorem is called the

ring ( or algebra) generated by A, and we denote it by
H(A) (or F(A)). In particular, Z(0) = {0} and

Z(X)=F0)=1{0,X}.
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Limits of sets

Monotonic sequences of sets.
(1) {A,,} is increasing: A, C A, for all n.
(2) {A,} is decreasing: A, D A, for all n.

(3) {A,} is monotone if it is either increasing or de-
creasing.

Remark. Let {A,,} be decreasing. Then
Ay = (A1\Ag)U(A\ A3)U- - - U(A\Apyp)U- - -U ( ﬂ An>;

moreover, all terms are pairwise disjoint.

Limits of sets.

(1) limit superior:

lim A, :=limsup 4,, := ﬁ [j A,

n—oo
e k=1n=k
(2) limit inferior:

lim A, :=liminf A,, := [OJ ﬁ A,

oo R k=1 n=k
(3) limit: We say that the sequence {A,} of sets A, is
convergent if

limsup 4,, = liminf A,,,
n—00 n—0oo

and define the limit of {A,} by

lim A, :=limsup A, = liminf A,.

n—:00 N—00 n—00
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Properties.

(1) lim A, = {z : z € A, for infinitely many n}.

n—oo

(2) lim A, ={z:x € A, for all but finitely many n}.

n—oo

(3)ﬁAnc lim A, C EAHCGA,L.

N—00 n—00

Proposition.

(1) If {A,} is increasing, then

lim A, = G A,
n=1

(2) If {A,} is decreasing, then

nh_)Iglo A, = ﬁ A,
n=1

Examples. Let n € NT.
(1) Let A, = [n,00). Then lim,, .o A, = 0.
(2) Let 4, = (=1, 1). Then lim, . 4, = {0}.

(3) Let A, = (=1++,1—1),n > 2. Then

lim A, = (—1,1).

(4) Let Agn = [O, 2 — TI—H]’ A2n+1 = [O, 1+ %] Then

lim 4, =[0,2), lim A4, =[0,1].

n—0o n—00
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(5) Let f,,, f: R — R. Then

oo o 0

(00— 10} = U N {e: 100 - )

k=1m=1n=m
00 o0 00

(0 2 10y =UN U {e 1m0 - 0

k=1m=1n=m

<

>

| =

| =

b
3

57
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Functions and sets.

Let f: E — R (or C). Write

Blf > ={z € B f(z) > e},
Elf <d={z € B: f(z) < e},
Elf <c={z e E: f(x) <c},
Elf >c ={z e E: f(x) > c},
Elf=c:={z e E: f(x)=c}.

It is clear that

(1) E[f >cJUE[f<c=F

(2) E[f >NE[f <=1

(3) Elf > NE[f <d =FElc< f<d

(4) E[f <c =ML Elf <c+3l.

Proposition. Let f, — f as n — oo (i.e., pointwise).
Then

IffurtherflSfQS"'anan—i—lS"')then

n—oo

Elf <c=()Elfa <d = lim E[f, <.

Proof. It suffices to prove the first equality. Let

xS 0 0

re(V U () Elfa <c+1/k].

k=1 N=1n>N
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Then, for every k£ € N, there is an N € N such that
v € Elfy <c+1/k]
for all n > N, i.e.,
folx) <c+1/k, n>N.

By letting n — oo in both sides of above inequality, we
obtain

flx)<c+1/k, keN.
Again, letting k — oo yields f(z) < c¢. Thus, x € E[f < .
Conversely, let © € E[f < ¢|. Then

a = lim f(r) = fla) <c
Thus, for every k € N, there is an N € N such that

[fu(z) —al <1/k, n=N,
and hence,

folz) —c< fulx) —a<1/k, n>N.

This implies that

xS 0 0

re(V U () Elfa <c+1/k].

k=1 N=1n>N
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Characteristic functions of sets.

Let X be a nonempty set and let A C X. We call the
function x4 (defined on X)

(z) 1, x € A;
T) =

. 0, z¢A
the characteristic function of A.

We list some basic properties as follows, which can be
proved directly by the definition of characteristic functions
and the de Morgan law of sets.

(1)XA51<:>A=X; XAEO@AZQ).
2 xaxpe ACB;, xa=xpe A=18B.
(3) Let U :={J,ep Aa and M :=(,cp Aa. Then

xu(z) = max x4, (),
a€A

ael

Xm(z) = miny g ().
acA

(4) Let {A,} € X. Then, for every z € X,
X, .4, (@) = T x4, (2),

Xim 4, (z) = Lim x4, (z).

n—o0
n—odo

(5) Let {A,} € X. Then {A,,} converges if and only if
{xa,(x)} converges for every x € X. Moreover,

Proof. (2) Suppose that xa < xp, i.e.,

xa(x) < xplx), zelX.

Let x € A. Then xp(z) > xa(z) = 1, so that xp(x) = 1.
This implies that x € B. Thus, A C B.

Conversely, suppose that A C B.
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(i) If x € A, then x € B, so that y4(x) = xp(z) = 1.

(i) If x € A, then xa(z) =0 < xp(z).
In a word, we have y4 < x5B.

Analogously, (3) and (4) can be proved by the de Morgan
law of sets. (5) is a direct consequence of (4). O



CHEN CHUANG: LECTURES ON REAL ANALYSIS 62

§2. Mappings and Cardinalities of
sets

Mappings.

Some notations.

Let A, B be nonempty sets. A mapping ¢ from A to
B is a rule that assigns to each element x € A a unique
element p(z) € B. We call ¢(z) the image of x under the
mapping .

To indicate that ¢ is a mapping from A to B, we often
write ¢ : A — B. The set A is called the domain of ¢
(denoted by D(p)). The set p(A) := {p(z) : © € A} is
called the range of ¢ (also, denoted by R(y)). Clearly,
o(A) C B.

For y € B fixed, the set {v € A : p(z) = y} is called
the inverse image of y under the mapping ¢ (denoted by
¢ 1(y)). In addition, for E C B fixed, the set {x € A :
¢(x) € E} is called the inverse image of F under the
mapping ¢ (denoted by ¢ 1(E)).

The mapping ¢ : A — B is said to be

(1) one-to-one (or injective) if (1) = p(x2) implies
that 1 = Ta.

(2) onto (or surjective) if p(A) = B.

(3) 1-1 correspondence (or bijective) if ¢ is one-to-
one and onto.

Remark. Clearly, an injective ¢ is bijective from D(y)
to R(ip).

Extensions of mappings. Let ¢ : D(p) — B and
Y : D) — B. If D(p) C D(¢) and ¥(z) = ¢(z) for all
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x € D(yp), then we call ¥ is an extension of ¢ to D(1))
(denoted by ¢ C ). If this is the case, we call ¢ the
restriction of ) on D(y) (denoted by ¢ = 9|p(,))-

Compositions of mappings. Let ¢; : A — B and
w9 : B — C. The composition of s with ¢;, denoted by
9 0 1, is the mapping s 0 1 : A — C defined by

(p201)(x) = pa(pi(x)), =€ A

Inverse of a mapping. Let ¢ : A — B be injective.
For y € R(yp), let ¢ 1(y) be the unique x € A such that
¢©(r) = y. The mapping ¢! : R(p) — A so defined is
called the inverse of the mapping ¢. In this sense, an
injective is also said to be an invertible mapping.

Identity mapping. Let A be a nonempty set. The
identity mapping on A is the mapping ¢ : A — A defined
by

or)=xz, x€A.

Equivalence of sets

Definition. Two non-empty sets are said to be equiva-
lent if there is a 1-1 correspondence from one to the other.
We write A ~ B if sets A and B are equivalent. In addition,
we define () ~ 0.

Remark. Let A, B and C' be three sets. It is clear that

(i) A ~ A (reflexive)

(ii) A ~ B implies that B ~ A (symmetric)

(iii) A ~ B and B ~ C implies that A ~ C (transitive)

Remark. Let ¢ : A — B be injective. Then A ~ R(yp).
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Examples. Let a,b € R. Then
[07 1] ~ [awb] ~ [a?b) ~ (avb] ~ (CL, b)

Theorem (F. Bernstein, 1898). Let A and B be two
sets. If A is equivalent to a subset of B while B is equivalent
to a subset of A, then A and B are equivalent.

Outline of the proof. Suppose that A ~ By C B and
B~ A C A

Step I. Since the relation ~ has translation, it suffices
to show A ~ Aj.

Step II. Consider the following disjoint decompositions
A=CiUC,U---UC,U---,
A =ClUCiuU---UC U---.

If C, ~ C) for every n € N, then A ~ A;.

Step III. Construct such decompositions.

Proof. Suppose that A ~ By C Band B ~ A} C A via
1-1 correspondences ¢ and 9, respectively. Write Ag :=
A, p = o0 and denote A, 19 := p(A,) for n € N. Then
we obtain a decreasing series of sets

ADA DA D DA, D+
Also,

due to the same mapping ¢. Notice that

A= (A\NA)U A\ A) U (A \ A3) U (A3 \ A))U---UD,
Ar = (Ar\ A) U (As \ A3) U (A3 \ A) U (Ag\ A5)U--- U D,
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where D = A1 N Ay N A3 N ---; and notice that
A\ Ap ~ Ay )\ Az
Ay \ Az ~ Ay \ As

AQn \ A2n—|—1 ~ A2n—|—2 \ A2n+3

by virtue of the same mapping . This implies that A ~ Aj,
so that A ~ B due to A; ~ B. O]

Corollary. Let C C BC A. If C ~ A then B ~ A.

Cardinalities of sets.

Definition. Let A and B are two sets. We define the
expressions

j§§(0r§2j) and A =B

to mean that A is equivalent to a subset of B and A is

equivalent to B, respectively. In addition, we call A the
cardinality of A.

Definition. We also write

j<§(0r§>j)

to mean that A < B but A #+ B.

Bernstein theorem. Let A and B be two sets. If A < B
and B < A then A = B.

Remark. By Bernstein theorem and Zermelo Ax-
iom of Choice (introduced in the next section), for two

sets A and B, exactly one of the following three statements
holds:

)
I
l
)
V
|

<B,

o]
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Examples.

L. {ay, - ,a,} ~{1,--- ,n}.

2. {0,2,4,--- 2n,---} ~{0,1,2,-+- ,n,--- }.

3. N~ Z.

4. 10,1] ~ [a,b], where a,b € R and a < b.

Finite and infinite sets:

Definition. A set A is called a finite set if A ~ {1,--- ,n}
for some n € N. A set is called an infinite set if it is not
finite.

Theorem. A set is infinite if and only if it is equivalent
to some of its proper subsets, or equivalently, a set is finite
if and only if it is not equivalent to any of its proper subsets.

Proof. Let A be an infinite set. We can take
{alaa27"' ,Cln,"‘} C A

Now consider the proper subset A\ {a;} and define a map-
ping ¢ : A — A\ {a1} by

(i) p(x) :=x for x € A\ {ar,a9, - ,an, -},

(ii) p(ag) := agsqy for k=1,2,---.
Clearly, ¢ is a bijective. Thus, A ~ A\ {a1}.

Conversely, let B be a proper subset of A such that B ~
A. Tt is clear that B # () (WHY). Assume that A is finite.

Then, by definition of finite sets, there exists an N € N
such that {1,2,--- N} ~ A. Thus, there is a bijective
01 :{1,2,--- ,N} — A, and hence,

A={pi(1),e1(2), - o1 (N)}.

Note that
B = {p(n1),p(na), - ,o(nx)}, 1<k<N.
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Thus, any mapping from A to B is not an injective (other-
wise, k = N). This contracts to that A ~ B. Thus, A is
infinite. ]

Countable sets.
Definition. A set A is said to be countable if A ~ N.

_ Remark. For convenience, we write N = No. Thus,
A =R, for every countable set A.

Properties.
1. Every infinite set has a countable subset.
2. Any subset of a countable set is finite or countable.

3. If A is countable and B is finite or countable, then
AU B is countable.

4. If A, is countable for every n € N, then |J -, A, is
also countable.

5. If A is an infinite set and B is finite or countable, then
AUB ~ A.

Proof. 1. Let A be an infinite set. Clearly, we can take
a; € A. Since A\ {a1} is also infinite (WHY), we can take
as € A\{a1}. Note that, if we take ai,as, - ,a; € A, then

we can also take a1 € (A\ {a1,aq,--- ,a}) due to the
infinity of A. Thus, by induction, we obtain a countable
subset {a1,as, - ,ay,, -} of A.

2. Let A be a countable set, and let B C A. It suffices to
show that B is countable whenever B is not finite. Suppose
that B is not finite. Note that

Ry < B< A=Y,
where the first inequality follows from 1, immediately. This
implies that B = R, by Bernstein theorem.
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3. Let A be countable, and let B be finite or countable.
Write

A:{CI/l,aQ"" 7a/n’...}_

(i) If B is finite, then B = {by,by,--- ,b,}, so that the
mapping ¢ defined by

Sp(bk) = G, k:1727"'7n;
gp(am) ‘= Um+n, m e Na
is a bijective from AU B to A. Thus, A ~ B.

(i) If B is countable, then B = {by,bs,- - ,b,, - }. Note
that the mapping ¢ defined by

(ay,) = agp,
Sp(bn) = Qp-1, NE Na

is a bijective from AU B to A. That is to say, AU B is
arrayed as

b17a’17b27a27... 7bnaan7"'

Thus, AU B is also countable.

4. Let A, be countable for every n € N. Suppose that
A, ={al,a?,--- a™ ---}. Then |J)-, A, can be arrayed
as

1 2 3 m
a17a17a17... 70’1 ’...
1 2 3 m
a27a27a2’...’a27...
1 2 3 m
a3,a37a3’--- ’a/3 ’oo.
at.a?.a’ cal

..................

Thus, |J,-; 4, is countable as well.

Finally, the statement 5 can be proved by arguments
analogous to that given in the last theorem. [



CHEN CHUANG: LECTURES ON REAL ANALYSIS 69
Examples of countable sets.

1. N, Z, Q.

2. {(x,y) e R? : z,y € Q}.

Uncountable sets.

Definition. An infinite set A is called uncountable if

A LN,

Remark. Clearly, A > N, for every uncountable set A.

Example. (Cantor, 1874) [0, 1] > R,.
Proof. 1t is clear that [0, 1] is infinite. Assume that [0, 1] =
Ny. Then we can array it as

[071] :{alaa%”' 7a'n7'”}'

Trisect the interval [0,1] and take one, [b1,b)], of the
three subintervals such that a; & [by,b}]; Trisect the in-
terval [by, b]] and take one, [by, b}, of the three subintervals
such that as & [be, b5]; - - - ; Trisect the interval [by, b}] and
take one, [bpi1,b), ], of the three subintervals such that

ap1 & (D41, 0y 4]. Thus, we obtain a decreasing sequence
{[bn, ]} with a, & [by, b;L] for every n € N, and hence

{a,ag, -+ ,ap,---} N (ﬂ[bn,b%]) £ ().

n=1
On the other hand, by the completeness of real numbers,
there is a real number a € [0, 1] such that

o0

Mlba.8,] = {a).

n=1

Thus, a # a, for all n € N, so that
[071] # {a17a27'” 7a'n7'”}'



CHEN CHUANG: LECTURES ON REAL ANALYSIS 70

This yields a contradiction. Thus, [0, 1] > Ny. O

Cardinality of the continuum. A set A is said to
have the cardinality of the continuum if A ~ [0, 1]. And we
denote it by A = R.

Example. Let a,0 € R and a < b. Then

la,b] = [a,b) = (a,b] = (a,b) =R =N.

Proposition. Let A:n = N for every n € N. Then

n=1

Proof. 1t is clear that

n=1

On the other hand, write
Ap = Ay Ay = A\ Ay AL = A\ Ak

k<n

Then {A],} is a disjoint decomposition of |J,~; A,. Note
that we can map A} to [1,2) via a bijective and A} to
[k, k+1) via an injective for every k > 2. Thus, there is an
injective from |J,-; A/, to [1,00), and hence,
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Examples.

1. R=N.

2.R-Q

3. =R> =N,

4. Qr =N, Q© = X.

5. {{an} :a, =0o0r 1} =N,

H =l

7~

N.

| I
=

Theorem. (Cantor, 1891) Let A be a set. Then

A < P(A).

Proof. Suppose to the contrary that there is a bijection ¢
from A to P(A). Note that ¢(z) € P(A). We can define

B={reA s¢ow)}
then B C A, i.e., B € P(A). Since ¢ is surjective, there is
some g € A such that ¢(xy) = B. However, either zy € B
or o ¢ B will give contradiction. ]

Remark. Note that, if A= n, then P(A) = 2". Thus,
we write P(A) := 24 for short.

Problem. By Cantor theorem, N < 2§, ie., Ny < 2N,
Also, we have proved that Ny < X. What about the cardi-
nalities 2% and R?
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Proposition. ¥; < P(N) = X,
Proof. 1t suffices to show P( ) = N. We decompose the

proof into the following three steps.
(i) For the class

B :={B C N: B is finite},

we have B = Ny. Indeed, note that

B:UBn,

neN

where B,, denotes the class of subsets B with B =n. By
the method of induction, it is easy to see that the class B,
is countable for every n € N, so that B is countable.

(ii) For the class
C :={C C N: C is infinite},
we have C = X. Indeed, for every x € C and define the
binary decimal p(z) as
o(x) == 0.a1a9---ay -,

where a, = 1if n € C, and a, =0 if n € C. Then ¢ is a
bijective from C to the set of all binary infinite decimals

n (0, 1], and hence, C = X.
(iii) BUC = XN. Indeed,
BUuC=(C\B)UB.

Since B is countable, there is an injective from B to [0, 1).
Also, since C \ B = X (WHY), there is a bijective from C\ B
to [1,2). Thus, there is an injective from (C\B)UB to [0, 2).
So we have

U

Z
Qll

<

=
N

<[0,2) =x.
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Remark. It is clear that
l<2<--<n<ntl< . <Ry<2® <2 ...

Therefore, the set with maximal cardinality does not
exist.

Example. R[a,b] > Cla,b] =N,

Proof. Let {ry, -+ 1y, -+ } = [a,b]NQ, then there is a one-
to-one mapping between f € C|[a,b] to R* by

fH{f(T1)7f(T2)7”' 7f(rn>;"‘} e R*.

Therefore Cla,b] < R*® = Y. On the other hand, any
of constant functions belongs to Cla,b]. Notice that the
set, K, of all constant functions has cardinality N, so that
R> is equivalent to K, a subset of C|a,b]. This implies
that R < C[a,b]. Therefore, Cla,b] = X by Bernstein’s
theorem.

On the other hand, for every A € P([0, 1]), define p(A) :=
x4. Then ¢ is an injective from P([0, 1]) to R]a, b], so that

2 = P0.1]) < Aad]
Also, for every f € Rla,b], define
S = (o, f&)) s 2 € 0,1]} C [0,1] x R
Then ¢ is an injective from R|a, b] to P([0, 1] x R), so that

Rla,b] < P([0,1] x R) = 2%,

where the equality follows from the fact that [0, 1] x R = X
(WHY). O
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33. Equivalence relations, orderings
and axiom of choice

Equivalence relations. Let A be a nonempty set. A
relation, ~, on A is said to be an equivalence relation if
for all z,y,2z € A,

o r ~ x (reflexive)
e © ~ y implies that y ~ x (symmetric)
e v ~ y and y ~ z implies that = ~ z (transitive)

Equivalence classes. Let A be a nonempty set and ~ an
equivalence relation on A. For each x € A, define F, =
{y e A:y~z}. Andlet B := {E, : © € A}. Each
member of B is called an equivalence class of A under

~Y,

Properties. Let A be a nonempty set and ~ an equiv-
alence relation on A. Then

o for each x,y € A, either E, N E, =0 or E, = E,;

o A=J,cqEs;

e ~ partitions A into disjoint equivalence classes,
that is, A is a disjoint union of the equivalence classes
under ~.

Ordering relations.

Definition. (Partial ordering) Let A be a set. A bi-
nary relation defined between certain pairs (z,y) of ele-
ments of A, expressed by z < v, is called a partial order-
ing on A if for all x,y, z € A,

(i) (reflexivity) = < z,

(ii) (antisymmetry) < y and y < x implies that x =
Y,



CHEN CHUANG: LECTURES ON REAL ANALYSIS 75
(iii) (transitivity) x < y and y < z implies that = < z.

In addition, a set endowed with a partial ordering is called
a partially ordered set.

Definition. (Total ordering) A partial ordering < is
called a total ordering if additionally,

(iv) for every pair (x,y) in A, either x < y or y < x.

A set endowed with a total ordering is called a totally
ordered set.

Examples.

(1) (P(A), Q) is a partially ordered set.

(2) (R, <) is a totally ordered set.

(3) Let G be a group. Let S be the set of subgroups with
the relation that H < H’ if H is a subgroup of H'.
Then (5, <) is a partially ordered set. Given two

subgroups, H, H' of G, we do not necessarily have
H~<H or H=<H.

Induced orderings. Let (A, <) be a partially ordered
set, and B a subset of A. We can define a partial ordering
on B by defining that x < y for z,y € B to hold if and only
if v < yin A. We shall say that it is the partial ordering
on B induced by the ordering on A.

Upper bounds and maximal elements. Let (A, <)
be a partially ordered set, and B a subset of A. An upper
bound of B (in A) is an element x € A such that y < x for
all y € B. By a maximal element m of A one means an
element of A such that if z € A and m < z, then m = «.
In addition, we call s € A is a minimal element of A if
s < x for all comparable x € A.
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Zermelo’s axiom of choice.

Axiom of choice. Suppose that C is a collection of
nonempty sets. Then there exists a mapping ¢ : C —

Uace A such that p(A) € A for each A € C.

Remarks. (1) An equivalent statement of the Zermelo’s
axiom of choice is: suppose that C is a collection of nonempty
sets, then there exists a set B such that B C [J,., A and
AN B has only one element for each A € C.

(2) Roughly speaking, the axiom of choice asserts that
given a collection of nonempty sets, it is possible to select
an element from each set in the collection.

(3) Although most mathematicians use the axiom of choice
without hesitation, some employ it only when they cannot
obtain a proof without it and others consider it unaccept-
able. In real analysis and functional analysis, we will accept
the axiom of choice and apply it freely.

Zorn’s lemma. (Principle of transfinite induction)
Let A be a nonempty partially ordered set with the prop-
erty that every totally ordered subset of A has an upper
bound in X. Then A contains at least one maximal ele-
ment.

Well ordering principle. Every set X has at least one
well-ordering.

Trichotomy of cardinality. Let A and B be two sets.
Then exactly one of the following three statements holds:

A<B, A4=B, A>B.

Continuum hypothesis. For every infinite cardinality
m, there is no cardinality n such that m <n < 2™.

Theorem. The following five results are equivalent.
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1
2

(1) Axiom of choice.

(2)

(3) Well ordering principle.
(4)

(5)

Zorn’s lemma.

4) Trichotomy of cardinality.
5) Continuum hypothesis.

7
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Hilbert’s 23 problems - 1900.
1. Continuum hypothesis (G. Cantor, 1878):

e The contributions of K. Godel (1940) and P. Cohen
(1963) showed that the hypothesis can neither be disproved
nor be proved using the axioms of Zermelo-Fraenkel set
theory, the standard foundation of modern mathematics,
provided ZF set theory is consistent. However, there is no
consensus on whether this is a solution to the problem.

e Recent work of W. H. Woodin (2010,2011) has raised
“hope” that there is an imminent solution.

e [s the Continuum Hypothesis a definite mathematical
problem? — S. Feferman (2011)

2. The compatibility of the arithmetical axioms.

3. The equality of the volumes of two tetrahedra of equal
bases and equal altitudes.

4. Problem of the straight line as the shortest distance
between two points.

5. Lie’s concept of a continuous group of transformations
without the assumption of the differentiability of the func-
tions defining the group.

6. Mathematical treatment of the axioms of physics.
7. Irrationality and transcendence of certain numbers.
8. Problems of prime numbers.

9. Proof of the most general law of reciprocity in any num-
ber field.

10. Determination of the solvability of a Diophantine equa-
tion.

11. Quadratic forms with any algebraic numerical coeffi-
clents.
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12. Extension of Kroneckers theorem on abelian fields to
any algebraic realm or rationality.

13. Impossibility of the solution of the general equation of
the 7th degree by means of functions of only two arguments.

14. Proof of the finiteness of certain complete systems of
functions.

15. Rigorous foundation of Schuberts enumerative calculus.

16. Problem of the topology of algebraic curves and sur-
faces.

17. Expression of definite forms by squares.
18. Building up of space from congruent polyhedra.

19. Are the solutions of regular problems in the calculus of
variations always necessarily analytic?

20. The general problem of boundary values.

21. Proof of the existence of linear differential equations
having a prescribed monodromic group.

22. Uniformization of analytic relations by means of auto-
morphic functions.

23. Further development of the methods of the calculus of
variations.



CHEN CHUANG: LECTURES ON REAL ANALYSIS 80

§5. Point sets on the line

Intervals.
o (a,b) ={r:a<z<b}, —c0c<a<b<
o [0,b) ={r:a<zr<b}, —0<a<b< oo
{r:ra<z<b}, —0<a<b<
o [0,b] ={r:a<zr<b},—c0o<a<b<

In particular, [a,a] = {a}.

Bounded sets.

Definition. Let A be a nonempty subset of R. A real
number ¢ is called an upper bound (or lower bound)
of Aif 2 < ¢ (or ¢ < x) for all x € A. If a subset of R
has an upper bound (or lower bound), then we say that it
is bounded above (or bounded below). A set is called
bounded if it is bounded both above and below.

Definition. A real number u is called a least upper
bound or supremum of A if it is an upper bound of A
and smaller than or equal to any other upper bound of A.
We write u by

sup A, supzx, or sup{z:z € A}.

reA

Definition. A real number [ is called a greatest lower
bound or infimum of A if it is a lower bound of A and
greater than or equal to any other lower bound of A. We

write [ by
inf A, infl:zs, or inf{z : z € A}.
re
Remark. We define sup A := +o0o if A is not bounded

above, and define inf A := —oco if A is not bounded below;
In addition, (whenever needed) we may define

sup() := —oo, inf@:= +oo.
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Open sets.

Definition. A subset O C R is said to be an open set if
for each x € O, there is an r > 0 such that (z—r,z+7r) C O,

Remark. The open interval (x — r,z 4+ r), denoted by
N(x,r), is also called an r-neighborhood of z. Thus, A
subset O C R is open if and only if for each point x € O,
there is an r,-neighborhood N(x,r,) C O.

Properties.

e () and R are open sets.

e If A and B are open sets, then so is AN B. (closed
for finite intersection)

o If {O, }aca is a collection of open sets, then (., Oq
is open. (closed for arbitrary union)

Theorem. (constructions of open sets) Each open
set O is countable union of disjoint open intervals. The
representation is unique in the sense that if C and D are two

pairwise disjoint collections of open intervals whose union
is O, then C = D.

Proof. Let O be an open set. For x € O fixed, define
A, ={y:y <z and (y,z) C O},
B, :={z:z>uxzand (z,z) C O}.

The sets A, and B, are nonempty because O is open. Let
a, = inf A, and b, := supB,. Then a, < z < b, and
az, b, & O.

Set I, := (a,, b;) and note that z € I,. We claim that
I, C O. Indeed, let u € I; then a, < u < b,. Thus, we can
choose y € A, and z € B, such that y < u < z. If u < x,
then u € (y,z] C O and, if u > x, then u € (z,2) C O.
Hence, I, C O, so that |J,., I, C O. On the other hand,
as & € I, U,eo Ix D O. Thus, by write C := {I, : x € O},
we have O = (J, .0 A.
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Next we prove that C is countable. Indeed, it is easy to
show that either I,NI, =0 or I, = I,. Let A € C. Because
A is an open interval, we can, by the density of the rational
numbers, select a rational number r4 € A. Then define
¢ : C — @ by p(A) = ry. Note that ¢ is one-to-one
because C is pairwise disjoint. Thus, C is equivalent to a
subset of Q and, consequently, is countable.

Finally, we prove the uniqueness of the representation.
Let D be a pairwise disjoint collection of open intervals
whose union is O. For each interval (a,b) € D, we claim
that a,b ¢ O. Indeed, suppose to the contrary that a € O.
Then there is another open interval (¢,d) € D such that
a € (¢,d), so that (a,b) N (c,d) # 0. But this is impossible
because D is a pairwise disjoint collection of open intervals.
Thus, a ¢ O and, similarly, b ¢ O. Therefore, for each
x € O, there is a unique open interval I, € D such that
x € I!. Further on, we can show that I = I,. This proves
that C = D. [

Limit points.

Definition. Let A C R. A real number z, is called a
limit point of A if

(N(xg,€) \ {zo}) NA#£D

for each € > 0. The set of all limit points of A is denoted
by A’

Proposition. Let A C R and zy € R. The following
statements are equivalent.

(1) zo is a limit point of A.

(2) There exists a sequence {z,} C A, with x,, # z for
n=12---,such that x, — xy as n — oc.

(3) For each € > 0, the set AN N(zy, €) is infinite set.
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Isolated points.

Definition. Let A C R. A point zy € A is called an
isolated point if there is an r-neighborhood N (zg, r) such
that

(N(xg,7) \ {zo}) NA=10.
In addition, a set A C R is called an isolated set if each
point of A is isolated.

Proposition. (i) A set A is isolated set if and only if
ANA =0

(ii) A point x is not isolated if and only if x is a limit
point.

Examples. (1) A set with no limit point: {1,2,3,--- ,n}.

(2) A set not containing its limit points:

pofill o1
2°3 n

Clearly, E' = {0}.
(3) A set containing some of its limit points:
E=Qn]|o0,1].
Clearly, E' = [0, 1].
(4) A set containing all its limit points: £ = [0,1] = E".

Closed sets.

Definition. A subset ' C R is said to be a closed set
if F/ C F, that is, if F' contains all its limit points.

Proposition. Let F' C R. The following statements are
equivalent.

(1) F is closed.
(2) F* =R\ F is open.
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(3) For each sequence {x,} C F with lim,, .z, =z € R,
then x € F.

Properties.

e () and R are closed sets.

e If A and B are closed sets, then so is AUB. (closed
for finite union)

o If { F,,}acn is a collection of closed sets, then (), Fa
is closed. (closed for arbitrary intersection)

Remark. If a subset of R is both open and closed, then
it is either () or R.

Closures of sets.

Definition. The closure of a subset I' C R, denoted
by F', is defined by F := F U F’.

Properties.

e The closure of a set A C R is closed.

e Let A CR. A point + € A if and only if AN
N(x,¢€) # () for each € > 0.

o A subset A C R is closed if and only if A = A.

Dense sets.

Definition. £et X C R. A subset A C X is said to be
dense in X if A = X.

Proposition. Let A C X. The following statements are
equivalent.

(i) A is dense in X.
(ii) Every point of X is a limit point of A.
(iii) N(z,7) N A #( for all z € X and r > 0.

Perfect sets.
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Definition. A subset A C R is said to be perfect set if
A = A’, that is, each point of A is the limit point.

Remark. Clearly, a subset A C R is a perfect set if and
only if it is a closed set with no isolated point.

Examples. 0, R, [a,b](a < b).

Nowhere dense sets.

Definition. A subset A C R is called nowhere dense
if A does not contain any open interval.

The Cantor set.

Base-p expansions. Let p be an integer greater than 1.
Then for each = € [0, 1], there is a sequence {a,} of integers
such that 0 < a,, < p —1 for all n and

~a a, ay a
(0.2) T = —Z:_1+_§+_§+..._
—~p" p PP
The sequence {a,} is unique unless x # 1 and is of the
form pim for some ¢, m € N, in which case there are exactly
two such sequences, one having only finitely many nonzero
terms and the other having only finitely many terms differ-

ent from p — 1.
Also, we use the notation
r = 0.a1a0a3 -+ (p)
as a shorthand for the expansion (0.2).
Examples.
e For each integer p > 2, we have
0=0.000--- (p)

and
1=0(p--DE-1-- (p
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e The number 1/2 has, respectively, the binary (p=2),
ternary (p=3) and decimal (p=10) expansions given by

1/2 =0.1000--- (2)

—0.1111---  (3)
—0.5000 -+ (10).
Notice that 1/2 = 2—11 withm=1and ¢ =1, and 1/2 = 1%

with m = 1 and ¢ = 5. 1/2 also has a second binary
expansion and decimal expansion:

1/2=0.0111--- (2)
=0.4999--- (10).
However, the ternary expansion of 1/2 is unique.
The Cantor set.

In mathematics, the Cantor set, introduced by German
mathematician Georg Cantor in 1883 (but discovered in
1875 by Henry John Stephen Smith), is a set of points
lying on a single line segment that has a number of re-
markable and deep properties. Through consideration of
it, Cantor and others helped lay the foundations of modern
general topology. Although Cantor himself defined the set
in a general, abstract way, the most common modern con-
struction is the Cantor ternary set, built by removing the
middle thirds of a line segment. Cantor himself only men-
tioned the ternary construction in passing, as an example
of a more general idea, that of a perfect set that is nowhere
dense.

==Construction of the ternary set==

The Cantor ternary set is created by repeatedly deleting
the open middle thirds of a set of line segments. One starts

by deleting the open middle third (3,2) from the interval

[0, 1], leaving two line segments: [0, 3] U [2,1]. Next, the
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open middle third of each of these remaining segments is
: : S0 102 2 7

deleted, leaving four line segments: [0,5] U [2,3] U 3, §] U

[£,1]. This process is continued ad infinitum, where the

97
C,— 2 C,_
Ly (— + 1) .

"n”th set is
3 3 3

The Cantor ternary set contains all points in the interval
[0, 1] that are not deleted at any step in this infinite process.

The first three steps of this process are illustrated below.

1 n' '1

29 113 2/3 1

3078 28 s 2/3 7/9 8/9 1
== Composition ==

Since the Cantor set is defined as the set of points not ex-
cluded, the proportion (i.e., Lebesgue measure) of the unit
interval remaining can be found by total length removed.
This total is the geometric progression

izn_1+2+4+8+ Ly,
£3tl 309 27 8l S3\1-2%)

So that the proportion left is 1 — 1 = 0.

This calculation shows that the Cantor set cannot con-
tain any interval of non-zero length. In fact, it may seem
surprising that there should be anything left — after all, the
sum of the lengths of the removed intervals is equal to the
length of the original interval. However, a closer look at the
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process reveals that there must be something left, since re-
moving the “middle third” of each interval involved remov-
ing open sets (sets that do not include their endpoints). So
removing the line segment (%, %) from the original interval
[0, 1] leaves behind the points % and % Subsequent steps do
not remove these (or other) endpoints, since the intervals
removed are always internal to the intervals remaining. So
the Cantor set is not empty, and in fact contains an infinite
number of points.

It may appear that “only” the endpoints are left, but that
is not the case either. The number 1/4, for example is in
the bottom third, so it is not removed at the first step, and
is in the top third of the bottom third, and is in the bottom
third of “that”, and in the “top” third of “that”, and so on
ad infinitum; alternating between top and bottom thirds.
Since it is never in one of the middle thirds, it is never
removed, and yet it is also not one of the endpoints of any
middle third. The number 3/10 is also in the Cantor set
and is not an endpoint.

In the sense of cardinality, “most” members of the Cantor
set are not endpoints of deleted intervals.

=== Cardinality ===

It can be shown that there are as many points left behind
in this process as there were that were removed, and that
therefore, the Cantor set is uncountable. To see this, we
show that there is a function f from the Cantor set G to
the closed interval [0, 1] that is surjective (i.e. f maps from
G onto [0,1]) so that the cardinality of G is no less than
that of [0,1]. Since G is a subset of [0,1], its cardinality
is also no greater, so the two cardinalities must in fact be
equal.
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To construct this function, consider the points in the [0, 1]
interval in terms of base 3 (or ternary numeral system)
notation. As showed above,

1/3 =0.1000--- (3),
2/3=0.2000--- (3)
=0.1222---  (3).

Thus, the middle third (to be removed) contains the num-
bers with ternary numerals of the form

0.lasaszay--- (3),

where aj, € {0, 1,2} and not all the a;s are 0 and not all are
2. So the numbers remaining after the first step consists of

e Numbers of the form 0.0asaszas--- (3), (points in
the interval [0,1/3))

©1/3=0.1000--- (3)=0.0222--- (3

),
©2/3=0.1222--- (3)=0.2000--- (3)

)

e Numbers of the form 0.2asaszas--- (3), (points in
the interval (2/3,1])
where a;, € {0,1,2} for £k = 2,3,---. All the points re-

mained can be restated as those numbers with a ternary
numeral
O.0a2a3a4 ce (3)
or
0.2azasay- -+ (3)
with a; € {0,1,2} for k=2,3,---.
The second step removes numbers of the form
0.0lagas--- (3)
and
0.2lasay---  (3),

and (with appropriate care for the endpoints) it can be
concluded that the remaining numbers are those with a
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ternary numeral whose first "two” digits are not 1, that is,
the numbers of the forms

0.00azaqas---  (3), 0.02azaqas--- (3)
or

0.20azaqas---  (3), 0.22azaqas--- (3),
where a; € {0,1,2} for k =3,4,---.

Continuing in this way, for a number not to be excluded

(A}

at step “n”, it must have a ternary representation whose
“n”th digit is not 1. For a number to be in the Cantor set,
it must not be excluded at any step, it must have a numeral
consisting entirely of Os and 2s. Thus, we obtain

Property. The Cantor set GG consists of all numbers in
[0, 1] that have a ternary expansion without the digit 1.

The Cantor function Let x € G. By the property
above, = has a (unique) ternary expansion without the digit
1, say,

r=0.(2¢1)(2¢2)(2¢3) -+ (3),
where ¢;; € {0,1} for each k& € N. We define the Cantor
function f : G — [0,1] by

f(x) :=0.cic9¢3--+ (3).

Property. The Cantor function is a surjective from G
to [0,1], that is, the range of f is [0,1]. Hence, G = X.
Proof. Let y € [0, 1]. Rewrite it by the binary notation

Yy = 0.d1d2d3 s (2),
where dj € {0,1} for each k € N. Let
r = 0.(2d1)(2d2)(2d3) - -+ (3).

Then z € G and f(z) = y. That is, each point in [0, 1]
has an inverse image under f. This proves R(f) = [0, 1].
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Thus, G >

[0,1]. Clearly, G < [0, 1] because G C [0, 1].

Therefore, G = [0,1] = X. O

Remark. The set of endpoints of the removed intervals
is countable, so there must be uncountably many numbers
in the Cantor set which are not interval endpoints. As
noted above, one example of such a number is 1/4, which
can be written as

0.02020202020 - - - (3)

in ternary notation.

The Cantor set contains as many points as the interval
from which it is taken, yet itself contains no interval. (Ac-
tually, the irrational numbers have the same property, but
the Cantor set has the additional property of being closed,
so it is not even dense in any interval, unlike the irrational
numbers, which are dense everywhere.)

Properties.
e (7 is nowhere dense.

e (5 is perfect.
G =X

Remark. As we have just seen, the complement in [0, 1]
of the Cantor set, is disjoint union of open intervals, the
sum of whose lengths is 1. But the length of [0, 1] is also
1. Thus, from the point of view of length, the Cantor set
appears to be “small”. On the other hand, G is uncount-
able, so that from a cardinality point of view, the Cantor
set is “large”. These, among other properties of the Can-
tor set, make it useful for illustrating many subtle concepts
(for example, the “measure” so called).

Borel sets.
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e (G5 set: the intersection of countable open subsets of
R.

e [ set: the union of countable closed subsets of R.

e Borel c-algebra on R, denoted by #Z(R): the o-
algebra generated by the collection of all open sets on R.
Each element of #(R) is called a Borel set.

Finally, we point out that the complement of a G; set is
an I, set, and the complement of an F, set is a G set. In
addition, Gy sets and F, sets are necessarily Borel sets.
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Examples of continuity.

(1) A function defined on [0, 1] which is continuous nowhere:

)1 r €1[0,1]NQ;
D@){Q ze[0,1]\ Q.

(ii) A function defined on [0, 1] which is continuous only
on one point:

), r € 10,1 NQ;
f@){ﬂu ze[0,1]\ Q.

(iii) A function defined on R which is continuous only on

finite points x1, 29, -+ ,z, € R:
f(z) = (x —x1)(x —29) - -+ (T — ), x € Q;
0, reR\Q.

(iv) A function defined on R which is continuous only on
Z (countable set):

_ Jsinmz, x € Q;
f@){q r € R\ Q.

(v) A function defined on [0, 1] which is continuous only
on an uncountable set (with Lebesgue measure > 0):

e =t (pgeZ(pg) =1);
R@)_{Q ze{0,1}U(]0,1]\ Q).

(vi) A function defined on [0, 1] which is continuous only

on [0,1]\ G:
1, x € G,
ﬂ@_{m re 0,1\ G.
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End of Chapter I

e Could you give two concrete sequences of sets which
are not convergent?

e Could you give at least three distinct proofs for the
statement

Ny < N7

oLetaERandletA::{ACR:aeA}..71:?

e let A" = AXAXx---xAand A = AXxAxX---.
Recall that .
A-T = A~
whenever A = X. What about the conclusion if A = Ry?

e In the classical formula
lim 2" = oo,
n—oo
it is clear that the first infinity is exactly 8y. What about
the last infinity?

e Could you give two concrete relations in mathematics
which do not satisfy the transitivity?

e Recall that there is a function f € R0, 1] such that f
is continuous on [0, 1] \ Q while discontinuous on [0, 1] NQ,
for example, the Riemann function. Could you construct
another concrete function sharing this interesting property.

e Could you construct two concrete functions f, g € R[0, 1]
such that the discontinuities of f are just the continuities
of g7

e Could you construct two discontinuous functions f, g €
RJ0, 1] such that the discontinuities of f are just the conti-
nuities of g7

e Could you construct a concrete function g € RJ[0,1]

such that g is discontinuous on [0, 1] \ Q while continuous
on [0,1] NQ?
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Chapter 2: Theory of measures

31. Lebesgue measure

Lengths of intervals: /(1)

Definition. (Lengths of bounded intervals) Let a,b €
R with @ < b, and let I be a bounded interval, i.e., I =
(a,b), or [a,b), or (a,b], or [a,b]. The length [(I) of I is
defined by

I(I):=b—a.
In particular, we define [({a}) := 0 as well as [(0) := 0.

Definition. (Lengths of unbounded intervals) Let
a,b € R, and let I be an unbounded interval, i.e., I =
(a, +00), or [a, +00), or (—o0, b], or (—o0, b), or (—o0, +00).
The length [(I) of I is defined by

[(I) := +o0.
Definition. (Lengths of finitely many unions of in-

tervals) Let I, I5, - - - , I, be disjoint intervals. The length
of I =J;_; I is defined by

(1) = I(Iy).
k=1

Properties of lengths.
(i) (Nonnegativity) (/) > 0 for each interval I.
(ii) (Monotonicity) [(I1) < [([y) for intervals 1 C I5.

(iii) (Translation invariance) (/) = [(z + I) for every
real number x and interval I, where x+1 := {z+y :y € I}.
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(iv) (Finite subadditivity) Let I, 5, --- , I, be inter-

vals. Then ; .
l<U[k) <> (L)
k=1

k=1
(v) (Continuity) Let {I,,} be a sequence of intervals.
(a) If [y C Iy C ---, then
[( lim I,) = lim [(Z,).

(b) If 1 DI, D -+ and I(];) < +o0, then
[( lim [,,) = lim I(Z,).

n—oo n—oo
Proof. The statements (i), (ii) and (iii) are direct conse-
quences of the definition of length.

(iv) It suffices to prove the conclusion for that Iy,--- , I,
are all bounded open intervals. Clearly, the case n = 1 is
trivial. Suppose inductively that the conclusion holds for
n = k. Then, forn =k + 1,

(a) if Iy, -+, Iy, Ix41 are pairwise disjoint, then
k+1 k+1
z( § ]i) -3
i=1 i=1

by the definition of length of finitely many unions of inter-
vals;

(b) otherwise, there are two intervals, [,, and I,, such
that I,,, N1, # 0. By writing I as the construction interval
of I,,, U I,,, we have I[(I) < (I,,) + (I,,), so that

z(@l]Z) =IU ( U IZ)

1=1
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Thus, we obtain the desired conclusion by the principle of
induction.

(v) It sufficient to prove the conclusion for closed inter-
vals. Let I,, = [ay,, b,] for n € N.

(a) Suppose that
r<aa<ap <b Kby <o
Clearly, lim,, . I, = (a, b) with

—o0 < a:= lim a,, b:= lim b, < +o0,

n—oo n—oo

and

lim (([,) = lim b, — lim a, = l( lim In).

n—aoo n—oo n—oo n—aoo

(b) Suppose that
ap <<y < appr < Sbppp Kby < < by

Notice that I; is bounded, so that {a,} and {b,} are con-
vergent by the monotone convergence criteria. Denote a :=
lim, - a, and b := lim,,_,» b,,. Then

lim {([,) = lim b, — lim a, = l( lim ]n).

n—oo n—odo n—oo n—oo

L

Finally, we give a general monotonicity of the length of
intervals.

Theorem. (General monotonicity) Let I,--- , I, be
pairwise disjoint intervals, and also, let .Jy,--- , J,, be pair-
wise disjoint intervals. Then

(OJO ck@ljk = 1(0@,) <l<k61Jk>.

k=1 k=1
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Proof. It suffices to consider that all intervals above are
open intervals. Further on, suppose that (UZ:1 I k) C Uiy i
Clearly, for each I, € {Iy,--- ,I,}, thereisa J, € {J1, -, Jn}
such that I, C Ji. Fix k € {1,---m} and write

Ey.={le{l, - ,L,}:ICJ}.
Then {(Urer,I) < 1(J;) (WHY) and

]kazg(U1>.

I€FE}

Therefore, from the finite additivity it follows that

z< U 1k> =zn:z<1k) = ml ( > 1(1)>

k=1 k=1 k=1 “NIcE,
- Z(UI SZZ(Jk):l<UJk>
k=1 NI€E), k=1 k=1
O

By the decomposition of open sets, we have the following

Corollary. Let Iy,---, 1, and Jy,--- , J, be general in-
tervals (not necessary to be pairwise disjoint). Then

(U[k) C,Q‘]’“ - 1(0@ <l(,QJk>'

k=1 k=1

Problem. Under the same condition of above corollary,
can we have the inequality > _; 1(1) < > 0, U(Jy)?

Corollary. Let I,--- , I, be pairwise disjoint intervals,
and let Jy, - -+, J;,, be general intervals (not necessary to be
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pairwise disjoint). Then

(U ) UJk = ;uk Skzm:

k=1

99
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Measures of open sets: m(O)

By the decomposition of open subsets of R, an open sub-
set O C R is the countable union of pairwise disjoint open
intervals I; = (a;,b;) (construction intervals so called),
ie, O =2 (ai,b;), so we can define a “length” of O via
the length of open interval.

Definition. Let O C R be open. We define its measure

m(0) by
m(0) =Y _UL) = (b — a).
i=1 i=1
with (a;,b;), i =1,2,---, the construction intervals of O.

Remark. Since every open interval [ is an open set, by
the definition of measure of open sets, we have

m(I)=m(IUpuUduU---)
=l(I[)+04+0+---=1(1).
Thus, m (as a function with domain {O C R: O is open})

is an extension of the length function | (with domain {/ C
R : I is open interval}).

Properties.
(i) (Nonnegativity) m(O) > 0 for each open set O C R.

(ii) (Monotonicity) Let O; and O be two open subsets
of R. If O; C O, then m(O;) < m(Os).

(iii) (Translation invariance) m(O) = m(z + O) for
every real number z and open set O C R, where x + O :=
{r+y:ye0}.



CHEN CHUANG: LECTURES ON REAL ANALYSIS 101

(iv) (Countable additivity) Let {O,} be a sequence of
pairwise disjoint open subsets of R. Then

o [’j 0, - ni;mmn).

(v) (Countable subadditivity for open intervals)
For a sequence {I,,} of open intervals,

(1) < S

n=1

(vi) (Countable subadditivity for open subsets) Let
{O,,} be a sequence of open subsets of R. Then

m<n®10n) < im(On)-

In particular, we have the following finite subadditivity
for open subsets:

m(gOn) < ;m(On)-

Proof. The statements (i) and (iii) are direct consequences
of the definition of measure of open sets.

(ii) Suppose that O; C Oy. Let Iy, I5,--- and Jy, Ja, - - -
be the construction intervals of O; and O,, respectively.
Note that, for each I,,, there is a J; such that I, C J;.
If there is a J, with I(J,) = +o0o, then the conclusion is
trivial. So we suppose further that all the construction
intervals of Oy are bounded.

Let m € N* and € > 0. Write I := [a, + 5, b, — 5] for
I, := (an, by). Since |, If is a closed set, by Heine-Borel
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theorem there are J,, Jy,, - -, J,, such that
m
Uz cl 7
k=1 k=1

Thus, from the general monotonicity of the length of inter-
vals it follows that

k=1 k=1 k=1
p p
<z< U Jnk> = 1(Jn,) < m(Oy)
k=1 k=1

By letting ¢ — 0 in both end sides of above formula, we
obtain

EE:Z ]k <<17n/()2) m = 1,2,'-'.
k=1
Again, by letting m — oo in both sides, we have

O1) = > 1(Ix) <m(0y).

k=1

(iv) By the decomposition of the open subset of R, each
O,, is the countable union of pairwise disjoint open intervals
of R. Suppose that

U e

m=1

Since the union of countable many sets is also countable,

we can rewrite
0

Jon=JL
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where I}, € {1, : n,m =1,2,---}. Clearly, ; N I; = () for
t # j. Thus, by the definition of measure of open set, we
have

k=1
=3 > (L) =Y _m(O,)

The statement (v) can be proved by analogous argument
given in the proof of (ii). Indeed, the case Y -, I(I};) = 400
is trivial. Let > -, I[(Iy) < +oc and let {J;} be a sequence
of construction intervals of the open set | J;—, I;. For each
n € N, noticing U?Zl J;j C Upeq I, we have

D ) < YU,
k=1

j=1
(Indeed, write J¢ = [a; + 5=, b; — 5] for J; = (aj,b;) (j =

1,2,-++,n). Then J,_, Jf is a closed set, so that by Heine-
Borel theorem there are Iy, Iy,, - , I, such that

et Y b —a) =Y 1) < YU < S U,

k=1 k=1 i=1 k=1

and by letting ¢ — 0 we obtain the inequality desired).
Therefore, by letting n — oo in both sides we obtain

m< G 1n> = m(ng> = izuj) < : I(I)).

n=1
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(vi) is a direct consequence of (v). Indeed, let I,,1, I, - -
be the construction intervals for each n € N. Notice that
the countable union of countable sets is also countable. It
follows from (v) that

(o) = 1) < 3

n=1 n,k= n,k=1
=) > U(Iy) =Y _m(Oy)
n=1 k=1 n=1

Remark. Countable additivity (associated with the
limit operation) is essential to the construction of measures.
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Lebesgue outer measures: m*(A)

Definition. Let A C R. The Lebesgue outer mea-
sure, m*(A), of A is defined by

m*(A) := inf { Zl([n) : I, open intervals, U]” D A},

where {I,} is either a finite or an infinite sequence.

Remark. For convenience, we call | J, I, an L-cover of A
if A C |, I, with I,,, open intervals. The set of all L-covers
of A is denoted by L£4. Thus,

m*(A) = inf { zn:zun) : LnJIn S L‘,A}.

Remark. The outer measure m* is an extended real-
valued function with domain P(R), i.e.,

m* : P(R) — [0, oc].

Example. m*(()) = m*({z}) = 0. Indeed, for every
e>0, 1. :=(—€/2,¢/2) € Ly. Thus,

m*(0) < I(1) = e.

Applying € — 0 in both sides yields m*(()) = 0. By analo-
gous argument, we can show that

m*({x1, X2, - ,xp}) =0
for arbitrary finite set {x1, zo, -+, z,}.
Example. Let 1,29, --- € R. Then
m*({x1, x2, 3, }) = 0.

Indeed, let € > 0 and consider

o € € +
L, = <xn—ﬁ,xn+ﬁ>, neNT,
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Clearly, L := J,,cn+ L is an L-cover of

X = {x1,$2,$3,'°'}.
Thus, by the definition of m*, we have

m (X) <Y L) =Y 2% — .

Finally, by letting ¢ — 0 we obtain m*(X) = 0.

Basic properties of m*.
(i) (Nonnegativity) m*(A) > 0 for all A C R.
(ii) (Monotonicity) A C B = m*(A) < m*(B).

(iii) (Translation invariance) m*(z + A) = m*(A) for
ACRand z € R, wherez + A:={x+y:ye€ A}

(iv) (Countable subadditivity) For a sequence {4, }
of subsets of R,

m’ < U An) <> mt(Ay).
n=1 n=1
In particular,

m* (AU B) <m*(A)+m"(B), A, BCR.

(v) m*(I) = m*(I) = I(I) for every interval I.

(vi) m*(O) = m(O) for each open subset O C R.

Remark. From (v) and (vi), we can observe that m* (as
a function with domain P(R)) is an extension of m (as a
function defined on O, the class of open subsets of R) as

well as [ (as a function defined on Z, the class of intervals
of R), that is to say,

m*lo=m, m'lr=1.
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Proof. (i) is trivial. In addition, since m(L) = m(xz + L),
the statement (iii) is a direct consequence of the fact that
LeLjifandonlyifa+ L € L, 4.

(ii)) Let A € B. Then every L-cover of B is also an
L-cover of A. Thus, by the monotonicity of inf, we have

* _ < i _ *
m*(A) LlenﬁfA m(L) < LlélﬁfB m(L) = m*(B).

(iv) Let € > 0. By the definition of m* (as an infimum),
for each A,, there is an L-cover | J;- Inr of A, such that

(L) < m"(A) + 5.

K

m*(4,) <
1

Notice that ;" (Up—; Inx) is also an L-cover of [, A,.
Then the definition of m* implies that

m*(gz‘ln) < iil(fnk)

e

n=1 k=1
<3 (e 5) =m0 +e
n=1 n=1

By letting ¢ — 0 we obtain the result desired, immediately.

(v) It sufficient to prove

(1) > m*(T) > m*(I) > I(])

for bounded open interval I = (a,b). First, for € > 0 small
enough, we have [a,b] C (a—¢, b+¢€). Then by the definition
of m*, we have

m*([a,b]) < I(la —€,b+¢€]) =b—a+ 2e.
By letting ¢ — 0 we obtain
m*([a,b]) < b—a=1I(a,b).
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The second inequality desired is a direct consequence of
the monotonicity of m*.

Finally, let {I,} be a sequence of open intervals and
U,~; I, D I. By the monotonicity and countable subaddi-
tivity of the length of interval, we have

I(I) < l(UIn) <> (1)
n=1 n=1

Taking the infimum with respect to such sequences {I,}
yields

[(I) <inf { Z [(I,) : I, open intervals , I C U In}
n=1

n=1

=m*(I).
This completes the proof of (v).

(vi) Let {I,,} be the construction intervals of O. Clearly,
U,, I is an L-cover of O. Notice that {I,} is pairwise dis-
joint, we then have

0

m(0) = 3"U(1,) = m"(0),

n=1

Conversely, let |J;—; Ji be an L-cover of O. From the
monotonicity and countable additivity of m (for open sets),
it follows that

m(0) < m(p1 Jk> < im(Jk) - izuk).

By taking the infimum with respect to such L-covers of O
we obtain

m(0) < m*(0).
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Remark. It is necessary to point out that m*|p, i.e,
m, has the countable additivity, while m* itself (defined
on P(R)) does not satisfy the countable additivity, even if
the finite additivity, see Theorem 3.10 given in “A Course
of Real Analysis”, J. N. McDonald and N. A. Weiss, Page
117.

Theorem. Let A C R. Then
m*(A) = inf{m(O) : O is open and O D A}.

Proof. Write
a ;= inf{m(0) : O is open and O D A}.

Notice that m*(O) = m(O) for each open set O, and hence,
by the monotonicity of m* we have m*(A4) < m(O) for
A C O. By taking infimum over such open sets O we
obtain

m*(A) < a.

Conversely, let | J,, J, be an L-cover of A. It is clear that
U, /» is an open set containing A, so that

anl(m = anm(m > m(UJ) > a.

By taking infimum over all L-covers of A, we obtain
m*(A) > a.
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Lebesgue measure: m(F)

Example. Let [ be an interval. Then
m*(F)=m"(FNI)+m"(FnNI°
for every subset ' C R.

Proof. Let F' C R. It suffices to show
m* (F)>m"(FNI)+m"(FNI°. (WHY)

To this end, we take an L-cover | J7—, I,, of F. Then I,,N[
and I,,NI¢ are intervals or union of intervals (not necessarily
to be open) and I, = (I, NI)U (I, NI for all n € NT. By
the finite additivity of the length of interval, we have

(1) =1I,NnI)+1(I,NI°, neN".
Notice that

Fnic|Ju,nIn, FnrcclJU.nIo.
n=1 n=1

By the monotonicity and countable subadditivity of outer
measures, we have

m*(FNI)+m"(FNI°

§m*< O([m[)) +m*( G(Inﬂlc)>

m* (LN 1)+ Y m*(I, NI
1 n=1

(I,NT)+ Y I(I,NI) = i I(I,).

1 n=1

WK

<

n

M)

n

By taking infimum over all L-covers of F', we obtain the
desired inequality, immediately. ]
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This example motivates us to define the Lebesgue mea-
surable sets as follows.

Definition. (Lebesgue measures) A subset £ C R is
said to be a Lebesgue measurable set if, for each subset
F CR,

(0.3) m(ENFE)+m* (E°NF)=m"(F).
The outer measure of a Lebesgue measurable set E is called

the Lebesgue measure of E, and we write it by m(FE).

Remark. The equality (0.3) is called the Carathéodory
criterion. Thus, a Lebesgue measurable set is such a set
that the Carathéodory criterion is satisfied.

Remark. Let M be the class of all Lebesgue measurable
sets. It is clear that m is an extended real-valued function
from M to [0, +o¢], i.e.,

m: M — [0, +o0].
In addition, m = m*| .

Proposition.Let £ C R. The following statements are
equivalent.

(i) £ is Lebesgue measurable.

(ii) For every subsets F' C R with m*(F) < 400, there
holds

m (ENF)+m*(E°NF)<m*(F).

Examples. (i) 0,R € M.
(ii) If £ € M then E° € M.
(iii) I € M for every interval I.

Problem. Whether O € M for general open subset
O CR?
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Proposition. (Properties of Lebesgue measurable sets)

(i) M is closed under the operations of union and inter-
section.

(i’) M is closed under the operations of finitely many
unions and intersections.

(ii) M is closed under the operations of countably many
unions and intersections.

(iii) M is closed under the operation of limit.

Remark. The statement (i) implies that M is an algebra
over R. Further on, the statement (ii) implies that M is
indeed a so called “o-algebra” over R.

Proof. (i) Since A; N Ay = (A U A$)¢, it suffices to show
that M is closed under the operation of union. To this end,
let A, Ay € M. Then for each F' C R, we have

M (F 0 (A1 U Ag)) +m*(F 0 (A U Ap))

:meFmAﬁu(FﬂAg>+nf@%hﬁﬂA@

:meFmAQu«FnAﬁmAQu«FmAﬁmA@)
+m(F N AS N AS)

:meFmAgu«FmAgmA9>+mﬂFﬂAﬁL%)

<m*(F N Ay +m*((F N A7) N Az) +m"((F N A7) N A3)

=m*(F N A)+m"(FNA]) =m*(F).

This implies that A; U Ay € M.

(ii) It suffices to show that M is closed under the oper-
ation of countably many unions. Let {A,}:2, € M and
write A :=J,_; A,. In order to show A € M, we consider
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a disjoint decomposition

= ()5,
n=1

with Bl = Al,BQ = A2 \ Al, Bg = Ag \ (Al U Ag), et

Let ' C R. For every m € N7 it follows from (i’) that
U, B, € M, and hence,

() 2 O B) ) (4

:m*< ) (Bu N F)) +mt(A°N F)

n=1
=) m*(B,NF)+m" (A°NF).
n=1

Applying m — oo yields

m*(F) > im*(Bn NE)+m"(A°NF)

n=1

Zm*( G (B, N F)) +m (AN F)

n=1

=m*(ANF)+m"(A°NF).
This implies that A € M.

The statement (iii) is a direct consequence of (ii). Indeed,
let {A,} € M and lim,, . A, = A. From (ii) it follows
that |J,~, A, = By € M for every k € N*. Thus, by (ii)
again, we have

A:EAn:ﬂBkeM.

n—00
k>1
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Problem. What about the Lebesgue measurability of
the union AU B for A, B ¢ M?

Proposition. (Properties of Lebesgue measure)

All the properties of Lebesgue outer measure hold for

Lebesgue measure. Furthermore, the following statements
hold.

(i) (Subtractivity) Let A;, As € M and A; D A with
m(As) < oo. Then

m(A1 \ AQ) = m(Al) — m(Ag)

(ii) (Finite additivity) Let Ay,--- , A, € M be pairwise
disjoint. Then

m(UAk) - g;m(Ak).

(iii) (Countable additivity) Let A, As,--- € M be
pairwise disjoint, then

m(g%) = im(z‘ln)

(iv) (Continuity) Let {A,} C M. Then
m(lim A,) = lim m(A4,)

n—odo n—oo

whenever

(a) A CAyC -+, or

(b) A1 D Ay D --- and m(4;) < 0.
Proof. (i) It suffices to show that
(0.4) m(AU B) = m(A) + m(B)
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for disjoint A, B € M (WHY). Indeed, let A, B € M be
disjoint. Since A € M and A°N B = B, we have

m(AUB) =m(AN(AUB))+m(A°N(AUB))
=m(A) + m(A°N B) = m(A) + m(B).
The statement (ii) is also a direct consequence of (0.4)
(WHY).
(iii) It suffices to show that

m<n[j1An) > im(/ln). (WHY)

Clearly, from the finite additivity and monotonicity of m,
it follows that

Zm(Ak):m<UAk) Sm(UAk), n € NT.
k=1 k=1 k=1
By letting n — oo in both sides, we obtain the desired

inequality, immediately.

(iv) (a) The conclusion is trivial if there is an n € N¥
such that m(A,) = co. Suppose that m(A,) < oo for all
n € N*. Write

f%_?:x41,£ﬁ ?:442\441,Z%;F:143\142f".

Then By, By, --- , are pairwise disjoint, and
o0 (0.9]
Jim A= U A= U B
n=1 n=1
and hence,

m( lim An) =

n—oo

m(By) = m(B)

NE

1

n

G

(m(4,) —m(A4,-1)) = lim m(A,)

n—oo

S
I
N
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by the definition of convergence of series.

(b) From the equality

Ap = (A1 \ Ay) U (Ay\ A3) U (ﬂA)

and the subtractivity of Lebesgue measure, it follows that

m(Ay) =m(A; \ Ag) + m(Ag \ As) + +m<ﬂA>

ﬂMAn—ggyw&»+m(fy%)

Note that m(A;) < oo, so we have

lim m(A (ﬂA) hmA)
]

Further on, we have the following general properties of
Lebesgue measure.

Proposition. Let {A,} C M. The following statements
hold.

(vi) If Y07, m(A,) < oo, then m(lim,_A4,) = 0 and,
in particular, m(limn_)oo An) = 0 whenever {A,} is con-
vergent.

Proof. (v) From the monotonicity of m, it follows that

m@A) <m(A), n>k



CHEN CHUANG: LECTURES ON REAL ANALYSIS 117

This implies that

(ﬂA)<;2£mA>

By letting £ — oo in both sides, we obtain that

7MhmA)_hmm(ﬂA)

n—oo i—k
< lim inf m(A4,) = lim m(A4,).
k—oon>k N—00
(vi) Let > 02 m(A,) < co. From (iv) (b) and the count-
able subadditivity it follows that

(T A,) :m<ﬁ U An>
e k=1n=k

:ﬂMm<UA><anmmw:O

k—o00 k—o00
n=~k

]

Examples. Please give two divergent sequences {A,}
and {B,} such that
m( lim A,) = lim m(A,)

and
m( lim B,) < lim m(B,),

n—oo n—:oo

respectively.
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(i) Consider {A,};>, given by As, := [0,1 — 1] and
Aopiq = [0, %] It is clear that
lim A, =[0,1), lim A, = {0}.

n—0o n—00

Thus, {A,} is divergent and
m( lim A,) =0 = lim m(A4,).

(ii) Consider {B,};2, given by B, := [0,1 — 1] and
Boni1 :=[—1,0]. It is clear that
lim A4, =[-1,1), lim A, = {0}.

Thus, {A,} is divergent and
m(h_mAn) =0< 1= lim m(4,).

n—oo n—oo
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Further properties of Lebesgue measurable sets.

Theorem. Let £ C R. The following statements are
equivalent.

(i) E is Lebesgue measurable.

(ii) For every € > 0 there exists an open set O D E such
that m*(O \ F) < e.

(iii) For every € > 0 there exists a closed set F' C E such
that m*(E \ F) < e.

(iv) For every € > 0 there exist open set O and closed set
F with FF C E C O such that m(O \ F) <.

Proof. Note that (iv) is a direct consequence of the state-
ments (ii) and (iii), and the statement (iii) follows from (ii)
due to the fact that O \ £ = E \ O°. Thus, it suffices to
show the equivalence of (i) and (ii).

(i) = (ii) Suppose that E is Lebesgue measurable. Recall
that

m(E) =m*(E) = inf{m(O) : O is open and O D E'}.

Then by the definition of infimum, for each ¢ > 0, there is
an open set O D FE such that

m(O\ E) +m(E) =m(0) < m(E) + e

This yields m(O \ F) < € whenever m(FE) < +o0.

If m(F) = +o00, then we turn to consider
E,:=EN(-n,n), neNT.

Clearly, m(FE,) < +oo for every n € N*. Thus, from above
discussion there exists an open set O,, D FE,, such that

m(O, \ E,) < ¢/2".
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Write O := |J,,cj+ On- Then O is open and O D E. In
addition,

ove-(Jo (U

[Oj(ﬂ 0, \mE ) o Q(On\m

Thus, by the subadditivity of m, we have

m*(O\ E) =m(0\ E) <Zm0 \BE)<Y o=

n=1 n=1
This proves the statement (ii).

(ii) = (i) Suppose that E satisfies the condition (ii).
Then, for every ¢ = 1/n with n € NT, there exists an
open set O, D E such that

m* (O, \ F) < e,
Write O :=),,en+ On- Then O D E and
m*(O\ E) <m*"(O,\ F) <1/n

due to the monotonicity of m*. By letting n — oo we
obtain m*(O\ E) = 0, so that O\ E' is Lebesgue measurable
(WHY). Thus,

E=0\(0\FE)
is Lebesgue measurable as well (WHY). [

Remark. Let F C R with m(F) < co. From the above
discussion, we observe that for every ¢ > 0, there is a finite
union F = J;_; I); of closed intervals such that

m(EAF) <e

In the informal formulation of J. E. Littlewood,“every
set is nearly a finite union of intervals”.
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Remark. The outline of Lebesgue integral:

Open (closed) sets Lebesgue measurable sets

l l

Continuous functions Lebesgue measurable functions
| |

Riemann integral Lebesgue integral
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32. Lebesgue measurable functions

Real-valued functions

Definition. Let £ C R. A function f: £ — (—o0, +00)
is called a (finite) real-valued function on F (different
from the concept of bounded function), while a function
f: E — [—00,4+00] is called an extended real-valued
function on F£.

Lebesgue measurable functions (finite real-valued)
Let f be a finite real-valued function on R. Recall that
e [ is continuous < f~1(O) € O for every open set O.

Proof. Necessity. Suppose that f is continuous. Let O C R
be open. Fix x € f~1(O). Then f(z) € O, and hence, there
exists an € > 0 small enough such that U(f(z),e¢) C O. On
the other hand, by the continuity of f, there is a 0 > 0 such
that f(U(x,0)) C U(f(x),€). Thus,

U(z,6) C fTH(f(U(,0) C fHU(f(2).€)) € F7HO).
This implies that f~1(O) is an open set.

Sufficiency. Suppose that f~1(0) € O for every open set
O. Fix z € R and € > 0. Since z € f1(U(f(z),¢)) € O,
there is a 6 > 0 such that

Ule,8) C - (U(f(2), ).
and hence,
F(U(2,9)) € f(f—l(mf(x),e))) _ U(f().0).

This implies that f is continuous at x. Thus, f is continu-
ous on R. O
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This motivates us to introduce the following concept of
Lebesgue measurable functions.

Definition. (Lebesgue measurable function) Let f
be a finite real-valued function on £. We call f a Lebesgue

measurable function on E if f~1(O) € M for every open
set O C R.

Remark. If f: E C R — R is Lebesgue measurable on
E, then E € M (WHY).

Remark. Let £ C R. Then £ € M if and only if
Xe is Lebesgue measurable on R. Indeed, it is a direct
consequence of the following fact:

0, 1<e,
Rixg>c]=<E, 0<c<l1,
R, ¢<0.

Characteristics of Lebesgue measurable function.

Theorem. Let f : E C R — R. The following state-
ments are equivalent.

(i) f is Lebesgue measurable on E.
(i) f~Y(F) € M for every closed set F' C R.

Proof. Since O°¢ is closed for every open set O, and F° is
open for every closed set F', we obtain the conclusion by the

definition of Lebesgue measurable functions, immediately.
O

Theorem. Let f : FE C R — R, and let £ = E; U
E>, where F1,Ey € M and E; N Ey = (0. The following
statements are equivalent.

(i) f is Lebesgue measurable on F.

(ii) f|g, and f|g, are Lebesgue measurable functions on
FE, and Es, respectively.
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Proof. (i) = (ii) Suppose that f is Lebesgue measurable on
E. Clearly,

Ei[f<a]:E[f<a]ﬂEi, 1=1,2.
This implies that E; € M for ¢ = 1, 2 due to the closedness
of M under the operation of intersection.

(ii) = (i) Suppose that f; is Lebesgue measurable on E;
for + = 1,2. Clearly,

E[f <a] = E1[f < a]lU Ey|f < a].

This implies that E[f < a] € M due to the closedness of
M under the operation of union. O

Theorem. Let f be a finite real-valued function on R.
The following statements are equivalent.

(i) f is Lebesgue measurable.

(ii) E[f < a] € M for each a € R.

(iii) E[f > a] € M for each a € R.

(iv) E[f < a] € M for each a € R.

(v) E[f > a] € M for each a € R.

(vi) E]b < f < a] € M for each a,b € R with b < a.

(vil) E[b < f < a] € M for each a,b € R with b < a.

(viii) E[b < f < a] € M for each a,b € R with b < a.

(ix) Eb < f <a] € M for each a,b € R with b < a.

Proof. (i) = (ii) Trivial.

(ii) = (i) Suppose that f satisfies the condition (ii). Let
O € 0. Write O := |, I,, with I,,, construction intervals
of O. Since Iy, I5, - - - are pairwise disjoint, we have

f710) = f*(Lann) = Lan—l
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For interval I, = (—o0,a) with some a € R, it is clear

that f~1(1I,,) € M.

For interval I,, = (b, +00) with some b € R, since

(b, +o0) =R\ (=00, D] (ﬂ oob—l—l/n>

we have
(1) = < (nﬁl —00,b+ 1/n) ))
—E\ f~ (ﬁ oob—|—1/n>

=5\ ()7 (et ) ) € M

n=1

For interval I,, = (a,b) with some a,b € R, we also have
f~Y(1,) € M due to the following decomposition

(a,b) =R \ ((—oo, al U [b, +oo))
=R\ (( ((=o0,a+1/n)) U ([)(b—1/n, oo))).

Finally, note that
Elf <a] = ﬂEf<a+1/n]
E[f > d] —E\E[f<a]

E[f >a] = ﬂEf>a—1/n]
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and
Elb < f<a]=E[f <a]\ E[f 2],
Eb < f<a=E[f <a\E[f>1],
Elb < f<a]=E[f <a]\ E[f 2],
Eb < f<a]l=E[f <a]\ E[f > 1]
Then the equivalence of (i), (iii), (iv), (v), (vi), (vii), (viii)

and (ix) is a direct consequence of the closedness of M
under operations of union, intersection and complement.

[l

Algebraic properties of Lebesgue measurable func-
tion.

Theorem. Let f and g be two Lebesgue measurable
functions on £ C R. Then

(i) af is Lebesgue measurable for each o € R.
(ii) f + g is Lebesgue measurable.

(iii) f? is Lebesgue measurable.

(iv) fg is Lebesgue measurable.

(v) f/g is Lebesgue measurable whenever g(x) # 0 for
all z € E.

(vi) max{f, g} and min{f, g} are both Lebesgue measur-
able functions.

Proof. (i) The case for a = 0 is trivial. Let o # 0. It is
clear that

FElaf <al|=E[f <a/a] € M,
and hence, af is Lebesgue measurable.
(ii) Note that

Elf+g>a]= U(E[f>7“]ﬁE[7">a—g]).
reQ
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This implies that f + ¢ is Lebesgue measurable.
(iii) Note that
E[f’<a=0eM
whenever ¢ < 0. Let a > 0. Then
E[f*<al=E[-a< f <al € M.
This proves that f? is Lebesgue measurable.

The statement (iv) is a direct consequence of (iii) due to
the fact that

fo=I(f+9) = (f—9)]/4
Since 1/g is Lebesgue measurable (WHY), the statement

(v) is a direct consequence of (iv).

(vi) Note that
Elmax{f,g} > a] = E[f = a] U E[g = d

Thus, max{ f, g} is Lebesgue measurable. In addition, min{ f, g}
is also Lebesgue measurable due to the fact that

min{fa g} - = maX{_f7 _g}
L]

Limit of sequence of Lebesgue measurable func-
tions.

Theorem. Let {f,} be a sequence of Lebesgue measur-
able function f, on £ C R. The following statements hold.

(i) If sup,en+ fr is finite, then sup,cn+ fn is Lebesgue
measurable.

(ii) If inf ,en+ fr, 18 finite, then inf,cn+ f;, is Lebesgue mea-
surable.
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(iii) If lim, . f, is finite, then lim, . f, is Lebesgue
measurable.

(iv) If lim fn is finite, then lim,  __ f, is Lebesgue

—N—x
measurable.

(v) If {f,} converges pointwise to a finite real-valued
function f, then f is Lebesgue measurable.

Proof. (i) Note that

sup fn(x) :71;2%1{ fn(x)

neN+t
= lim max{ fi(x), fa(z), -, fu(z)}

n—oo

= lim F,(x),

n—oo

where F,,(x) := max{fi(z), fa(z), -+, fu(x)}. Since {F,}
is monotone increasing sequence of Lebesgue measurable
functions, we have

s> ol = | BIF, > o
for each a« € R (WHY), so that max, f,, is Lebesgue mea-
surable.

The statement (ii) follows from (i) and the fact that

min f, = — nh—{glo maX{_fl(x)7 _fQ({’U>7 o _fn(x)}

neN+t

The statement (iii) follows from (i), (ii) and the fact that
lim f, = inf sup fs.

n—00 neNt p>p

The statement (iv) follows from (i), (ii) and the fact that
lim f, = sup inf fj.

n—0o0 neN+ k2n

Finally, the statement (v) is a direct consequence of (iii)
or (iv). O
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Approximation for Lebesgue measurable functions.

The well-known Weierstrass approximation theorem
(K. Weierstrass, 1885) states that

e Let f:]0,1] — R be continuous. For each ¢ > 0,
there is a polynomial p such that |f(x) — p(x)| < € for all
x € [0,1], i.e.,

|f = pllec = sup 1f(z) — p(z)] < e

Compared with the Weierstrass’ famous example of 1861
on the existence of a continuous nowhere differentiable
function, the Weierstrass approximation theorem shows
that every continuous function can be approximated by a
sequence of polynomials.

What about the Lebesgue measurable function? To end
this, we need the following concept of so-called simple func-
tions.

Definition. (Simple functions) A function f : F C
R — R is said to be a simple function if f is a linear com-
binations of characteristic functions of Lebesgue measur-
able sets, that is to say, there are constants aq, s, -, ay
and Lebesgue measurable sets E1, E», - -- , Ey such that

N
f = Z OénXEn'
n=1

Remark. A Lebesgue measurable function f is simple
function if and only if the range of f is a finite set.

Theorem. (Approximated by simple functions) Let
f:ECR— R. If fis Lebesgue measurable, then there
exists a sequence {f,} of simple functions on E such that
{fn} converges pointwise to f on FE.
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Proof. Suppose that f is Lebesgue measurable. For every
n € Nt we write

Eog = Elk/n < f < (k+1)/n]

with k = —n?, —n?+1,--- ,n%2 — 1, and denote

n2—1

fa(z) == Z %XEM(w), rxe k.

k=—n?
It is clear that f, is simple function since all sets £, j, are
Lebesgue measurable.

On the other hand, we can show that such sequence {f,}
converges pointwise to f on E. Indeed, let x € E and take
N € N* such that |f(z)| < N. Fix natural number n > N.
Then there is a unique natural number k € [—n? n® — 1]
such that x € E), 1, so that

k/n < f(z) < (k+1)/n.

In addition, by the definition of f,, we have f,(z) = k/n.
Thus,

0< f(z) = fulx) <1/n—0, n— oc.

This implies that f,(x) — f(z) as n — oo for every x €
E. [

Further on, if the function f given in the last theorem
is bounded on E. Then there is an N € NT such that
sup,c | f(z)] < N, so that for all n > N we have

sup |f(2) = fulw)] < 1/n—0, n—oo.
el

This implies that f, = f as n — oco. Therefore, we have

proved the following result.

Theorem. (Approximated by simple functions) Let
f:E CR — R be bounded. If f is Lebesgue measurable,
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then there exists a sequence {f,} of simple functions on £
such that {f,} converges uniformly to f on FE.

Remark. In the last two approximation theorems, we
can choose the desired sequence {f,} of such simple func-
tions f,,, where each f,, is a linear combination of char-
acteristic functions of Lebesgue measurable sets with
finite measure. It suffices to show that such sequence
exists for non-negative measurable function f : £ — R

(WHY). To this end, we write

f(z), ze€ ENI, and f(x) <n,
F, =< n, r € ENI, and f(x) > n,
0, re FE\I,

where I, := (—n,n) for n € N*. Then f, — f on E.
Further on, write

[ [+1
El,j::{xEEﬂ]n:—,<Fn§L,}, 0<I<n,
J J

and denote
jn—1

[
Fn](x) = Z EXE,J(ﬂE), r € FE.
1=0

Then m(E; ;) < m(I,) = 2n < o0 for each n € N* and
0 < Fu(e) - Fay(e) < 1/j, z€E.

Finally, by denote f, := F,,,, we obtain the sequence { f,, }
desired.

Remark. So far, we have two kinds of convergences of
sequences of functions: pointwise convergence and uni-
form convergence. There are also some kinds of con-
vergence (for instance, convergence almost everywhere
and convergence in measure) of sequence of functions,
which will be discussed in the sequel.
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33. Convergence almost everywhere

In this section, we will introduce some kinds of conver-
gences of sequences of functions and discuss relations of
them.

Convergences of sequence {f,}

Throughout this section, we suppose that all the func-
tions f, f1, fo,--- are finite real-valued functions.

1. Uniform convergence (f, = f on FE): for arbitrary
e > 0, there is a natural number N = N(¢) such that

sup [fu(z) = f(z)| <€, n=>N.

2. Pointwise convergence (f, — f on E): for every
r € F fixed and for arbitrary ¢ > 0, there is a natural
number N = N(x,¢€) such that

() = f(z)| <¢ n=N.

3. Convergence almost everywhere (f, == f on E)

Definition. We say that f, converges almost every-
where (a.e., for short) to f on F if there is a set £y € M
with m(Ey) = 0 such that f, — f on E'\ Ej.

Remark. f, ¥ f on E if and only if there is a set
Ey € M, with m(Ey) = 0, satisfies that for every x € F\ Ej
fixed and for arbitrary e > 0, there is a natural number
N = N(z,¢) such that

|fulz) — f(z)] <€, n>N.

Remark. Let f, == fon E. If EyNE =0, then f, — f
on K.
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Theorem. Let fi, f5, -+ be Lebesgue measurable on FE.

If f, &% f on E, then there is a Lebesgue measurable
function h on E such that f(z) = h(x) for a.e. z € E.

Proof. Let f, = f on E. Then there is a set E, € M,
with m(Ep) = 0, such that f, — f on E \ Ey. Since
E\ Ey € M, f|p\g, is a Lebesgue measurable function on
E\ Ey (WHY). Write

h(x) — f(x), ze€FE\ Ey,
. 0, xr € Ej.

Clearly, h is Lebesgue measurable on £ and f(z) = h(x)
for a.e. z € F. L

Corollary. Let fi, fo,--- be Lebesgue measurable on E.
If f, =% fon E, then f is Lebesgue measurable on E.

Proof. Note that if f(x) = g(z) for a.e. o € E and g is
Lebesgue measurable on E, then f is Lebesgue measurable
on E as well (WHY). The conclusion is a direct consequence
of the last theorem. ]

Relations of various convergences

It is clear that
ccfn:gfn:>ccfn_>fn:>ufn&f777

however, the inversions are not true. Could you give some
counterexamples?

Relation between f, — f and f, = f

Theorem. Let fi, fs, -+ be Lebesgue measurable func-
tions on E with m(F) < +o00. If f,, — f on E, then for
every € > 0, there is a Lebesgue measurable set {2 C E such
that m(E \ ) < eand f, = f on .
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Proof. Let f, — f on E, that is, lim,,_. fn(z) = f(z) for
cach x € E. Thus, for each & € N, there is an N € N*
such that

[fu(z) = f(z)| <1/k, n=N.
This motivates us to consider the sets
Ern={z e E:|fu(zr)— f(x)| < 1/k for alln > N}
with k, N € N*.
For each k € N* fixed, note that
Ey1CEp2C--- CE,NCEpng1 Co-

and hence,
(0.9]
lim EkN: U EkN:E.
N—)OO b )
N=1

By the continuity of the Lebesgue measure, we have

A}im m(Ern) = m(E),
so that there is an N;, € N*T such that
m(E \ Ek,Nk) = m(E) — m(Ek’Nk) < 1/2k

due to the fact that m(E) < +oo. Take K € NT such that
Z 27F < e
k>K

and write Q := [, x Ern,. Then m(E\ Q) < e. Indeed,

(B9 =m(En9) =m( (BN Buw) )

k>K

<Y mE\Ey)<> 2F<e

k>K E>K
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In addition, it is easy to show that f, = f on ). Indeed,
let € > 0 and take k& > K such that 1/k < €. Then for
each x € L n,, we have

|fu(z) — f(2)| < 1/k <e, n > Ny

Thus,
sug \fulz) — f(z)] <€, n > Ng.
xe
This completes the proof. [

Relation between f, == f and f, = f

D. Egorov (1869 - 1931, Russian) give a condition for
the uniform convergence of a pointwise convergent sequence
of measurable functions as showed in the following

Theorem. (Egorov, 1911) Let fi, fo, -+ be Lebesgue
measurable functions on E with m(FE) < +oo. If f, ac, f

on E, then for every ¢ > 0, there is a closed subset F' C E
such that m(E \ F') < e and f, = f on F.

Proof. Suppose that f, == f on E. Then there is a zero-
measure set Fy € M such that f, — f on E\ Fy := E.
Let € > 0. Then by the last theorem, there is a Lebesgue
measurable set 2 C E with m(E \ ) < €/2 such that
fn = f on Q. Further on, take a closed subset F' C €2 such
that m(Q2\ F) < ¢/2. Then f, = f on F and

m(E\ F) =m(E\ F)=m((E\Q)U(Q\ F))
<m(E\ Q) +m(Q\ F) <e¢/2+¢/2=c¢.
]

Remark. In the informal formulation of J. E. Little-
wood, Egorov theorem states that “every convergent se-
quence is nearly uniformly convergent”.
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34. Relations between measurable
functions and continuous functions

Step functions

Recall that the characteristic function yp of a set F is

defined by
(2) 1, ek,
x) =
XE 0, +¢E.

For the Riemann integral it is in effect the class of step

functions.

Definition. (Step functions) A function f is called
step function if it is of the form

N
f = Z QHXInJ
n=1

where «;, are constants and I,, are (closed) intervals.

Remark. All the step functions are simple functions,
however, there is a simple function not step function, for
example, xq.

Remark. All the continuous functions, step functions,
simple functions as well as monotonic functions are Lebesgue
measurable functions.

Proposition. (Approximated by continuous func-
tions) Let f : [a,b] — R be a step function. Then there is
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a sequence {f,} of continuous functions on [a, b] such that
fu == [ on [a,].

Proof. 1t is easy by considering piecewise linear functions.
O

Proposition. (Approximated by step functions)
Let f : E — R be a simple function. Then there is a
sequence {f,} of step functions such that f, <= f on E.

Proof. 1t suffices to show that for each Lebesgue measur-
able subset A with m(A) < +oo, the function x4 can be
approximated a.e. by step functions (WHY). To this end,
let ¢ > 0 and take finite union Ufj:l I,, of disjoint open
intervals such that

N
m (AA U [n> <e.
n=1
It is clear that

N
xa(z) =) xi,(x)

except possibly on a set of measure less than e. Thus, for
special value € = 1/k, there is a step function fj such that
m(E}) < 1/2% where

By :={x: f(z) # fal2)}.

Now write

re A B

k=1 n=k+1
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Then for k € NT, we have

m(F) 3m< U E) <3 m(B)

n=k+1 n=k+1

<> 1/2"=1/2" -0, k— 0.
n=k+1
This implies that m(F) = 0.

On the other hand, note that

s 00

c c

F=U N E
k=1n=k+1

that is, for each x € F¢, there is a K € NT such that
f(x) = fu(x) for all n > K 4+ 1. Thus, f,(x) — f(x) as

n — oo, and hence, f, = f on E. O

By the last proposition, we obtain the following approxi-
mation theorem for Lebesgue measurable functions, imme-
diately.

Theorem. (Approximated by step functions) Let
f + E — R be Lebesgue measurable on £. Then there
exists a sequence { f,} of step functions such that f, == f
on F.

Relations between measurable functions and con-
tinuous functions

Recall that for a finite real-valued function f continuous
on open interval I = (a,b), we can take a closed interval
F C I'suchthat [(I\F') < e and f|p is uniformly continuous
on F. For example, take F' = [a +¢/3,b — ¢/3].

For Lebesgue measurable functions, we have the follow-
ing result due to Nikolai Lusin (or Luzin) (1883 - 1950,
Russian).
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Theorem. (Lusin, 1912) Let f : £ C R — R with
m(E) < 4oo. If f is Lebesgue measurable on E, then
for each € > 0 there exists a closed subset F' C E with
m(E \ F') < € such that f|z is continuous on F.

Proof. Suppose that f is Lebesgue measurable on E. Take
a sequence {f,,} of step functions such that f, <= f on E.
Then for each n € NT, there is a set E,, such that

m(E,) < 1/2"

and that f, is continuous outside F,,. By Egorov theorem,
there is a set F, with m(E \ F.) < ¢/3 and f, = f on F..
Now take N € N* such that ) ., 1/2" < ¢/3 and write

ﬁ::F€\<UEn>.

n>N

Note that f, is continuous on Fforalln > N , so that f
is continuous on F as well (WHY). Finally, take a closed
subset ' C F such that m(F \ F') < ¢/3. Then

m(E\ F) =m(E\ F) 4+ m(F\ F)
gm(E\Fe)—km( U En) +m(F\ F)

<m(E\F.)+ Y m(E,) +m(F\F)

<€/3+€/3+€/3=c¢
O
Remark. In the informal formulation of J. E. Little-

wood, Lusin theorem states that “every function is nearly
continuous” .


wglaive
高亮
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Summary. Although the notations of Lebesgue measur-
able sets and measurable functions represent new tools, we
should not overlook their relations to the older concepts:
intervals and continuous functions, which are essential
in the theory of Riemann integrals. The following Lit-
tlewood three principles provide a useful intuitive guide in
the initial study of the theory of Lebesgue measurable sets
and measurable functions:

(i) Every measurable set is nearly a finite union of inter-
vals.

(ii) Every measurable function is nearly continuous.

(iii) Fvery convergent sequence of measurable functions is
nearly uniformly convergent.

In the next chapter, we will travel on the core theory of
real analysis - Lebesgue integrals.
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Chapter 3: Lebesgue integrals

31. Some simple cases

Lebesgue integrals of bounded Lebesgue measur-
able functions on |[a,b].

In this subsection, we always consider the bounded closed
interval F := [a, b] and construct a “new” kind of integrals
for Lebesgue measurable functions on £.

Note that for the function f bounded on E, there are
constants m, M such that

m< f(x) <M, xz€E.

With an analogue of the Riemann integral, we can define
the Lebesgue integral of f as follows.

Definition. Let f be a bounded Lebesgue measurable
function on E. For every partition D : m = yy < y1 <
s < Ypo1 < yp = M of [m, M), denote

(D) := max (yp — yp—1), Er:=Elypr—1 < f <yl

1<k<n

Further on, take n; € [yx_1, yx] arbitrary and write

n

SI::jz:nkﬂlﬂEgy

k=1
If the limit

lim S:=s
5(D)—0
exists and s is independent of the partition D and the points
Nk, then we call f is Lebesgue integrable on E. In ad-
dition, we call s the Lebesgue integral of f on the set
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and write

si= [ fa)as (L)/abf(x)dw

Remarks. (i) The Riemann integral of f on [a,b] (if
exists) is denoted by

R) / b f(z)dz

(ii) Clearly, the “If part” in the definition above is equiv-
alent to that “there is a constant s satisfies that for any
e > 0, there is a > 0 such that, for any partition D with
d(D) < 6,

> mm(Ey) —s

k=1

1S(D) — | = <e

for all ny € [yr_1, yr]-

(iii) Let f be a bounded Lebesgue measurable function
on E. By the Heine theorem, f is Lebesgue integrable on
FE if and only if the limit lim,, . S(D,) exists for every
sequence {D,} of partitions of [m, M) with §(D,) — 0 as
n — oo and is independent of D and 7.

Uniqueness of the Lebesgue integral

Theorem. Let f be Lebesgue integral on F/. Then the
Lebesgue integral [, f r f(z)dz is independent of the choice
of m and M.

Proof. Write a := inf,cp f(z) and b := sup,cp f(x). It
suffices to consider the case

m<a< f(r)<b< M.
Let D be a partition of [m, M):
m=yo<yr < <Yp1<Yp=M.
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Then there are ky and k; such that a € [yg,-1,yk,) and
be [ykn*l) ykl)a so that

n b
S(D) = mm(Ex) = Y mum(Ey)
k=1 k=kqo

since such sets Ej. are all empty sets for £ < ky and k > k.
Further on, note that

ky ki1—1
S(D) =) mm(Ey) =Y mm(Ep) +bm(E')

where E' := E[f = b]. By taking y;, = a and y;, = b, we
obtain a partition D’ of [a, b):

=Yg, <Y1 <+ < Yp—1 < Y, =b.
and
S(D)=S(D") +bm(E").

Thus, the integral of f is dependent only if the value a and
b, so that independent of m and M. This completes the
proof. O

Examples.
(i) (L) f, de = (R) [} dz =b—a.

(ii) The Dirichlet function D is not Riemann integrable
on [0, 1], while Lebesgue integrable on [0, 1] with

(L) /01 D(z) dz = 0.

(iii) Let

il

g

&

I
——
\-M -~
- O
IN IA
SRS
IN IA
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Then f is Lebesgue integrable on [0, 1] and

L)/O f(z) dw = /f )dw = 3/2.

Proof. (iii) For each partition
D:il=yo<yyn < <yYp1<¥yp=3
of [1,3), we have

l=yo<y1 <+ <Ykge1 T2<Ypy <+ < Yn

for some ko € {1,2,--- ,n}. Notice that
Ek - ®7 k 7é 1: kOa
while £y = [0,1/2) and Ej, = [1/2, 1], so that

n

S anm Ek) — Ulm(El) + NkyM (Eko)
k=1

n + 77k0
2

Obviously, m; — 1 and 7, — 2 as §(D) — 0. Thus,

/f dr = hm S( ) =3/2.
O

Remark. It is necessary to point out that there are
some alternative approaches to define Lebesgue integral,
for instance, by the method of approximation oriented from
simple functions, see Stein “Real Analysis, Chapter 2”.

As showed in precious example (ii), there is a bounded
measurable function which is not Riemann integrable, how-
ever, every bounded measurable function on F is necessar-
ily Lebesgue integrable.

Theorem. Let f be a Lebesgue measurable function on
E. 1f f is bounded on F, then f is Lebesgue integrable on
E.
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Proof. By definition, we consider the existence of the limit
of sum

S(D) = mm(Ey)
k=1

for every partition D : m = yo < y1 < -+ < Ypo1 <
Yy, = M. Noticing that the sum S(D) is dependent on the
partition D as well as points 7, we turn to consider two
sums S(D), S(D) which are dependent only in the partition
D:

S(D) =Y yeam(Er), S(D):=) yem(Ey).

Note that m(E) < oo and f is bounded on E, sets
A:={S(D) : D is a partition of [m, M]},
B :={S(D) : D is a partition of [m, M]}
are both bounded. Thus,
S = s%pﬁ(D) <oo, S:= i%fg(D) < 00.

Now we complete the proof by the following four steps:

(i) S(D;1) < S(Ds) and S(Dy) > S(Ds) for Dy C Dy;

(ii) S(Dy) < S(Dy) for all partitions D; and Ds;

(iii) S = S == s;

(iv) s is the Lebesgue integral value of f on FE. H

The following estimates of the Lebesbue integral are of
importance in the sequel.

Lemma. Let f be a Lebesgue measurable function on

E. If m < f < M then

m-m(E) < /Ef(x)dx < M -m(F)
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Proof. Let € > 0. Clearly, f(F) C [m, M + ¢), and for each
partition D of [m, M +€): m =yo < 11 < -+ < Yp_1 <
Yn = M + €,

m-m(E) < zn:nkm(Ek) < (M+e¢€)-m(E).
k=1
By taking limit §(D) — 0 we obtain
m-m(E) < / fx)de < (M +¢€)-m(E),
then we obtain the cinclusion by letting € — 0. [

We are familiar with the following properties of integrals
in the sense of Riemann.

Theorem. (Finite additivity) Let f be a bounded
Lebesgue measurable function on E. Then

[ #ayin=3" [ fas,

where Fy, Fy,--- , F, are Lebesgue measurable subsets of
E,FENF;=0(i#j) and E =,_, Fi.

Proof. It sufficient to prove the conclusion for n = 2. Let
n = 2. Clearly, f is Lebesgue integrable on Fi, F,. Let D
be a partition of E: m=yy <y1 < -+ < Yp—1 < Yp = M.
Denote

By = E(yr1 < f <ur)
and
By = Fi(ye—1 < f <),
By = Fy(yr—1 < f <)
Then Ej; N Es = 0 and Ej, = Ei; U Eje. Notice that

> mm(Ey) =Y mm(Ep) + Y nem(Ey)
k=1 k=1 k=1
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By letting §(D) — 0 we obtain

/ flz)de = | f(z)dz+ | f(z)dz
E Fy Fy
O

Corollary. Let f be Lebesgue integrable on E and let
Ey C E. If m(Ey) = 0, then f is Lebesgue integrable on

E \ E() and
[ t@ar= [ )i
E E\E,

Proof. This is a direct consequence of the theorem above
once we observe that

fz)de =
Ey
by the definition of integrals. ]

Remark. This corollary states that the values of f on a
zero-measure subset £y C E does not impact the integral
of f on E. From this point of view, we can observe that
the Dirichlet function is integrable on [0, 1], immediately.

Example. (iii’) Let f be a step function on FE, i.e.,
(

C1, a<x<ap
Co, a1 < < ag;
fx) = S
L Cn, -1 <x<b
for some constants ¢y, co, -+ ,c,. Then f is Lebesgue inte-

grable and by the finite additivity of Lebesgue integral we

have
n

/f Jdr = cplag — ap_1) = /f

k=1
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Theorem. (Linear property) Let f, g be two bounded
Lebesgue measurable functions on E. Then

/ (af(:l:)erg(x)) w=a [ swar s [ o) i

for all a,b € R.

Proof. 1t sufficient to prove that

/Eaf(m)za/Ef(:z:)dx
and

/E<f(:c)+9(x)> dxz/Ef(x) dx+/Eg(x)dx

The first equality follows from the definition of the Lebesgue

integral, immediately. For the second equality, we take

m, M such that m < f,g,f + g < M and consider each

partition D: m =y < y; < -+ < Yn_1 < Yy, = M. Denote
Eij = E(yi1 < f<yiyj-1 < g9 <yj)

ford,j =1,---,n. Then Ej;s are disjoint and E' = |J;;_, Ei;.
Thus, by the Lemma above we have

[ @)+ gl do < i+ w)m(Ey
=Y — Vi1 + ¥ — Yj—1 + Yi1 +yj—1)m(Eyy)
<(26(D) + yi—1 + yj—1)m(Eyj)

=26(D)m (EU)Jr/ Yi 1d:1:+/ yj—1 dx
<20(D)m(E;;) / f(z d:z:+/ g(x)dx

forallz,7=1,---,n. Therefore

[ 5@+ gla)de < 25(Dm(E) + [ flaydo+ [ gfa)da
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By letting §(D) — 0 we obtain

[ @ +gande < [ j@de+ [ gayar

The inverse inequality can also be obtained by analogous
argument. Indeed,

/ fla)do + / 9(z) dz < (i + y;)m(Ey)
—Yic1 + Y5 — yj—)m(Ei) + (Y1 + yi—1)m(Ey)

<26(D)m(E;j) + /E (i ) o
<26(Dm(Es) + [ (7o) +g(a) dr.

so that the finite additivity gives

/f(x)der/g(a:)da:
—Z(/ I dx+/ g(w)daz)

1,5=1

<26(D 2{:7n/ i +—j£:b/‘ ) da

6,j=1 6,j=1
=20(D)m(FE) + /E(f(:z:) + g(x)) dx.
By letting (D) — 0 we obtain the inequality desired. [J

In the sequel, we give some estimates of the Lebesgue
integrals.

Lemma. Let f be a bounded Lebesgue measurable func-
tion on E and let f > 0 (a.e.). Then

/f )dz > 0.
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In particular, if [, f(z)dz =0 then f =0 (a.e.).

Proof. Denote
E = E(fz()), Ey = E(f<0)

It is clear that £ = Ey U Ey, E1 N Ey = () and m(Ey) = 0.
By the finite additivity and the lemma above, we have

/E fayde= [ f@ydrt [ fw)= [ fwdezo

For the second statement, let f 5 x)dx = 0. It sufficient
to prove m(E(f > 0)) = 0. Notice that

E(f>0)= UEf>1/n)

then it suffices to prove m(E(f > 1/n)) = 0 foreachn € N.
Indeed, by the finite additivity and the first lemma of this
section, we have

:/Ef(x) dz = /E(le/n)f(x) dx—l—/E(f<1/n)f(x) dx
> [ ) de = mlB( = 1)/,
(f=1/n)
so that m(E(f > 1/n)) =0 for each n € N. O

Remark. For a non-negative bounded function f on F,
the lemma above reads that f = 0 (a.e.) on F if and only
if [, f(z)dz=0.

Theorem. (Monotonicity) Let f,g be two bounded
Lebesgue measurable functions on E. If f < g (a.e.), then

[ t@de < [ gta)d



CHEN CHUANG: LECTURES ON REAL ANALYSIS 151

In particular,
/ F() da — / o(z) dz.
E E
whenever f = g (a.e.)

Proof. 1t is a direct consequence of the lemma above by
considering h := g — f. [

Corollary. Let f be a bounded Lebesgue measurable

function on E. Then
< / f(2)|de.
E

‘ /E f(2) dz

Proof. The conclusion is clear once we observe that

—fI<r<Ifl




CHEN CHUANG: LECTURES ON REAL ANALYSIS 152

Relations between Lebesgue integral and Riemann
integral.

Theorem. Let f be a function defined on [a,b]. If f is
Riemann integrable then f is Lebesgue integrable; more-
over,

©05) (@) [ f@ydo=®) [ fd.

Outline of the proof:
(i) f is bounded;
(ii) f is Lebesgue measurable;

(iii) The equality (0.5) holds.

Proof. (i) We prove it by contradiction. Suppose that f is
unbounded on E. Write

b
(R)/ f(x)de = A

and let e = 1. By the definition of Riemann integral, there
is a 0 > 0 such that for any partition D : a = 2y < 21 <
s < Tpoq < Ty = bwith 0(D) := maxj<p<n (T —Tp_1) < 0
and points &, € [zy_1, 1], we have

S° F(6) o — ma 1) — A‘ -1
k=1

so that

n

> F&) (@ — 2p)

k=1

< [A[+1,

Notice that f is unbounded on [x_1, ;] for some k due to
our hypothesis. For &;,--- , &1, &1, - -+, &y fixed, we can
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choose & such that

Zf(fk)(fﬂk —xp-1)| > |A| + 1.
k=1

This deduces a contradiction. Thus, f is necessarily bounded
on F.

(ii) Since f is Riemann integral, we can choose a sequence
{Dy} of partition of F with Dy C Dy and 6(Dy) — 0 as
k — oo, where

Dy, - a—x(()) <a:gk) < - <m§fj3_1 <:1:£L]f€):b
Denote
(k) ._ inf ME .
m;” xg’?llgrglsgxg’“’ flx), M;" w(_)lsgli]@;(.k) f(x),
and write
() () < k).
Spk(ilﬁ):{mj ! TS TS
f(a) = a, r=a
and
(k) (k) (k).
V() = M;™, T,y <x<a
f(a) = a, T = a.

It is clear that ¢y and 1 are all measurable functions and
Ppr < <pp < < f< < hp <o <y

so that f := limy . ¢ and f :=1imy_,0 ¥1, are both mea-
surable functions and f < f < f. In addition, note that

ka B g = <L>/¢k Y < ( /f
/f )dr < ( /m dx—ZM W),
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and notice that the terms in the end-sides are Darboux
sums, by letting & — oo we obtain

) [ swya =) [ )i

(0.6) ;

) [ fla)do.
Therefore, '
(0.7) f=r=7 (ae)

which implies that f is a measurable function since (R, L, m)
is a complete measure space.

(iii) By (i) and (ii) we can see that f is Lebesgue inte-
grable. Obviously, (0.5) is a direct consequence of (0.6) and
(0.7). 0
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Lebesgue integrals of bounded Lebesgue measur-
able functions on £ C R with m(E) < +oc.

Let E € M with u(E) < 400, and let f be a bounded
Lebesgue measurable function on E. Then there are con-
stants m, M such that m < f(z) < M for all x € E. We
can also introduce the Lebesgue integral for such functions
following the procedure given in previous subsection.

Definition. For every partition D : m = yy < y1 <
s < Ypo1 < Yp i= M, denote

(D) := max (yr — Ye—1), Er:=E(y—1 < [f <uyr).

1<k<n

Further on, take 7 € [yx_1, yx] arbitrary and write

S = Z nkm(Ek).

k=1
If the limit

lim S:=s
5(D)—0

exists and the value s is independent of D and 7, then we
call f is Lebesgue integrable on £. In addition, we call
s the Lebesgue integral of f on E, and write

szz/Ef(x)d:U.

Remark. All the results in last subsection hold for
this kind of integrals. The proofs are left to the reader
as exercises.

Examples. (iv) Let E be a Lebesgue measurable set
with u(F) < +o00. Then

| dr=m(p)
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Proof. Consider the interval [m, M) = [1,2). For each par-
tition D:1=yg<y1 <--- <y, =2, the sum

n

> mem(Ey) = mm(E),

where 7y € [1, ;). Clearly, n; — 1 as §(D) — 0, so that

dr = lim E Er) =m(FE).
/E v 5(5)—@ — nkm( k) ( )
L]

Remark. This example shows that the integral of a con-
stant function f = c on E equals ¢- m(FE).

(v) Let f be a Lebesgue measurable function on E with

m(E) = 0. Then
/ f(x)dx =0.
E



CHEN CHUANG: LECTURES ON REAL ANALYSIS 157

32. Integrals of measurable func-

fjons on measurable subsets ot the
ine

In this section, we consider general Lebesgue measurable
subset £ C R (not necessarily m(F) < +00).

Truncated functions.

Definition. Let f be a non-negative function on E. For
N > 0 arbitrary, we define a truncated function [f]y of

J by

or equivalently, [f]xy = min{f, N}.

Properties. Let f and g be two non-negative functions
on E. The following statements hold.

(i) fv, < fnv, < fforal 0 < Ny < Ny < oo.
(i) [f +glv < [flv + [glv < [f + glon for all N > 0.
(iii) [af]n = a[f]n/q for all a > 0.

Proof. (i) Let 0 < N; < N,. Notice that

flx),  flz) < Ni
() == q f(z), N1 < f(z) < Ny
Ny, f(x) > No.
The conclusion is obvious.
(ii) Let N >0 and x € E. If f(x),g(x) < N, then
[f +gln(z) <(f + 9)(2)
=f(@) + g(z) = [fIn(2) + [g]n(2);
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otherwise, if f(x) > N (or g(x) > N), then (f+g¢)(z) > N,
so that

[f +gln(z) = N <N +g(z)(or fz)) < f(x) +g(2).

This proves the first inequality. The second inequality is
obvious due to the facts that [f]xy = min{f, N} and [¢g]y =
min{g, N}. Indeed,

[flv + [g]y < min{f + g,2N} = [f + glan-
]

Remarks. (a) The statement (i) shows that [f]y is in-
creasing with respect to the index N > 0.

(b) The first inequality in (ii) reads that the truncated
operator [-|y is sublinear, i.e., [f + g|ly < [f]n + [g]n; while
the second inequality states that [f]x + [g]x is not too
large, actually, it can be dominated by [f + glon-
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Integrals for non-negative functions.

Notice that we can always choose a monotonic increasing
sequence {E,} satisfying F = |J,~; E, and m(E,) < oo
for all n € N. For example, take E,, = FN[—n,n]. We call
such sequence {F,} the finite monotonic cover of the
measure of E.

Remark. The finite monotonic cover of m(FE) is not
unique.

Lemma. Let £ C R be a measurable set, f a non-
negative measurable function on F, {E,(ll)} and {Eff) } two
finite monotonic covers of the measure of £ and let {MS’}
and {MT(LQ)} be two sequences of positive numbers with
limy, oo M\) = 0o (i = 1,2). If the limit

sim tim [ ]y o) dr < o0

then

lim e () dz = s1.

n—0o0 Ef«?)

Proof. Fix k € N. Then there is n; € N such that MIEQ) <
Mél) for all n > n;, since lim,,_ Mél) = oo. Thus, by the
monotonicity of the integral, we have

/E;(f) [f]M,Ez) (x)dx = /E‘I(CQ)QEr(ll) [f]M’gz) () dx

< / £, () da
EWY "
M m(B N\ EY) = s



CHEN CHUANG: LECTURES ON REAL ANALYSIS 160
as n — 00, since lim m(E(Q) \ E(l)) = 0. Thus
) n—:00 k n - Y )

p— ] <
Sy kh_)rglo " mM;ﬁ” () dx < s1.

On the other hand, by the symmetry of above program
we have s; < s9. This completes the proof. U]

We are ready to give the definition of integral of f on E
by the approach of approximation, which is an analogue of
that for the improper Riemann integral.

Definition. Let £ C R be a Lebesgue measurable set, f
a non-negative Lebesgue measurable function on E, {F,}
a finite monotonic cover of the measure of £, and let {M,,}
be a sequence of positive numbers with lim,,_,. M, = oc.
We call f is Lebesgue integrable on E if the limit

s:= lim [f]ar, (z) dz < 0,

n—oo E
n

and call s the Lebesgue integral of f on E which is de-

noted by
s = / f(x)dx.
E

Remarks. (i) Obviously, the integral of f on E defined
above is unique, that is, s is independent of choices of { E,,}
and {M,}. Thus, a non-negative measurable function f is
integrable on F if and only if

lim [ [f]u(z)dz < oo

n—oo E
n

for some (equivalently, for all) finite monotonic cover {E,}
of m(F).

(ii)) In particular, if m(E) < oo and the non-negative
measurable function f is bounded on E, then [, f(z)dx
defined above coincides with that given in the last section.
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Indeed, we can choose F, = F for all n € N and N =
sup,cp f(2).

Example. Consider the function f on (0,00) defined by

x 2, x> 1;
f(ZIJ) T {x1/27

O<z<l.
We have -
(L)/ f(x)dx = 3.
0

Proof. Let E, = [3,n] and M,, =n for n € N. Then

/En[f]Mn(x)d:c:él [f]Mn(x)dx+/1n[f]Mn(x)dx

1 n
1 1
= —d —d

=3—-3/n—3, n— .
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Integrals for general real-valued functions.

Recall that each real-valued function defined on £ C R
has a decomposition

f=1fe—1I-
where
S f@),  f(z) >0
fi(x) = {07 fla) <0,
and

0, f(x) > 0.

Clearly, both f, and f_ are non-negative functions and

fl=fy+ [

f(@:{f@% f(a) <0

Definition. Let £ C R be Lebesgue measurable. A
Lebesgue measurable function f on FE is said to be Lebesgue
integrable on F if f, and f_ are both Lebesgue integrable
on E. In this case, the Lebesgue integral of f is defined

by
[ t@ie = [ f@de [ f@ar

Lemma. Let f be non-negative and Lebesgue integrable
on FE and g Lebesgue measurable on E. If |g| < f, then ¢
is Lebesgue integrable on F.

Proof. It suffices to show that g, and ¢g_ are both inte-
grable. Let {F,} be a finite monotonic cover of the measure
of E/. For each n € N, it follows that

/En[gi]n(x) dr < /En[f]n(x) dr < /Ef(x) dr.
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Thus,
lim [g+]n(z) dz < / f(z)dr < oo,
n—oo J g E
which implies that g, and g_ are both integrable. [

Remark. This lemma reads that if a measurable func-
tion g can be dominated by an integrable function, then g
is integrable.

Theorem. (Finite additivity) Let £, E; and E, are
all Lebesgue measurable subsets of R, £ = E; U Ey, E1 N
FE> = (), and let f be Lebesgue measurable on E. Then
f is Lebesgue integrable on F if and only if f is Lebesgue
integrable on both F4 and E5. Moreover,

/Ef(:c)dx: : f(z)dx + Ef(x)dg;

Proof. (I) Suppose that f > 0. Let {E,} be a finite mono-
tonic cover of the measure of E. Clearly, {E, N E;} is a
finite monotonic cover of the measure of E; (i = 1,2). For
each n € N, we have

/En[f]n(x) dw :/EnmEl[f]n(x) dx + /EnmEQ[f]n(x) I
:/EnmEl[f]n\El(x) d:z:+/ ol () da

E,NE,

:/EnmEl[f’El]”(x) der/ [f|e,)n(x) dx

E,NE,

< | fle@)dz+ [ flp,(x)dx
E; E,

= [ flx)de+ [ f(x)dx.
Ey E
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Thus, if f is integrable on E; and Es, then f is integrable
on E.

Conversely, let f be integrable on E. Then

/EnﬂEi[f|Ei]n<$) dz S/E [fl5.]n(z) dz

§/Ef(x)da: (n € N)

for i = 1,2. Thus, f|g, and f|g, are integrable on F; and
Es, respectively. That is, f is integrable on F4 and FEbs.

In addition, taking n — oo in both sides of

[ @ar= [ @ [ e

yields the equality desired.

(IT) For general function f (not necessarily non-negative),
consider f = f, — f_. It follows from the step I that

[ t@is= [ f@do- [ r@a
= . f+(z) dz + . fi(x) dz

— [ f(@)de— [ f(x)dx
E, Ey

= [ f(x)de+ | f(x)dz.
Ey E,
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Theorem. (Linear property) Let f and g be two
Lebesgue integrable functions on E. Then for all a,b € R,
af + bg is Lebesgue integrable on E and

/E(af(;c) +bg(z)) de = a/Ef(a:) dx + b/Eg(;U) dzx.
Proof. It suffices to prove

(0.8) /Eaf(x)da::a/Ef(a:)da:

and

09 [ (1) + g do = [ fadat [ g

The following method is standard one followed by the def-
inition of integrals.

Step 1. Non-negative case. Suppose that f > 0. We first
show (0.8) holds. The case that a = 0 is trivial. For a > 0,
notice that [af]y = a[f]n/a, We then have

/Eaf(:c) der = lim [ [af]n(z)dz

n—oo E
n

= lim a/En[f]N/a(:c)d:U:a/Ef(:c)d:c.

n—oo

For a < 0, notice that
[En@ao= [(piaan- [(pta)as
- L F@do= [ fi@yde=- [E f(x) d,

we then have

/Eaf(x)d:c:/E—(—a)f(x)da:
:—[E(—a)f(sc)dazza[Ef(az)d:c.
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This proves (0.8). On the other hand, notice that

(0.10)  [f+glx < [flv + [glv < [f + glan

implies that f + g is integrable if and only if f and g are
both integrable. Moreover, (0.9) follows from (0.10), im-
mediately.

Step II. General case. Notice that, in the step I, we have
proved in fact that

/ arfi + asfo + -+ anfn)(z) dx

—al/fl d:z:+a2/f2 ) dx + - +an/fn

for all f1,---,f, > 0 and ay,--- ,a, € R, where n € N
arbitrary. Thus,

/E(af + bg)(x) dx
— [(afe— af + g~ by (o) o

:a/Eer(:L')dx—a/Ef_(x)d:I:
+b/Eg+(a:) dx—b/Eg_(a:) da
:a/Ef(a:)dqub/Eg(a:)d:c.
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Theorem. Let f and g be two measurable functions on
E. The following statements hold.

E i) If f is integrable on E, then [, f(z)dx = 0 whenever

E) =
(ii) If f is integrable on F and F; C E with m(E;) = 0,
then f is integrable on E; and

[ = R

(iii) If f =0 (a.e.) on E, then f is integrable and

/f dx = 0.

(iv) If f is integrable on F and f > 0 (a.e.) on F, then

/Ef(x) dx > 0.

(v) If f >0 (a.e.) on E and [, f(x)dx =0, then f =0
(a.e.) on E.

(vi) (M0n0t0n1c1ty) If f and g are both integrable and
f < g (a.e.), then

/f dx</()d

(vii) (Absolute integrability) If f is integrable on F,
then |f]| is also integrable on F, moreover,

/E f(x) da| < /E f1(2) da

(viii) If f is integrable on E, then f is integrable on each
measurable subset F' C E. Moreover,

/F f(x) da| < / fl() da < /E /() da

m
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Proof. We only give a proof of (v), the others are standard
and very easy, so omitted.

(v) Let f >0 (a.e.) on E and [, f(z)dz = 0. Then

= [swde = [ o)t [ i) do

n—oo E
n

-/ oty + /E s
> [ ez (B2 ) )

so that m(E,(f > +)) =0 for all n € N.
On the other hand, we show

B(f > 0) = GE<fZ%)

Clearly, it suffices to prove

E(f>0)C GE(fz%)

Indeed, let © € E(f > 0). Then f(x) =c¢ > 0. Take n € N
such that ¢ > % Then

erf> UE<f> )

so that there is m € N such that « € E,(f > +). Denote
N = max{m,n}. Then

1 1 1
:ceEm<sz) cEm(sz> cEN(sz)

This proves the inclusion relation desired.
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Therefore,

m(E(f >0))

m(f] B(f2 1)

S (B2 ) =0

IA

L]

Remark. From (vi) above, we observe that f is inte-
grable on F if and only if |f| is integrable on F,
however, it is not true for generalized Riemann integrals.
For example, consider the function f on (0, 00) defined by

flz) = SH;J:, 0 <z <oo.
Then f is generalized Riemann integrable, however, |f]|
is not generalized Riemann integrable. In addition, f is
not Lebesgue integrable. Thus, the new integral is an
extension of the proper Riemann integral (or, the
improper Riemann integral of non-negative func-
tions), not the general improper Riemann integral.
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Theorem. (Complete continuity) Let f be integrable
on E. Then for each € > 0, there is a 6 > 0 such that

(@) d
B

for every measurable subset E' C E with m(E’) < 4.

<€

Proof. Notice that f integrable if and only if |f| is inte-
grable. By the definition of integrals,

lim Hf| dx—/\f )| dx < oo,

n—oo

where {E,} is a ﬁmte monotonic cover of m(E). Let € > 0
arbitrary. Then there is N € N such that

[ 1@ \d:c—/uf! rydr < &

Take § = Then for each E' C E with m(E') < 6 we

have

N+1)

[ < [ 111G ds
— [ (1@ = @) do+ [ [1F)xta) da
< (1)) = [llvle)) da + N ()

N
< [Ir@lde = [ 1) e+ g

<€+€_
9 2—6.

Remark. € «» approximation < lim.
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Let f be integrable on E and let 7, Es be two measurable
subsets of E with F = E; U E, and E; N Ey = (. By the
monotonicity, f is integrable on E; and Es. In addition,
we have

/Ef(x)dx: ; f(x)dx + Ef(a:)d;;r;

This is the finite additivity so called. Further on, we
have the following countable additivity.

Theorem. (Countable additivity) Let f be a mea-
surable function on E, and let {E,} be a sequence of mea-
surable subsets of E satisfying £; N E; = () for i # j and
E =\J,_, E,. Then f is integrable on E if and only if

(i) f is integrable on E, for all n € N;
(1) S5, f, 1£(0)]de < oc.

Moreover, if f is integrable on E then

(0.11) /Ef(:c) dr = niO;/En f(z)dz.

Proof. Necessity. Let f be integrable on E. Notice that f
is integrable if and only if | f| is integrable, so that

/En\f\<x>dxs[E\f|<x>dw<oo

for all n € N. This yields (i). On the other hand, by the
finite additivity of integrals, we have

> [E 1f1(w) do = / M@

< [ 11w ds < o0
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for all m € N. By letting m — oo in both sides of the
inequality above we obtain (ii). In fact, we have

(0.12) Z/ |f1 (@ dsv</\f!

Sufficiency. Let {F},} be a finite monotonic cover of m(E).
We will prove that | f| is integrable. By definition, it suffices
to show the limit

lim [ [|f]].(2)dz < .

n—oo

Notice that {F]} with

F,’L::Fnrw(OEk) :Lnj(anEk) (n € N)

k=1 k=1

is a finite monotonic cover of m(FE) as well, then by the
finite additivity of integrals of bounded functions on sets
with finite measures, we have

/ 1/ 1n(z) da —Z / BN

By letting n — oo we obtain the inequality desired. In fact,
we have

01 U< [ i

In addition, it follows from (0.12) and (0.13) that

(0.14) Z/ (@) de = [ |fl()do
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Finally, we prove the equality (0.11). Indeed, it follows
from the finite additivity property and (0.14) that

/Ef(x)dzzz—i/&f(x)dx

= [war= [

n=1-—""

< /E o Ml = /E f() de — /U s
_ Z/E|f|(a:)d:c—>0, m — oo,

n=m-+1

B ‘/E\Um E fla)dx

n=1-"—"n
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Theorem. (Relation of integrable function and
continuous function) Let f be integrable on E = [a,b].
Then for each ¢ > 0, there is a function f. continuous on

[a, b] such that
/ |f(x x)| dx < e.

Pmof Let e > 0 and let {F,} be a finite monotonic cover
of m(F). By definition, we have

[ 1#@ = )] de = [ (@) = f1u(a) da
~ [ f@ydo— [ [flu(a)ds
< [ f@ydo— | nte)dr =0

as n — 00, so that there is V € N such that

/!f ~ [fln(@)] dz < 5.

Take § = . For the function [f]y, by the Lusin’s theorem,
there are measurable subset By C E with m(E \ Ej) < ¢
and continuous function g on E with |g| < N such that

fly = gon Ejs. gis just the function f. we desired. Indeed,

/\f gta)ldo < [ |fa) = flxle)]| do
+ [ 19v@) - g(o)] da

¢ N(x) —g(x)|dx
<5+ [, v —oto)

€ € €
<—-4+2N . E\Es) < —+—-—=c¢
_2—|— m( \ 5) 2—|—2 €
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§3. Limit theorems

In this section, we introduce three theorems of extreme
importance in the theory of analysis: Lebesgue domi-
nated convergence theorem, Levi lemma and Fatou
lemma.

Let f and g be integrable functions on £ C R. Recall
that the linear property of the integral reads that

/Rcf(x)dx:c/Rf(x)dx
for c € R and

/IR(f(x)+9($))d$C:/Rf(x)da:Jr/Rg(x)da:.

The first equality shows that the order of operations of
scalar-multiplication and integral can be exchanged and the
second equality implies that the operations of addition and
integral can be exchanged, unconditionally.

However, it is not true for operations of the limit and
integral. See the following

Counterexample. Let f, = Xj,41) for n € N. It is

clear that
/fn(x)da:: I, n=1,2---
R

Moreover, for each x € R fixed, lim, . f,,(x) = 0. Thus,

1 = lim fn ) dx 7&/ hm fn(z = 0.

n—oo

Lebesgue dominated convergence theorem

Question. Under what conditions, the order of opera-
tions lim and | can be exchanged?
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To solve this problem, we need the following “dominant
function” so called.

Dominant function. Let & C R be a measurable set
and {f,} a sequence of measurable functions on F, and
let I’ be a non-negative measurable function on E. We
say that {f,} is dominated by F (or F' is a dominant
function of {f,}) if |f,| < F (a.e.) for all n € N,

Theorem. (Lebesgue dominated convergence) Let
{f.} be a sequence of measurable functions on £ domi-
nated by an integrable function F'. If f,, converges almost
everywhere to a measurable function f on FE, then f is
integrable on F and

lim fn )dx:/Ef(a:)dx

n—oo

Remark. The Lebesgue dominated convergence theorem

reads that
lim / = / lim

whenever { f,,} can be dominated by an integrable func-
tion.

Proof. Notice that |f| < F' (a.e.), so f is integrable on E
due to the integrability of F. It suffices to show

(0.15) lim (fn(x) — f(x))dx = 0.

n—oo

To show (0.15) hold, we need an estimate for the integral

[ 1)~ s d.

Step I. Let m(F) < oo and let € > 0 arbitrary. Since F
is integrable on E, by the complete continuity of integral,
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there is a 0 > 0 such that
(0.16) / F(z)dz < i

for each measurable subset £’ C E with m(E’) < §. On
the other hand, since f,, — f (a.e.), by Egoroff’s theorem,

for the  above, there is a measurable subset Es C E with

m(E \ E5) < § such that f, = f on Es;. Thus, for the €
above, there is N € N such that

(0.17) sup |fulz) = f2)] < We)ﬂ

for all n > N. Therefore, it follows from (0.16) and (0.17)
that

'/E(fn(gc)—f(:z:))d:r: g/E|fn(sc)—f(rc)ldf€
:fE\E |fulx) — f(2)|de+ [ |fu(z) — f(2)|dx

Es
€
< 2F (x dsc+/ ——dx
PR
2 79~

for all n > N. This proves (0.15).

Step II. For general E (not necessarily m(E) < 00), it
is a little complicated. Let € > 0 arbitrary, and let {F}}
be a finite monotonic cover of m(FE). By the definition of
integral,

lim [ [Flg(z)de = / F(z)dx,

k—o00 Ek E

so that there is K € N such that

/EF(x) d:v—/Ek[F]k(a:) dx <§
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for all £ > K. Thus,
up [ 1)~ f@ldr<2 [ Fle)ds
E\Ej) E\Ey

neN

(0.18)2( /E Fl)ds — /E F( dw)
gz(/EF(x) dx—/Ek[F]k(x) daz)

€
=3

for all £ > K. Consider the special value £ = K. Notice

that m(Fk) < oo. By the step I, for the e above, there is

N € N such that

019) [ I~ fa)lde < S

for all n > N. Then it follows from (0.18) and (0.19) that
[ 1) = s@lde = [ (o) - f@)]da
E E\Ek

# [ 1) = fldr < S+ 5=

for all n > N. This completes the proof. ]
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Levi lemma. (Monotonic convergence) Let {f,} be an
increasing sequence of integrable functions on £. If

sup/ fo(z)de == M < oo,
E

neN

then f, — f (a.e.) for some function f integrable on F.
Moreover,

n—oo

lim Efn(x)dx:/Ef(x)dx.

Proof. Step 1. Suppose that f, > 0 for all n € N. Notice
that

h<fos <,
by denoting f*(x) := lim,, o fu(z) for x € E, then f* is a
function from FE to [0, oo].

We first show that m(E(f* = o0)) = 0. Let {E,} be a
finite monotonic cover of m(E). Notice that

B(f*=00) = | Bu(f* = 00) = lim B, (f* = o),
n=1

since {F,(f* = o0)} is an increasing sequence. It suffices
to show m(E,(f* = o0)) = 0 for all n € N. Indeed, for
N > 0 arbitrary, notice that

0<[filv <[folw < - <[fuln <o = [f]n,

then by the Lebesgue’s dominated convergence theorem, we
obtain

/E Flv@)de =lim [ [fulv(z)de

n—oo EN

(0.20)
<lim [ fu(z)ds <M.

n—oo E
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For f*(x) > N, [f*]n = N, so that E([f*]y = N) is mea-
surable, and from (0.20) it follows that

m(En(f" = N)) =m(Eu([f"]x = N))

N/ ~(x)dx

= [f]() <

QE]%OE (f = N))
= lim m(En(f* > N)) = 0.

N—oo

Next, define a function f by
frx),  fi=
oy = {£@ T <o
07 f (1‘) _
Then f = f* (a.e.), so that f, — f (a.e.) as n — oo.
Further on, it follows from (0.20) that

/EN[f]N(x)da:: dx</[f ) dz < M,

while [, | By (x) dx is increasing with respect to the index
N € N, so that the limit

lim [fln(x)de < M < 0.

N—o00 E

This proves f is integrable on F.
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Finally, notice that f is a dominant function of f,,, again
by the Lebesgue’s dominated convergence theorem, we ob-
tain

lim fn )dx:/Ef(x)dx

n—oo

Step II. For general sequence {f,}, consider
gn::fn_fly n € N.

It is clear that g, is non-negative for all n € N. Then by the
step I, {g,} converges almost everywhere to an integrable
g on E. or equivalently, {f,} converges almost everywhere
to an integrable f on E, and

:/ lim g,(x)dx :/ < lim f,(x) — fl(:r)> dx
EnHOO E n—oo

Therefore, the limit lim, . [ fn(2) dz exists and

lim fn x)dr = / f(x)dx
n—oo E
This completes the proof. H

By considering the part sum >, u; := f,, we obtain
the following series version of Levi’s lemma, immediately.

Levi lemma II. Let {u,} be a sequence of non-negative
integrable functions on E. If > [, un(z)dx < oo, then
> un, = u (a.e.) for some integrable functlon uon E,

and
/Eu(x) dx:niO;/Eun(az) dx
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Counterexample. Consider the sequence of functions

fn defined on [0, 1] by

£.(2) %‘Sin%, %gxgn;
w(x) =
0, 0<z<i.
It is clear that {f,} is increasing and
1 1
~1sin =/, 0<z <1,
fal@) = f(2) = {8 T a=

However, f is not integrable on [0, 1]. Observe that

lim (L) /0 () = oo

n—oo

in this example. Thus, the condition

“ sup/ fo(z)dr < o0”
E

neN
in Levi’s lemma is indispensable.
Counterexample II. For n € N, define u,, : R — R by

Up = X[n;n+1) — X[n+1,n+2)-
It is clear that
Z/un(x)dx:0<oo
n=1 R

and Y ;_, ur(x) converges in point-wise sense to an inte-

grable function u:
1 € (1,2);
T )
0, otherwise.
However,

/Ri“n(x)dx 1 #0§;/H%un(x)daz.
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Fatou lemma.

Recall that the sequence of functions f,, : R — R defined
by f := X{unt1) can not be dominated by an integrable on
R. Further on, we have

lim [ f.(z)dx # | lim f,(x)dx.
R

n—oo R n—oo

In fact,

/ lim f,(x)dr=0<1= lim | f,(x)dx.
R

n—oo n—oo R

This example shows that it is possible for some non-negative
sequence { f,,} that

/ lim f,(z)dx < lim [ f,(x)dz.
Rn_)oo n—oo R

However, the inverse inequality can not be happen,
which is stated in detail in the following

Fatou lemma. Let {f,} be a sequence of integrable
functions on E. If f, > h (a.e.) for some function A inte-
grable on I/ and

lim [ fu(z)dzr < oo,
n—oo J F
then the function lim,_, __ f, is integrable on £ and

/ lim fy(r)de < lim | fu(z)dz.
E

n—0o0 n—oo J F

Proof. For x € F, we write

Fn,m(gj) = min{fn(x)a fn+1(x)? T :fn+m($)}7 n,m < N.

Then
lim lim F,,,(x) = lim inf f,,(z) = lim f,(x).

n—00 M—00 n—o0 m>n N—00
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Fix n € N. Notice that F,,,, > h for all m € N and
{Fom}y_q is decreasing, so that by Levi’s lemma F, ,, —
F, (a.e.) as m — oo for some integrable function F,, and

lim [ F,n.(x) dx:/ lim F, () dx:/Fn(x) dzx.
m—ee JE E E

m—o0

On the other hand, by letting m — oo in the following
inequality

/Fn,m(zc)d:cgmin{/fn(x) dz, - ,/fner(g;)dx},
E E E
we obtain
/F )dz < mf/fm z,
E m>n
so that

sup/Fn(x dr <sup mf/fm
n>1JE n>1 m=n

= lim [ f.(z)dr < occ.

n—oo J F

Notice that {F,} is increasing, again by the Levi lemma,
F, — F (a.e.) for some integrable function F' and

/ lim f,(x) dx:/ lim F,(x)dx
E n—o0 En—>OO

= lim [ F,(z)dx

n—oo E
zsup/ Fo(x)dx < lim [ f,(z)dz
n>1l JE n—oo JFE
This completes the proof. [

Remark. Let {f,} be a sequence of non-negative inte-
grable functions on E and f,, — f (a.e.) for some integrable
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function f on E. If the limit

n—oo

lim [ f.(x)dx < oo,
E
then by the Fatou lemma we observe that

(0.21) /Elim folx)de < lim | f,(z)dx,

n—oo n—oo E

as showed in the beginning of this section. Notice that the
non-negativity of {f,} is indispensable in (0.21), see
the following

Counterexample. Consider functions
It is clear that

/ lim f,(x)de = 0> —1 = lim | f(z)dz.
RnHOO n—oo R



