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If T have seen further, it is by standing on the shoulders of giants. - Isaac Newton (1676)



1 Laws of Mathematics

o Associative Laws

a+ (b+c¢) = (a+b)+ c: For addition

a(bc) = (ab)c : For multiplication

Associativity is the direction of operation processing (right to left, or left to right)

¢ Commutative Laws
a+b=b+a : For addition
ab = ba : For multiplication

e Distributive Laws

a(b+c¢) = ab+ ac : For multiplication
b+ b
€ ,4_5,@7&0 : For division
a a a




2 Logic

2.1 Sentential Logic

De Morgan’s Laws
« ~(PAQ)=-Pv-Q
e —~(PvQ@)=—-PAr—Q

Commutative Laws
e PAQRQ=QAP
e PvQQ=QvVvP

Associative Laws
e PAQAR)=(PAQ)AR
e PVv(QVvR)=(PvQ) VR

Idempotent Laws (an element of a set is unchanged in value if operated on by itself)
e PAP=P
e PVvP=P

Distributive Laws
e PA(QVR)=(PAQ)v(PAR)
e Pv(QAR)=(PvQ)A(PvVvR)

Absorption Laws
e Pv(PAQ)=P
e PA(PvQ)=P

Double Negation Law
e ——mP=P

Tautology Laws

o P A (tautology) = P

« P v (tautology) = tautology
« —(tautology) = contradiction

Contradiction Laws

e P A (contradiction) = contradiction
+ P v (contradiction) = P

« —(contradiction) = tautology

Conditional Laws
e P>Q=—-PvQ



e P — (@, converse statement: () —» P
e P—(@Q=—-Q — —P : contrapositive law
« PvS—-Q=F-0Q)r(5-0Q)
e (P>QQA(P>S)=P->QAS
c PoQr(R->—Q)=P—>—R
e P — (@ means:
Q, if P or () is a necessary condition for P
P only if @ i.e. P is a sufficient condition for )
e Po@=(P—-Q)A(Q— P): Biconditional law

2.2 Quantificational Logic

o 1 : existential quantifier (distributes over disjunction)

e Y : universal quantifier (distributes over conjunction)

and V (xP(z)) = —3z—P(z)

Y. OhoL efvan xdxxva = OEV UTAPYEL XAVEVAL TOU VoL UNY €lvor X6xxwvo.

Quantifier Negation Laws
o« —JxP(x) =Vr—P(x)
e —VzP(x)=3z—P(x)

Abbreviation rules
« Vz(zeA— P(z)) =Vze A P(z)
e Jz(zeA— P(x)) =3ze A Pz)



3 Set Theory

o Zermelo-Fraenkel set theory (ZFC - C stands for axiom of Choice) is the standard
form of axiomatic set theory and as such is the most common foundation of mathematics.
It is one of several axiomatic systems that were proposed in the early twentieth century to
formulate a theory of sets free of paradoxes such as Russell’s paradox.

o Axiom of Choice, or AC, is an axiom of set theory equivalent to the statement that the
Cartesian product of a collection of non-empty sets is non-empty. It states that for every
indexed family (.S;);e; of nonempty sets there exists an indexed family (z;),e; of elements
such that x; € S; Vi € I. The axiom of choice says that given any collection of bins, each
containing at least one object, it is possible to make a selection of exactly one object from
each bin.

o Truth set of P(z) = {z|P(z)}

e B={x| x is a prime number }
" -

~r

elementhood test for the set B
e« AnB=(xeA)A(xe B): Conjunction

e« AuB=(reA)v (xe B): Disjunction
e AB=zxeAnx¢B: A without B
o Predicate: A Boolean-valued function P : X — {true, false} : called "The predicate on

« AAB=(A\B)u (B\A) = (Au B)\(An B) : Symmetric difference of A and B
e AnB# @ —3dx(xe ArxeB)
e AnB=g - —3zx(re ArzeDB)
3z P(z) AVyVz[(P(y) A P(2)) — y = 2]
o dlz P(x) = EI:E[P(x) AVY(Ply) -y = x)]
Jz|P(z) A # Fy(P(y) Ay # )]
o Singleton Set: A set that contains only one element.
o Alphabet: A set with finite number of elements.
e O\A=Cn(MNA), U =Q ie. the universal set
o A Convex set is a region such that, for every pair of points within the region, every
point on the straight line segment that joins the pair of points is also within the region.
For example, a solid cube is a convex set, but anything that is hollow or has an indent, for
example, a crescent shape, is not convex.
e A set is called denumerable exactly when it can be put in one-to-one correspondence
with the set of natural numbers.
e A set S is countable if there is a sequence rq, 79,73, ... which consists of all the
elements of S.
e A linear order on a set S satisfies two properties:
— For any a,b e S, exactly one of a < b,a = b or a > b is true.
— For all a,b,c€ S, if a < b and b < ¢ then a < ¢ (transitivity).
Examples of sets with a natural linear order are integers, floats, characters and strings in C.



« A set of elements (vectors) in a vector space V is called a basis (or a set of basis
vectors) if the vectors are linearly independent and every vector in the vector space is a
linear combination of this set. In more general terms, a basis is a linearly independent
spanning set.

e A basis function is an element of a particular basis for a function space. Every
continuous function in the function space can be represented as a linear combination of
basis functions, just as every vector in a vector space can be represented as a linear
combination of basis vectors.

o Idempotence is a property of certain operations that they can be applied multiple
times without changing the result of the initial application.

For example, the absolute value unary operation or function is idempotent, since ||z|| =

Cartesian Product

Cartesian Product is the collection of all ordered pairs of two given sets such that the first
elements of the pairs are chosen from one set and the second elements from the other set;
this procedure generalizes to an infinite number of sets.

e AxB=(ab)lae AAbe B: Cartesian product of sets A, B

Properties

e Ax(Bn(C)=(AxB)n(AxC(C)

e Ax(Bu(C)=(AxB)u((AxC()

e (AXB)n(CxD)=(AnC)x(BnD)

e (AxB)u(CxD)c(AuC)x(BuD)

- AxD=0

[(A=B)v(A=gAB=g)| >AxB=BxA

3.1 Family Sets

e nF={z|VAeF(zeA)}={x|VA(Ae F >z e A)}: Family Set F
o UF={x|3Ae F(xe A)={z|FA(Ae F rxe A)}
Alternative notation for family sets:
o UF=[)A={alVie(ze A)}
1€l
i€l
e Ordered pair: an ordered pair (a,b) is a pair of objects. The order in which the objects
appear in the pair is important, ie. the ordered pair (a,b) is different from the ordered pair
(b,a) unless a = b. (In contrast, the unordered pair {a, b} equals the unordered pair {b,a}).
e €A xeU{A}
e Ae F—>ACUF
e A(Ae FArzeA)—-azeuF
e (zeAnrzenF)—>AcSnF
e« AcB=Va(reA—xeB)

10



e AdcB=3x(xreArx¢B)

e (A BAA#B)— Ac B,ie. Aisa proper subset of B
o« P(A) = {z|z < A} : Power set of A

e B=P(A) >Vax(reB—-zcA)

e P(AnB)=P(A) nP(B)

-1
o If A has n elements then P(A) has 2" elements and Pa(A) has n(nQ) elements

Indexed Family notation of a set:
o A={yiel}={zx|Fiel(x=ua;)},: index set
o z=c{xlicl}=3iel(x=ua)

11



4 Algebra

4.1 Algebraic Identities

e a*—b = (a+0b)(a—0)
(a+0b)* = a® + 2ab + b
e (a—10)*=a*—2ab+ b
(a+b)3=a3+3a2b+3ab2+b3
(a—b)* = a® — 3a*b + 3ab* — b°
. a3+b3 (a+ b)(a® — ab + b?)
o a®—b = (a—0b)(a®+ab+ b
. (a—i—b—i—c)2 a® 4+ b* + ¢ + 2ab + 2bc + 2ca
e (a+b+e)P=a>+V+c+3(a+b)(b+c)(c+a)
o @+ +c®—3abc = (a+b+c)(a® + b+ —ab— bc — ca) : Euler’s Identity
e at+b+c=0->a"+b"+c* = 3abc
« A+ >0->a#0vb#0
e A+ =0—>a=0Ab=0
o (a+b)*=da" + 46 + 6a*0* + 4ab® + b*
e (a—0b)*"=da"—4a’b + 6a*b* — 4ab® + b*

e aquxb— % = otad. , av 1o 10064 a, b eivon avdhoya, tote Fk(a = kb) o Adyog Touc etvar
otalepdc
e a,bopbonuot <> a-b>0<a\b>0
o a,betepbonuol < a-b <0< a\b<0
e (a>bA(c>d)y—>a+c>b+d
e (a>b)An(c>d)—>a-c>b-d
b
. Va,beR*(%Jr—)Q)

a

a a Ayp— a
. Va,beR*VneN(n>2)(—1+—2+...+ nl +£>n)
a9 as Qp, aq

o Numbers that satisfy polynomial equations, are called algebraic numbers. All algebraic
numbers are connected with the integers.

o A transcendental number is a real or complex number that is not algebraic. A complex
number is algebraic if both its real and imaginary part is algebraic.

o A transcendental function is an analytic function that does not satisfy a polynomial
equation.

o Mlotrua 2 edlodoewy (€) xou (€) = 1- (e ) +1€ ) : ypouuxds cuvduaopdc tov (g) xo
(). LuoThuata TOU TEOXUTTOUY UE YRUUUIXO cuVBUACUO Elvol [GOBUVIUAL.

. Vne N[a” b = (a—b)(a" T + a2+ "I + .+ ab™ 2+ b“*l)]

. Vne N[a" 0 = (a+b)(a" ! — "2+ a" 3B — . —ab™ 2 + b“*l)]

e zkl-o>(1+tax)"~1tnx

12



¢ abeR|(a?+0? > ab) A (= (a* + 1) < —ab)|

. Va,be R[a2 L aba —(a®+ 1) < —ab]
a +as+ ... +a,
n

. Val,az,...,ane]R*,VneN(n22)(
Geometric mean inequality
. Val,ag,...,aneR*,VneN(n22)(

> m) . Arithmetic -

n

i‘f‘é‘f‘"""%ﬂ Z\/alag---an) : Harmonic -
Geometric mean inequality

e (a+b+c+d)?=a’+b+c+d*+2ab+ 2ac + 2ad + 2bc + 2bd + 2cd

o att bttt =2 +E+PdP) =(a+bte)-(a—b+e)-(a+b—c)a—b—c): De

Moivre Identity

Gauchy Identities

e (a+b)?—a®—b*=3abla+0)

e (a+0b)°—a®—b"=5ab(a+b)(a® + ab + b*)
o (a+b)" —a" —b" =Tab(a + b)(a® + ab + b*)?

Egotoeic tne popgic: art +bd + e’ +br+a=0, ue a # 0, Aéyovton avtiotpogec. Ti
1

AOvouye Vétovtac: & + — =y

9 s
L] 1 = — 10 1 = —_— 1
grad 10 of 1° v 1grad 200 of 1rad
36 18

45°36'18” = 45° +

4.2 Absolute Values

e Jal=a<a=0

e Jal=—a<a<0

© |g[>pe(z<-pv(z>p)

e |pl<peo-p<z<p

e |z|=ao (z=a)v (z=—a)

e VaeR(|a]* = a?)

o Ja-bl=lal-[b]

e |Px)|z2xe Plx)< —|z|AP(x)=2]z|, VxeR

« |P@)| <z o —[z| < P(r) < 2]

. ‘|a|—|b|‘ <latb| < lal+ 0] ,Va,be R

e Vz,z0eR,peR* |x—x0|<p<—>a:0—p<x<x0+p)

e Vz,z,eR peR" |x—x0|>p<—>x<x0—pvx>xo+p)

. Vx,xoeR,peR+[|x—x0| <p<—>d(:t,m0)<p<—>x€(m0—p,xo+p)]
o Vz,zoeR,peR ||z — x| >p o d(z,x0) > p o x€(—0,z9—p) U (20 + p, +0)]
e Ja—0l=1|b—a

13



4.3 Powers, Radicals

o VkeN*[({a) = VaF]

e Ya=0(a"" = 3a

e avb=a"-b

e a<beo Ya< Vb Yaz=0

e d"=a-a-a-a---a
~ . -

~~
n times
. an . am — an+m
e a0 =(a-b)"
a™
. Z g™
am
1
° a—'I’L = —
am™
a A\n
L] —_— = —_
. (an)m = g™
m m
e " =a
o« V™= X/an
R m (an) _ an/m
[ ao = 1

e 0"=0,Yn>0
. 1”:1,Vn€R

n 1 n=2%k,nkelkZ
. ()= -
-1 n=2k+1
a® n=2kkel
—a" n=2k+1

. (a+\[ a—\f)—aQ—b

. X=VX,X: evepyoc Tn Tou ueyédoug X

X uéon Ty Tou peyédoucX
e Surds are numbers left in square root form, or cube root form etc. They are therefore
irrational numbers.

e YaeR nelZ(—a)" =

4.4 Logarithms

To log, x etvan 0 exdétng otov onolo mpénet va uY@GoUYE To b, Yo TNV EUESY) TOU T
o y=logpr—>xz=b ,>00>0,0+#1
o logy(z - y) = logpx + logyy

14



« logy(z/y) = logsx — logyy
o logy(z™) = nlogyx

[
o logyr = ogax’ log,x - log,b = logbx(logab = )
logab logya
o logyb =1

o logpl =01=1"

e loge.a = In a : Natural logarithm, e = 2.71828 : Euler’s number
o 0% =g agoy antilog ,(logy(7)) = z

o logpb" =x

o logub-logya =1

o log,xr = loggac2

o l0g,0 +logi60 =0

e a>b—logb<1

e a<b—logb>1

e a=b—-logb=1

. xlog T _ alog T

zIn a In a

e« a"=e , Aol a = e
o ploglosn — plognloglogn (1)atyyra] Jogarithms)

4.5 Theorems

o Remainder Theorem: Polynomial P(x) division with x — p, yields

P(z) = (x = p)-m(x) + v, 0= P(p)

o Factor Theorem: A polynomial F'(z) has a factor z — k iff f(k) = 0( i.e. k is a root of
f)

o Rational Root Theorem: Suppose polynomial equation with interger coefficients:

™ + ap 12" 1+ ... 4 a1z + ap = 0. Then the rational solution: z = p/q (expressed in
lowest terms) of the equation, satisfies: (a) p is an integer factor of the constant term ag
and (b) ¢ is an integer factor of the leading coefficient a,,.

o Toutotnra Buxdeidetoc Swigeong: A(x) - m(x) + v(x) A(x): Awupetéog, 8(y): dupétng,
n(y): mnAixo, u(y): urdlotro

e Horner’s Method

Qp, Ap—1 Ap—2 - A1 (an—n+1)
anTo anxg + an_1To . anngl + ...+ asxo
Qn | QpXo + Ap_1 anxg + Q1T+ Ap_2 | ... an:cgfl + an,lxgw + ...+ aro + aq
ao Zo

)
apxy + ...+ asg + a1

1
>
—~
8
~
I
3
8
3
ey

a 12"+ ayx + ag, 0(x) = x
"+ (anTo + @n_1)T" % 4 (A0 T + Qo170 + Gp2)T" T+ (apTh T+

15



—2
Ap_1xy " + ...+ asxo + ay)

- v(x) = Axo)

o The simplest form of factorization is the extraction of the HCF from an expression.

o Fundamental Theorem of Algebra: Every non-constant single-variable polynomial with
complex coefficients has at least one complex root (Alternatively: ) Every polynomial
expression f(z) = a,a™ + an1Z" 1 4 ... 4+ a1x + ag can be written as a product of n linear
factors in the form: f(z) = a,(x —ri)(z —r9)(.. . )(x — ry), a4, 1€ C

e Ifay,as,as, ..., a, are the roots of:

por” + Pzt per™ 2 4 A ppoi® +pr =0 (po # 0) , then

- sum of the roots = —p;/po

sum of the roots, two at a time = py/po

sum of the roots, three at a time = —p3/py

sum of the roots, n at a time = (—1)"p,/po

« Transforming a cubic: 2 + az? + bz + ¢ = 0, to its reduced form: y* + py + ¢ = 0, by
a
the substitution: x =y — 3 only when a > 0.

o Tartaglia’s solution for a real root of a cubic equation of the form:
2 +ar+b=0a>0is:

b ad b2 3 b a3 b2 5
TTY TNt Ty T2 N Ty

e Solution of a Quartic equation. There are three ways:

1. Numerically,
2. Ferrari-Cardano procedure, or one of its kin,

3. By design, it could be one of the relatively few such equations that collapse, because
there are some very simple roots.

« Continued fraction (CF): an expression obtained through an iterative process of
representing a number as the sum of its integer part and the reciprocal of another number,
then writing this other number as the sum of its integer part and another reciprocal, and
so on. There are two kinds of continued fractions, 1. Finite (or terminated) continued
fractions and 2. Infinite continued fractions. In a finite continued fraction, the
iteration/recursion is terminated after finitely many steps by using an integer in lieu of
another continued fraction. In contrast, an infinite continued fraction is an infinite
expression. In either case, all integers in the sequence, other than the first, must be
positive. The integers a; are called the coefficients, or terms of the continued fraction.

o Finite continued fraction:

16



Such a continued fraction is sometimes represented as: [ag, a1, ..., a,], denoting the
coefficients.
o Infinite continued fraction:

[a07a’1a ag, . . ] = nlgr(ljoxn

17



5 Trigonometry

Trigonometric Identities

o sin(z) =sin(d) < (. =2km +0) v (v = 267 + (7 —0))
o cos(x) =cos(l) & (r =2km +0) v (x =2rT — 0)

o tan(z) =tan(d) &z =km + 0

. 0t()—cot()<—>x—mr+9

o sin?(x) + cos’(z) =1

. secz(:v)—tan( )=1

« cosec ?(x) — cot?(z) = 1

e sin(20) = ZSm( ) cos(6)

e cos(20) = 2cos?(0) — 1 = 1 — 2sin*(0)
2tan

. tan(29) m 1

e tan(z) = sin(z) =

cos(x)  cot(x)

@)= —
« cosec () =
sin(x)
1
e sec (x) = cos()
e sin(A+ B)=sinA cosB+ cosA sinB
e sin(A—B)=sinA cosB—cosA sinB
e cos(A+ B) =cosA cos B—sinA sin B
o cos(A—B)=cosA cosB+sinA sinB
tan A + tan B
L[] A B =
tan{4 + B) 1 —t%nA tanBB
tan A — tan
. A—B) =
tan( ) 1 +tan A tan B
9 1 + cos 2z
e COSTL=——
9 1 —cos2x
e cCOSTT=————

o 2sinAcosB 3 sin(A + B) +sin(A — B)
e 2cosAsin B =sin(A + B) —sin(A — B)
e 2cosAcos B = cos(A+ B) + cos(A — B)
o 2sin Asin B = cos(A — B) — cos(A + B)

A+ B A—B
. sinA—i—sinB:Qsin( —; )cos( 5 )
e sinA —sinB = 2sin A;B cos A+B)

A+ B A—B
. COSA+COSB=2COS< —; >COS( 5 )

A+ B A—B
. cosA—cosB=—2sin( —; )sin(




e a,b#0—VreR:a sin(x)+ 5 cos(x) = p sin(z + ¢),

p=~a2+ P32 ¢peR:tan(¢p) = i
e sin(—w) = sin(w)

o cos(—w) = cos(w)

Twviec pe dbpotoua 180 woipec (w + w’ = 180°)
o sin(180° — w) = sin(w)

o c0s(180° — w) = — cos(w)

o tan(180° —w) = — tan(w)

e cot(180° —w) = — cot(w)

Twviec mou Sgpépouy xatd 180 poipee (W' = 180° 4+ w)
o sin(180% + w) = —sin(w)

o ¢0s(180% + w) = —cos(w)

o tan(180° + w) = tan(w)

e cot(180% + w) = cot(w)

Twvieg ue dpotopa 90 poipeg w4 w = 90°
e sin(90° — w) = cos(w) = —sin(w — 90°)
o ¢08(90° — w) = sin(w) = cos(w — 90°)
o tan(90° — w) = cot(w)
(

e cot(90° — w) = tan(w)
tan(f) = & — sin(0) ¢ cos(6) b
. n(f) = - — sin(h) = V €O —_—
b a? + b? va? + b?
(20) 2tan a
e sin(2a) =
1 +tan?a
1 —tan“a
L] 2 = -
cos(2a) 1+ tan®a

20 =tan%a-sin’a
2

« tan’a —sin
o sin(a +b) -sin(a — b) = sin
e sin(3 )—SSinx—éLsin x
e cos(3r) =4cos’z — 3cosx
o tan(37) = 3tanz — tan®x

o cot(nx) — tan(nz) = 2 cot(2nx)

os(sin™ ( )) = sin(cos () = V1 — 22

o tan(sec “}(z) = Va2 -1

e cos(tan~'(2)) = i

TautdTNnTES VIO OTOLYEI TOLYOVOU

a — sin®b

.
Q

e tanA+tanB 4+ tanC =tan A -tan B -tanC
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B C
e sinA+sinB +sinC =4cos— -cos — -COSE
B C

e cosA+cosB+cosC =1+4sin— sin — sin;

e sin2A +sin2B +sin2C = 4sin A sin B sinC

e c0s2A +cos2B +cos2C =1 —4cos A cos B cosC
A A C

. cot§+cot—+cot—= cot — - cot — - cot —

2 2 2 2 2
B B C A
o tan§-tan—+tan§-tan—+tan—-tan§ =1
. cotA-cot%—i—cotB-cotC+cotC-cotA: 1
a c

- = — = — = 2R : Néuoc Hutdvov
 sinA  sinB  sinC | ) pos H o
6mou R @ axtiva TEPLYEYYPAUEVOU XUXAOU TOU TELYOVOU.

Néuoc Zuvnutovev

e a? =04 —2bc cos A
e ¥ =da’>+c*—2ac cosB
e Z=a*+b*—2ab cosC

a—b tan—‘lgB ¢ A—-B ) C NG o ]
. = = n{ ———1,- ni{— :
TTh  ia qu a 5 a 5 ouog Egantouevwy

- Me 10 vopo tov nutévey urnopolue vo emhicouue Eva Tplywvo, otay divovtor 1. Mia
TAELEA ot BV0 Ywvieg Tou, R 2. ADo TAEUPES Xon Wd OO TIG UY) TEQLEYOUEVES YWVIES TOU

- Me 70 vouo TV cuVNUITOVGY UTopoUUE Vo UToAOYIGOUNE Wia OTOLDATOTE TAELEE EVOG
TLyOYou, apxel vor 500Uy ot dhheg 800 Xt 1) TEQIEYOUEVT) TOUS YwVid.

- O vopog egantousvey urnopel va yenowwonomiel ot eva tplywvo, €dv divovtow: 1. 600
TAEUEES Xat 1) TEPLEYOUEVY YwVia TOug, B 2. av elvol YVWGOTES 600 YwVieg xau Yot TAEUPH TOU
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6 Proofs

A proof is a method for ascertaining truth.

A mathematical proof is a verification of a proposition, by a chain of logical deductions
from a set of axioms.

Good proofs have seven characteristics (CCC-BE-OO). They are:

correct
complete

clear

brief

elegant

(well) organized

ordered

6.1 Proof Techniques

—_

To prove a Goal of the form:

—P : a) Reexpress it as a positive statement
b) Use proof by contradiction, i.e. assume P and try to reach a contradiction.

. P— @ : a) Assume P is true and prove Q.

b) Prove the contrapositive, i.e. assume @) is false and prove that P is false.

P A Q : Prove P and () separately. In other words treat P and () as two separate
goals.

P v @ : a) Assume P is false and prove @), or assume () is false and prove P.
b) Use proof by cases. In each case either prove P, or prove Q.

P Q: prove P— () and (Q — P.

. VaP(x) : Let x stand for an arbitrary object and prove P(x). (if the letter = already

stands for something in the proof, you will have to use a different letter.)

. dzP(z) : Find a value of x that makes P(x) true. Prove P(z) for this value of .
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8. lxP(x) :
a) Prove 3z P(x) (existence) and —y (P(y) A y # x) (uniqueness).
b) Prove the equivalent statement 3z [P(x) A Vy(P(y) — y = z)], or some other
similar one.

9. ¥n € NP(n) : a) Mathematical Induction: Prove P(0) (base case) and
Vn e N(P(n) — P(n + 1)) (inductive step).
b) Strong Induction: Prove Vn e N[(Vi < nP(i)) — P(n)].
We can prove a stronger form of an induction, thus proving the more lenient form.

e To use a Given of the form:

1. =P : a) Reexpress as a positive statement.
b) In a proof by contradiction you can reach a contradiction by proving P.

2. P — @ : a) If you are also given P, or you can prove that P is true, then you can
conclude that @) is true.
b) Use the contrapositive.

3. P AQ : Treat this as two givens P and Q).

4. P v @ : a) Use proof by cases. In case 1 assume P and in case 2 assume Q).
b) If you are also given =P, or you can prove —P then you can conclude Q.
Similarly, if you know —(@), then you can conclude P.

5. P o (@ : Treat this as two givens: P — @) and Q — P.
6. YxP(x) : You can plug in any value, say a, for x, and conclude P(a).

7. 3z P(x) : Introduce a new variable, say zg, into the proof, to stand for a parrticular
object for which P(x) is true.

e Techniques that can be used in any proof:
1. Proof by Contradiction: Assume the goal is false and derive a contradiction.

2. Proof by Cases: Consider several cases that are exhaustive, i.e. that include all the
posibilities. Prove the goal in each case.

6.2 Problem Solving
Methodology - 4 Phases

1. Understand the problem. See clearly what is required.
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2. Figure out how the various items are connected, how the unknown is linked to the
data, in order to obtain the idea of the solution, to make a plan.

3. Carry out the plan.

4. Look back at the completed solution, review, examine and discuss it. This way we
consolidate our knowledge and develop our ability to solve problems.

Key suggestions

Rephrase your problem. This will provide a different perspective, which will stimulate your
brain cells and awaken more memories and ideas from slumber.

 Did you examine all the data (p.t.f.) / the hypothesis (p.t.p) 7
« Did you use the whole condition (what links the data to the unknown) ?

o If at first it doesn’t seem possible to satisfy the complete solution, we have two
options. Whether we can solve a related (simpler analogous) problem and whether we
can solve a part of the original problem.

» Restate the givens in order for them to match some mathematical definition. Having
used the definition you eliminate the technical term. Then proceed using the
definition. Can you restate the problem still differently 7

o At first visualize the problem as a whole as clearly and as vividly as you can. Do not
concern yourself with details.

 Isolate the principal parts of the problem. The hypothesis and the conclusion are the
principal parts of a "problem to prove”. The unknown, the data and the conditions
are the principal parts of a "problem to find”. Go through the principal parts of the
problem. Consider them one by one, consider them in turn, consider them in various
combinations, relating each detail to other details and each to the whole of the
problem.

o Start when you feel sure of your grasp of the main connection and you feel confident
that you can supply the minor details that may be needed.

« Convince yourself about the correctness of each step by formal reasoning, or by
intuitive insight, or both ways if you can.

o If your problem is very complex you may distinguish "great” steps and ”"small” ones.
First check the great steps and get down to the smaller ones afterwards. Can you see
clearly that the step is correct 7 Yes, i can see it clearly and distinctly. Intuition is
ahead, but could formal reasoning overtake it 7 Can you also PROVE that it is
correct ?
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o When you reach the result, scrutinize the method that led you to the solution, try to
see its point and try to make use of it for other problems.

o If you cannot solve the proposed problem try to solve first some related problem.
» Solve by Generalization, Specialization, Analogy, Decomposing and Recombining.

— Generalization: Pick from the set an object that does not comply with it.

— Specialization: find a special case of the original problem.

o Look for other hints and clues that may have been stated in the problem. Read the
problem carefully.

Possible ways for solving problems

 Inference by analogy.

o Inference by induction (induction is naturally based on analogy). Induction tries to
find regularity and coherence behind the observations. Its most conspicuous
instruments are generalization, specialization, analogy.

 Analysis (or solution backwards, or regressive reasoning). We start from what is
required, we take it for granted. We inquire from what antecedent the desired result
could be derived. We pass from antecedent to antecedent, until we eventually come
upon something already known or admittedly true.

» Synthesis (or progressive reasoning). We start from the point which we reached last
of all in the analysis, from the thing already known or admittedly true. We derive
from it what preceded it in the analysis and go on making derivations until we finally
succeed in arriving to what is required. Synthesis retraces faithfully the steps of the
analysis.

Remember

o We cannot hope to solve any worthwhile problem without intense concentration. In
order to keep the attention alive, the object on which it is directed must unceasingly
change.

e Don’t rush, or you will most certainly make mistakes. Be calm and carry on.

o First check for any constrictions that must be set before starting up the problem.
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6.2.1 Analytical vs Numerical solutions

1. Analytical solutions can be obtained exactly with pencil and paper,

2. Numerical solutions cannot be obtained exactly in finite time and typically cannot be
solved using pencil and paper.
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7 Relations

o The set R is a relation from Ato B: Rc Ax B
e Domain of R is the set: Dom (F') = {a € A|Fbe B((a,b) € B)}
o Range of R is the set: Ran (R) = {be B|Ja € A((a,b) € R)}
« Inverse of R is the relation R~" from B to A, defined as:
R™' = {(b,a) € B x Al|(a,b) € R}
o Composition of sets R A x B and S € B x C' is the relation:
SoR={(a,c)e AxC|Ibe B((a,b) € R A (b,c) € S)}
Alternative notations for (a,b) € R are aRb, R(a,b).
(a,b) e R A (b,c)e S — (a,c) e (SoR)

e Also(a,c)e AxC<or, (byc)eS A (a,bc) e R— (a,c) € (SoR)

or, (a,b)e R (byc)¢ S — (SoR)

e (Ran (R ') = Dom (R)

e To(SoR)y=(RoS)oR

e (SoR)y'=R'los!

o If Aisa set, then iy = {(x,y) € A x Alx =y} is the identity relation on A. Every
element of A is related to itself only. e.g. A ={1,2,3} - ia = {(1,1),(2,2),(3,3)} ]

« Suppose R is a binary relation on A (i.e. R < A x A = A?). Then R is reflexive (on A),
if Vo € A[(x,x) € R], i.e. every element of A is related to itself. Alternatively, R is reflexive
iff iA c R

e R is symmetric, if Yo,y € A[(z,y) € R — (y,x) € R]. Alternatively, R is symmetric iff
R=R"

e R is transitive, if Vz,y, 2 € A[(zRy A yRz) — xRz]. Alternatively, R is transitive iff
Ro c R.

e R is antisymmetric, if Va,be A[(a,b) € R A (b,a) € R — a = b]. Alternatively, R is
antisymmetric if Va,b e A[R(a,b) A a # b — —R(b,a)]

« R is asymmetric, if Va,be A(aRb — —bRa)

o A relation R < A x A is called a partial order (on A), if it is

1. reflexive,
2. transitive and
3. antisymmetric.

In a particular context, it can be stated that R is a partial order (on A), if an object can
be at least as large as another.

o A relation R c A x A is called a total order, if it is a partial order and in addition it
has the property: Va,y € A (zRy v yRz).

o Two distinct elements are called "comparable” when one of them is greater than the
other. This is the definition of "comparable”. When you have a partially ordered set, some
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pairs of elements can be not comparable. i.e. you can have two elements x and y such that
x <y is false and y < x is also false. A total order ensures that all items of this set are
comparable.

e A relation R © A x A is called a preorder if it is

1. reflexive and
2. transitive.

« A binary relation R is a relation on a set A, i.e. R A x A, or R  A%. Thus it is a
collection of ordered pairs of elements of A. The terms correspondence, dyadic relation and
2-place relation are synonyms for binary relation.

e R is called an equivalence relation (on A) if it is

1. reflexive,
2. symmetric and
3. transitive.
e Suppose R is a partial order on a set A,Bc A, be B and a € A. Then
— b is called an R-smallest element of B, if Vo € B[(b, z) € R].
— b is called an R-minimal element of B, if =3z € B(zRb A x # D).

— b is the largest element of B, if Vo € B(xRb). Alternatively for set theory, S is the
largest set of the family F :3S e F VT e F(T < 5).

— b is a maximal element of B, if =3z € B(bRx A x # b).
— a is called a lower bound for B, if Vx € B(aRx)
— a is called an upper bound for B, if Vax € B(xRa)

e Let U be the set of all upper bounds for B and let L be the set of all lower bounds.
Then

— if U has a smallest element, then this smallest element is called the least upper bound

(Lu.b.) of B.

— if L has a largest element, then this largest element is called the greatest lower bound

(g.1b) of B.
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7.1 Closures

o A relation S © A x A is the reflexive closure of R if it has the following 3 properties:

1. Rc S,
2. S is reflexive,
3. for every relation T'c A x A, if R < T and T is reflexive, then S < T

e Auseful reflexive closure: S = Ru iy
o A relation S € A x A is the symmetric closure of R, if:

1. Rc S,
2. S is symmetric,
3. for every relation T'c A x A, if R < T and T is symmetric, then S < T

Useful symmetric closure: S = R u R™!
e A relation S © A x A is the transitive closure of R, if:

1. Rc S,
2. S is transitive,
3. For every relation T'c A x A, if R < T and T is transitive, then S < T.

« Suppose R is a relation on A. Then R is said to be irreflexive if Vo € A[(x,z) ¢ R].

e Rc Ax Ais called a strict partial order if it is irreflexive and transitive.

e Rc Ax Ais called a strict total order if it is a strict partial order and in addition it
satisfies the requirement of trichotomy: Va,y € A(xRy v yRx v z = y)

e Suppose R is an equivalence relation on a set A and x € A. Then the equivalence class
of z with respect to R is the set [z]|gr = {y € AlyRz} (or 2] if R is clear from contect).

o The set of all equivalence classes of elements of A is called A modulo R and it is
denoted by A R. Thus, A/R = {[z]g |r € A} = {X < A|Fx € A(X = [z]r)}.

o Suppose A is a set and F < P(A). We will say that F is pairwise disjoint if every pair
of distinct elements of F are disjoint, or in other words:

VX, YeF(X#Y > XnY =)

o F is called a partition of A if it has the following properties:

1. UF=A,
2. F is pairwise disjoint,
3. VX e F(X #c)

e Suppose R is an equivalence relation on A. Then:
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— Yoz e Az e|z]ie zRx (or z € [y] > zRy)
— Vr,ye A (ye [z]iff [y] = [z]

o Cn={(z,y) € Z x Z|x = y(mod m)} is an equivalence relation on Z.
o There is an equivalence relation R on A such that A/R = F.
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8 Functions

o f(z) = g(x) : Equivalence. An equality of functions

« 22 =25 : Equation. The equality holds only for a few values of x!

e Suppose f is a relation from A to B. Then f is called a function from A to B, denoted
as f: A— B, if Yae A3lbe B|(a,b) € f]. Dom (f) = A, Ran (f) = {f(a)la€ A} c B.

o In contrast with a function, a mapping is a relation which may map an element of its
domain to multiple elements of its range.

e Yae AVbe B(b= f(a) < (a,b) € f), b is the value of f at a, of ”f of a”.

« Avlo ouvapthoel f, g Aéyovtan foeg oTay

— €youv 10 (o medlo opioyol A

— Vo e A(f(z) = g(x))

e Av f, g elvou 800 ouvapTiioei ye edio optopol A, B avtiotolywe, T0Te ovoudlouue
obvieon tng f ue TV g xou T cuyPohiilouye Ye g o f, T cuvdeTno:

gof=(gof)x)=yg(f(x)).

H go f opileton epdoov A # F, 6mou A = Dom (f). Av opiletar xou n fog = f(g(x)), tote
ol fogxu gog dev elvor unoypewTixd foeg.

o Av f g, h eivor tpeic ouvaptiioec xou opileton n ho (go f), t6te opiletan xou 1 (ho g) o f
xou woyvet: ho(go f)=(hog)o f. Tn oudptnon auth ) Aéye olvieon v f, g xa h xot

) cupPBohiilouye pye hogo f.

e f1TA,AcDom (f), 6tav Vo, 20 € Alzy < z9 — f(21) < f(z2)] f yvnoiwe ablouvoa

ouvdptnon / increasing function.

« flA AcDom (f), étav Va1, 20 € Alzy < 29 — f(21) > f(22)] f yvnolwc gdivouca

ouvdptnon / decreasing function.

e Eotw f,A=Dom (f):

— Vz e Aldlzg € A(f(xo) < f(x)) = f(xo) = min(f(z))]
— Yz e A[Qlzg € A(f(v0) = f(2)) = f(z0) = max(f(z))]

o Eow f:A—R. Av urndpye n avtiotpoon e g : f(A) = R éyoupe:

fl@)=yo [y ==

o O ypogixéc TopaoTdoeg Twy f xou 1 etvon OUUPETEIXEC WG Tpog Ty evlela: y = .

« Suppose f and g are functions from A to B. If Ya € A(f(a) = g(a)), then f = g.

e Suppose f:A— Bandg: B— C. Thengof: A— C and Va € A, the value of go f
at a is given by the formula (g o f)(a) = g(f(a)).

[(a,c) € g f.50(g > f)(a) = ¢ = g(b) = 9(F{a))]

e Suppose f: A— Band C < A. The set f n (C' x B), which is a relation from C to B
is called a restriction of f to C, denoted as f [ C. In other words f [ C' = f n (C x B).
The restriction is obtained by choosing a smaller domain for the original function.

e Suppose f: A— A[dJae AVX € A(f(z) = a)] — [ is called a constant function.

e Let f:R—Randg:R—R. Wesay that ”f is big-oh of ¢” and write
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f(z) = O(g(x)), to describe the limiting behavior of a function when the argument tends
towards a particular value or infinity, usually in terms of simpler functions. So:

1. f = 0(¢) means that |f| < A x ¢, for some constant A and all values of z.
2. f = o(¢) means that f/¢ — 0.

O(z) and o(x) are the Landau symbols.

e A description of a function in terms of big O notation usually only provides an upper
bound on the growth rate of the function.

« Suppose f: A— B. We will say that f is one-to-one (éva npog éva), or 1 — 1, or
injection, or injective if —=3ay, a9 € A(f(a1) = f(az) A a; # az). The situtation that must
not occur is that there are two different elements of the domain of f, a; and as, such that
f (al) =f (a2)

e Suppose f: A— B. We say that f is onto, or surjection, or subjective if

Vbe Biac A(f(a) = b).

This means that every element of B is the image under f of some element of A

(LovooTavTn).

The definitions that follow are equivalent to those of one-to-one and onto.
— f is one-to-one iff Yay,as € A(f(a1) = f(az) — a1 = ag)
— fis onto iff Ran (f) = B
e Suppose f:A— Bandg:B — C. It follows fof: A—C.
— If f and g are both 1 — 1, then so if g o f.
— If f and g are both onto, then so is g o f.

o Functions that are both one-to-one and onto are called bijections, or bijectives, or
one-to-one correspondences (1 — 1 xou exnf). Such a function is invertible.
e Suppose f: A— B. Then the following statements are equivalent:

1. f is one-to-one and onto,
2. f1:B— A,

3. There is a function g : B — A such that go f =is(A - B — A) and
fog=1u(B—>A—>D).

e Suppose g: B— A. Theng=ijog=goig

e Suppose f: A— B. If there exists a function g : B — A such that go f =14 and
fog=ip then f is one-to-one and onto and g = f~'.

o If there is a function g : B — A such that g o f = i4 then f is one-to-one.

o If there is a function g : B — A such that f o g =i then f is onto.

o Suppose f: A— Band X < A. Then the image of X under f is the set f(X) defined
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as follows:

f(X) = {f(x)|r e X} = {be B3z e X(f(z) = b)}

If Y = B, then the inverse image of Y under f is the set f '(Y) defined as follows:
fHY)={ae Alf(a) e Y}

« Suppose f: A— Band W and X are subsets of A. Then f(W n X) < f(W) n f(X).
Furthermore, if f is one-to-one, then f(W n X) = f(W) n f(X).

Algebraic properties of functions

« Functions shifted Left / Right: Given a function f(x) and a value ¢ > 0, the graph of
f(z 4+ ¢)/f(z — ¢) will be a shift of the graph of f(z) left / right by "¢” units.

« Functions shifted Up / Down: Given a function f(z) and a value ¢ > 0, the graph of
f(x) + ¢/f(x) — ¢ will be a shift of the graph of f(z) up / down by "c¢” units.

« Functions vertically scaled: Given function f(z), the function a - f(x) will stretch all
y-values of f(x) by multiplying each one by a € R.

« Functions horizontally scaled: Given function f(z), the function f(ax) will adjust all
x-values of f(z), by multiplying each one by a.

e A scale is a non-rigid translation in that it does alter the shape and size of the function
graph.

o Not all functions are even, or odd, but most can be written as a sum of an even part f.
and an odd fy part. Every function f can be written: f(z) = fo(x) + fo(z)

oty = Ty =

e A continuous function is, roughly speaking, a function for which sufficiently small
changes in the input results in arbitrarily small changes in the output.

e ar’+br+c=0, a#0: Trinomial

S=x;+x9= — AP=ux 19 = g : TOrot Tou Vieta

coalr—x)(r—22) =0

2 — (v + )+ =0« 2> -~ Sz + P =0

o Aoyoprduxr, cuvdptnon ue Bdon a eivar n f 1 (0, +00) — R, ye f(z) —log, =

o Exetoch) petoPorf: Q(t) = Qoe (¢ >0 : exdetnhy duinon v (¢ > 0 : exdetixt
andacPeon)

Qo = apywh) 1) Qt = 0

« Factorization of Quadratic az? + bz + ¢, when a = 1

— if ¢ is positive: a) f1, fo are factors of ¢ and both have the sign of b, b) The sum of f;
and fy is b

— if ¢ is negative: a) fi, fo are factors of ¢ and have opposite signs, the numerically
larger having sign of b, b) the difference between f; & f5 ish We finally denote them

as (x — fi){x — f2)

« Factorization of Quadratic az? + bz + ¢, when a # 1.

32



— We obtain |ac|
— We write down all the possible factors of |ac]|.
— We follow similar procedure as above

— Once we find fi, fo we write them: ax® + fix + fox + c and then this is factorised by
grouping.

o If D =b* — 4ac is a perfect square, the quadratic has 2 simple factors.

8.1 Even and Odd functions

e Not every function is even, or odd but many can be written as the sum of an even part
and an odd part, like so:

YR (L9 YRPICES £

Properties

Properties involving Addition and Subtraction

e Odd functions are symmetric in the 1st and 3rd quadrants.

o If a function is odd, its absolute value is even.

e The sum of two even — odd functions is even — odd and any constant multiple of an
even — odd function is even — odd.

e The difference between two even odd functions is even — odd.

e The sum of an even and an odd function is neither even, nor odd.

Properties involving Multiplication and Division:

e The product of two even — odd functions is an even — odd function

e The product of an even function and an odd function is an odd function
e The quotient of two even — odd functions is an even — even function

e The quotient of an even function and an odd function is an odd function

Properties involving Composition:

e The composition of two even — odd functions is even — odd.

e The composition of an even function and an odd function is even.

e The composition of either an odd, or an even function with an even function is even
(but not vice versa).

Calculus Properties:

o The derivative of an even — odd function is odd — even.

o The integral of an odd function from -A to A is zero (where A is finite and the function
has no vertical asymptotes between -A and A).

o The integral of an even function from -A to A is twice the integral from 0 to +A
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(where A is finite and the function has no vertical asymptotes between -A and A. This also
holds true, when A is infinite, but only if the integral converges).
(The integral of a function is the set of all its antiderivatives.)

Series Properties:

e The MacLaurin series of an even — odd function includes only even — odd powers.
o The Fourier series of a periodic even — odd function includes only consine — sine
terms (If it is even it also includes ay which may be regarded as a,, cos(nz) with n = 0.)

Periodicity:

o If f(x) = f(z + 7), the Fourier series for f(z) contains only even harmonics (cosine &
sine).

o If f(x) = —f(z + m), the Fourier series for f(x) contains only odd harmonics.
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9 Graph Theory

e A graph is a nonempty finite set of vertices, along with a set E of 2-element subsets of
V. The elements of V' are called vertices, the elements of F are called edges.

Example
The graph G (figure 1)) is not a regular graph, because it has loop V; around a vertex. Such

graphs, with loops, are called multigraphs.

@

Figure 1: Graph G

Vertex set: V' = {Vi, V5, V3, Vy, Vs, Vs}
Edge set: E = {{V1, Va},{V1, Va}, {Vi, Vi}, {Vi, V53, {V5, Vi}} defines sets of edges, ie.

vertices directly connecting each other.

« Cardinality of a graph is the number of its vertices. eg. |G| =6

o Degree of Vj = deg(Vy) = 3 : The degree of a vertex, say V; (Graph G), is the number
of vertices it is directly connected with.

e The edges don’t need to be straight, as long as the connections are preserved. Such
graphs are called isomorphic. For example, graphs G and G’ are isomorphic.
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w, |

Figure 2: Graph G’

o Adjacency List: We list vertices adjacent to each vertex. eg. For graph G, we have:
ViiVo, Vs, Vy

VoW

ViV

ViV, Vs

Vst Vi, Vs

Vs : Vs

o Adjacency Matrix: In every place of the matrix we insert a 1, if there is a connection
between the corresponding vertices, or a 0 if there is not. For graph G, the adjacency
matrix is the one pictured below (figure [3))

[ 7 A /

‘ ( ) f i /

| V |

| P A

% 4 () Y ()

| (W N\

i //g e \ A ;‘(’“Aﬁv

|7 o/ ) \
} /

| ™ 7

’ {1 [} L {
| \J J o ! \
| ~ A

Figure 3: Adjacency Matric for the Graph G

o Graph C below (figure [4)) is called a circuit, because there is at least one vertex, say D,
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from which we can start and without ever backtracking or lifting the pen, we can return
back to it through a route, specified by the edges of the graph. Possible routes in this case
are DABCD, DCBAD.

Figure 4: Graph C - A circuit

e A cyclic graph is a graph containing at least one graph cycle. A graph that is not
cyclic is said to be acyclic. A cyclic graph possessing exactly one (undirected, simple) cycle
is called a unicyclic graph. Cyclic graphs are not trees.

o A tree (figure [5)) is an undirected graph in which any two vertices are connected by
exactly one path. In other words, any acyclic connected graph is a tree.

o A forest is an undirected graph, all of whose connected components are trees; in other
words, the graph consists of a disjoint union of trees. Equivalently, a forest is an undirected
acyclic graph.

Figure 5: Graph G is in fact a Tree

e A Eulerian trail, or Eulerian path is a trail in a graph which visits every edge exactly
once.

e A Eulerian circuit, or Eulerian cycle is an Eulerian trail which starts and ends on the
same vertex.

o We have a graph G = (V, E), where V, E the sets of vertices and edges in the graph
respectively.
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Z d(v) = 2|FE|, where d(v) the grade of vertex v

veV
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10 Discrete Math

b 0 b<a
« Sigma notation definition: Y f(i) = b ,
2 f@+ Y f0) b>a
i=a+1
N N+1
e Permutation of Indices: Z bpi1 = Z b,
n=1 n=2

e [n/2]+|n/2] =nVneZ

+ Pigeonhole Principle (Apy# tou Ilepiotepdva): Me omolovdrinote tpémo va
TOTOVETHOOUYE N TEPLOTEPLN OE M YWALES, PE 1 > M Yot UTAOYEL TOUASYIGTOV Uiot YWALY e
[n/m| nepotépra.

o Zero-based numbering, or index origin = 0, is a way of numbering in which the initial
element of a sequence is assigned the index 0, rather than the index 1 as is typical in
everyday non-programming context. Under zero-based numbering, the initial element is
sometimes termed the zeroth element, rather than the first element; zeroth is a coined
ordinal number corresponding to the number zero.

e =142, VreR

<In(l+z)<z, z>-1

1+z

+ Golden Ratio (Xpuot| Top#)

Two quantities are in the golden ratio if their ratio is the same as the ratio of their sum
divided by the larger of the two quantities. Some twentieth-century artists and architects,
including Le Corbusier and Dali, have proportioned their works to approximate the golden
ratio—especially in the form of the golden rectangle, in which the ratio of the longer side
to the shorter is the golden ratio—believing this proportion to be aesthetically pleasing.
The golden ratio appears in some patterns in nature, including the spiral arrangement of
leaves and plantlife.

oa = a + bab
1++/5

Its value is: ¢ = = 1.61803 39887 € Q

2
Properties
1
e 1+ 5 = ¢ , which can be arranged into...
e 9+1=¢
1 1
e —+—5=1

2
o Using the quadratic formula for the above, two solutions are obtained:

1++4/5 1—+/5
0=

= 1.61803 39887... and ¢ = 5~ —0.61803 39887 ...
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10.1 Asymptotic Notations and Growth of Functions

n 1
o Stirling’s approximation: n! ~ v/2mn (E) (1 + @()) , for large n.
n

e
= ()
e nl> |z
3

. Zlog = log(n!) ~ nlog(n), ie. log(n!) = ©(nlog(n))

T T WA T(n) = o(g(n))

ie. T'(n) has a much smaller rate of growth to that of g(n) as n grows without measure
Vn = ng

. T(n)
o If hngo(— =c >0->T(n)=w(gn)) A~ T(n)=o0(g(n)), thus T'(n) = O (¢9(n))
ie. T'(n) and g(n) have the same rates of growth.

T

« If lim g((Z) =400 — T(n) =w(g(n))
ie. T'(n) has a much greater rate of growth to that of g(n) as n grows without measure

Yn = ng

10.2 Sequences and Series

o Arithmetic Series is a sequence (/series) of numbers in which each differs from the
preceding one by a constant quantity.
e u, =a+ (n—1)d: General term

n—1
. Z(a—i—rd) = ﬁ[2@—1— (n—1)d] : Sum
r=0 2
or S, Z a+rd) = nalgan) , aq is first term & a,, is the last term.
7—1— c . .
e b= —5 a < b < c¢: Arithmetic mean

¢ Geometric Series is a series with a constant ratio between successive terms.
. un =a-r""" : General term

1—7“)
. Zar = , or more generally ..
k=0
n m n+1
Z pa(r™ =t
. e — 7
= 1—r
e}
a
. |r|<1—>2ar ]
k=0 -
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e b=+/ac ,a<b<c: Geometric mean

31 1 1 1 1
. HarmonicSeriesistheseries:nzln=1+2+3+4+5+...=10g(n)+(’)(1)
1
e u,=—,n¢eN*": General term
n
2 2
e« b= ac:1 7,0 < b < c: Harmonic mean
a—+c a‘i‘g

k

1 1 1 1
o Hk:;:1+2+3+4+...+k:Harmonicnumber

L] H on < 1 +n
x
<2, V=2
x j—
o The sum of the first n terms of the harmonic series is given analytically by the nth
harmor}lic number:

1
ang —=7+Yo(n+1
k::lk v+ o )

where 7 is the Euler-Mascheroni constant and () is the digamma function.

o Euler’'s number: e is a mathematical constant that is the base of the natural logarithm:

the unique number whose natural logarithm is equal to one. The number e ~ 2.71828 is the

limit of (1 + — | as n approaches infinity, an expression that arises in the study of
n

compound interest. It can also be calculated as the sum of the infinite series:

S A S S
~n 1 1 1.2 1.-2-3
The constant can be characterized in many different ways. For example, e can be defined
as the unique positive number a such that the graph of the function y = a” has unit slope
at x = 0. The function f(x) = e” is called the (natural) exponential function. The natural
logarithm, or logarithm to base e, is the inverse function to the natural exponential
function. The natural logarithm of a positive number k£ can be defined directly as the area
under the curve y = 1/x between x = 1 and = = k, in which case e is the value of k for

which this area equals one (see figure [6)).
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| —
o
] o

e

Figure 6: e is the unique number that makes the shaded area under the curve y = 1/x equal
to 1

Sum of the Powers of Natural Numbers

. iT:n(n—i-l)

r=1 2
m m—k
. Zrzk-(m—k—i—l)—l- i
r=k i=1
anrg _ n(n+1)(2n + 1)
r=1 6 )
1
. ZTSZ{“(”H}
r=1 2
[ee]
1
. Zxkz Jxl <1
k=0 1 -
& T
. kat = Jrl < 1
,;) (1— )
. Zc=c-(n—m+1)
Z"ll_(n—m—i—l)(n—i—m)
o 2
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Infinite Series: Zuk=u1+u2+u3+...+un+...

k=1
e}
e lim Z ug is a definite value — Series is convergent
n—oo
k=1
0

. liIIC'_)lO Z ug is not a definite value — Series is divergent
n—

k=1
Relationship between Summation and Product notations:

nor o0
noroo

n kT = krs ﬁhr

r= sth
Zlogk log <Hk) log(n!)

Dec1mal Representation: A decimal representation of a non-negative real number r is an

0
expression in the form of a series, traditionally written as a sum: r = Z 10 where ag is a
nonnegative integer, and ay, as, . .. are integers satisfying 0 < a; <9 called the digits of the

decimal representation. The sequence of digits specified may be finite, in which case any
further digits a; are assumed to be 0.

The number defined by a decimal representation is often written more briefly as

r = a9.010203 - . . .

That is to say, ag is the integer part of r, not necessarily between 0 and 9, and
al,a2;a3, ... are the digits forming the fractional part of r.

e A sequence is called monotone if it is either increasing, or decreasing.

Tests for Convergence

1. hngO u, = 0 — series may be convergent,
n—

hrrolo u, # 0 — series is certainly divergent
n—

2. Comparison test - Useful standard series

1 1 1 1 1 )
—+—+—+—+..—i——p—i—...:P—SerleS
n

For p > 1 series converges. For p < 1, series diverges
1 1 1 1

o l—c4+-——+-—...
2 3 4 5

3. D’Alembert’s ratio test for positive terms

. Unp+1 ..
e lim < 1 —> limit converges
n—eo un
. Up+1 e . .
o lim > 1 — limit diverges
n—ae0 un
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Up+1
Unp,

e lim = 1 — inconclusive assessment

n—aoo

4. For General Series
e 0ol|u,| converges — ou,, is absolutely convergent
e 0olu,| diverges A ou, converges — ou, is conditionally convergent

5. Limit Comparison Test
e Suppose b, : known series, a,, : series under test

. a . . .
0 < lim — < o0 —> both series behave in like manners

n—o0
n

6. Monotone Convergence Theorem
e Lemma 1: If a sequence of R is increasing and bounded above, then its
supremum is the limit. The supremum is defined as the least upper bound of a
sequence / function.
o Lemma 2: If a sequence of real numers is decreasing and bounded below, then its
infimum is the limit.
o Theorem: If {a,} is a monotone sequence of real numbers (i.e. if a,, < a,41, for
every n = 1, or a,, = a,+1, for every n > 1) then this sequence has a finite limit if and
only if the sequence is bounded (a sequence is called "bounded”; when it’s bounded
above and below).

_1\n+1
7. Alternating sign test: Based on the alternating harmonic series: i If the

n
magnitude of the terms decreases and the signs alternate then the series converges.

h? h3
o Taylor Series: f(xzo+ h) = f(xo) + hf'(z) + jf”(:v) + gf”/(iﬂ) + ...
where f(x) is continuous in Dom(f). ' .
2 3
e McLaurin Series: f(z) = f(0) + zf"(0) + %f”(O) + %f”’(O) + ...
where f(z) continuous in Dom(f). McLaurin series describes the function f(z) in terms of
its successive derivatives at x = 0

Useful / Common Series Expansions

Reminder: In every trigonometric expansion the angle must be in radians
3 5 7 9
x> x> oz x
TR M T
_q 2?2 ozt 2% g8
s =l e e T
3 5 7

. sinh(x)=x+—+—+$—+...

o sin(x) ==z

315 7
2 c4 6
. cosh(x)zl—i—%—l—%—i—%—i—...
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e t = — - -
an(z) =+ o+ e+ o+ oger
12 I'g 274 1'5
(i) =tr-L el T
273 175
2 o gt
o =142+ —+—4+—4...
o T3 T
_ 2 3 gt

2 3
« Binomial Series: (1 +2)" =1+ nz + %n(n -1)+ %n(n —1(n—2)+...

« Binomial Expansion (General Case):
(a+b)" =" Coa™° +" Cra" 1o +" Coa™ 20> +" C3a"'b* + ... +" Cpa’b"

e (Ixa)'=1Faz+2>F2*+2"F ... Converges iff |z < 1
d 1
. %(1 $)71:m:1+2$+3x2+4$3+5$4+
4 6
2py = g2 T2
cos”(z) = x T
sin '(z) =2 + 3—|—3—I5+
3 40
. 202 33 ghet
e e =1+ax+ o + al + 1 +
LR L
e tan '(2) =1 - 4+ -+ —

n—aoo

1
e Harmonic numbers are the numbers H,, for n > 1 defined by H,, = » —

i=1 v

n—1
Vn,meN(an—»Hn—Hmzn m) Zszan—n
n
k=1

n—1
. 2”—1=1+2+22+23+...+2”‘1ZZQk
k=0

N 2n_2n—1 — 2n—1
3n+1_1
. 1+3+32+33+...+3”=T

e Thelengthof [1+243+...+2"+ 2"+ 1)+ (2" +2)+ (2" +3) +...+ 2" \n > 1,
is a power of 2.

. ﬁyuoz(n+1y—1

Fibonacci Sequence

o The definition is given by the recurrence relation: F, = F,, 1 + F}, 2
where F():O,Fl =1or F1 :F2:1
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(1+\/5)n _ (1—\/5)71
e F,=F, 1+ F, o= 2 2
1 2 \/g

L 2F212F0+F2+F4+...+F2n:F2n+1—1
1=0

o The sequence ag, ay,as, ... is called a generalized Fibonacci sequence, or a Gibonacci

sequence, if
Vn = 2(an, = an_o + ap_1).

2 2
Also, Els,teR[an = s(l—i_\/g) +t<1_2\/5) ]

2
e The Lucas numbers are the numbers Lg, L1, Lo, . .. defines as follows:
1+v5\"  [1—+5\"
W)Lo=2, b)Li=1, VYn=2L, =Ly o+ Lnt= ( +2*f) + ( 2f>
) n n(n + 1) )
e Triangular numbers: T, = Z k= — equal to the number of dots composinga

k=1
triangle with n dots on one side

o To+Th1=n*=(T,—Tn—1)>

o Dirichlet series: is any series of the form:

0
Qn

nS
n=1
where s € C and a is a complex sequence. The Dirichlet series plays a varierty of

important roles in analytic number theory (the branch of Mathematics connecting Number
Theory / Discrete Math and Calculus).

772_1+1+1+1+1+
6 12 922 32 42 52 7

o Mersenne sequence: f(z) =2"—, neN

10.3 Fourier Series

« Approximates the values of a periodic function: f(z+7) = f(x), where T is the period.
o The Fourier series converges to f(x), if the Dirichlet conditions are satisfied (sufficient

conditions).
1. The function f(¢) must be defines single valued & periodic.

2. f(t) and f'(t) have at most a finite number of finite discontinuities over a single
period - i.e. they are piecewise continuous.
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o0
= 50 Z a, cos(nwt) + by, sin(nwt)), ag, an, b, are the Fourier coefficients

T/2
2 J Ft)d
T/2

/2 T/2
f ) cos(nwt)dt b, = J ) sin(nwt)dt
T/2
o Alternative notation for real valued functlon f ( ) with complex coefficients:
0 ) 1 T/2 ) n— 'bn )
f(t) = Z cn€?™  wherec, = f ft)e 7motdt = In = J0n c,|e?®™ : Discrete
n=—0o0,n#0 T *T/2

complex spectrum

/N

Figure 7: Sum of Fourier series at a finite discontinuity

o Sum of Fourier series at a finite discontinuity: At x = x; series for f(x) converges to
the value: 1/2(f(z1-) + f(z11)) = 1/2(y1 + y2)
[0}

o Alternative notation: f(t) = % + Z e sin(nwt + ¢y,)

n=1
a
Cn=4/a2+02, ¢,= tan_l(b—n)
n

The constant (D.C.) term ag/2 is to raise, or lower the entire waveform on the y-axis.
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Figure 8: Fourier Series Table




11 Probability Theory

o Av oe v extehéoelg vOC TEWRdUATOS €val EVOEYOUEVO A Tpayuatormoeltal k Qopéc, TOHTE 0

k
Aoyog — ovopdletar oyetixt| ouyvotnta Tou A xou cupfolileton ue fa.

v
o Yranotxy| opahdtnta ) Nouog towv Meydhowy Aprlumv: Ou oyetiés ouyvotnteg
TeayUaTOTOlNo NG EVOS TELRAUATOS, ToU EXTEAE(TOL %dTw and AUETIBANTES CUVITXES,
otadeponoolvton YOpw and xdnowoug aptipolc (6t mdvtote Broug), xadwe o aptduée Twy
DOXWMY TOU TELRUUTOS ETUVUAAUSAVETAL ATECIOPLGTAL.

Awwpatind Oepeiinorn Mavdtnrag

Eotw Q = {wy,ws,...,w,} detyyatixdée ywpoc pe nenepacuévo taifdog atoryeiwy. Ioybouv ta
TOEOXATE:

e 0<Plw)<1l ,1<i<v

e P(Q)=Pw)+Plw)+...+Plw,) =1

o Edv wi,wy, ..., w, elvon avd dVo acuuBifacta, 0nhadh w; Nw; = &, TOTE:

Plwy +wa + ... —i—wl,) = P(wy) + P(w2) + ... + P(w,)

« P(@)=0

e Av P(w;) = 1 , TOTE £YOUUE TOV XAACIXO OPIOHO TNG TAVOTNTAUS EVOS EVOEYOUEVOU

~

(1oonidava evdeydueva):

P(4) = IDvdoc Euvoixay [lepintdoswy  N(A)
— Tvidoc Avvardy Hepintdoewy — N(Q)

« P(Au B)= P(A+ B) (alternative notation)

e P(An B)= P(A- B) (alternative notation)

e PA)Y=1-P(4)

e P(AuB)=P(A)+ P(B) — P(An B) (additive law)
e AnB=g—

P(Au B) = P(A) + P(B) (simple additive law)
P

Figure 9: Awdypopua Venn tng mdavotnrag: P(A — B) + P(B — A)

- P(A—B)+P(B—A)=P(A-B)+ P(B- A figure[J
« P(AB) = P(;l(g)B) , P(B) > 0 (deopeuyévn mdavotnia)
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« P(AnB)=P(AB)-P(B)=P(B|A) - P(A) (molanhactaotixdc vOUoC twy

TAVOTHTOV)

« P(AB) = P(B|;l(>B)P(A) : Yedpnuo Bayes, enlong:
Pl - P P(BA

P(A) P(B|A) + P(A) P(B|A)

o Alo evdeydueva A xu B pe P(A) > 0 xaw P(B) > 0 Myovtar avedptnta, ov xon Lovov
av P(An B) = P(A) - P(B)

o A, B aveldptnra evdeydueva — P(A|B) = P(A) xa P(B|A) = P(B)

« P(A)=PANB)+PANB)+...+P(AnB,) ZPA|B P(B;) uévov av

By, By, ..., B, acupfiBactd evoeyoueva xa By + By + . —|— B =)
« PA+B+T1)=PA)+P(B)+P(I')— P(AB) — P(AF) P(BI') + P(ABT)

ZP(%H/) =1

e An experiment that has a result with more than one possible outcomes is referred to as
a random experiment. The only requirement that is made of the outcomes of a random
experiment is that they be mutually exclusive. To cater for ranges of possible outcomes we
define an event. An event consists of one or more outcomes selected from a list of all
possible outcomes.

o Indicator function is a function that returns the value of 1 when something is true and
0 when it is false.
e Indicator Random variable has value 1 if something is going to happen and 0 otherwise.

1[14] = { (1): ;éEAA

For N trials the probability of 1’s will be N - 1[A] and the long term average value for
these N trials will be P(N).

o Expected value of a discrete random variable is R defined as following. Suppose R can
take value r; with probability p;, value ry with probability p,, and so on, up to value ry
with probability p,. Then the expectation of this random variable R is defined as

E[R]=T1-p1+7’2-p2+...+rk-pk

o Linearity of Expectation: Let R, S be random variables of some probability space and
a, b constants. Then the following holds:

FE{a-R+b-S}=a-FE{R}+b- E{S}

o Central Limit Theorem: Given certain conditions, the arithmetic mean of a sufficiently
large number of iterations of independent random variables, each with a well defined
(finite) expected value and finite variance, will be approximately normally distributed,
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regardless of the underlying normal distribution.

Avarvtixdtepa: Abvovtar ot T.M. X; xou X = X + Xy + ... + X, 10 dpoiopa touc. To
ddporopo autd amoterel o T.M. ye uéon s m = my + mo + ... + My, X0 NAXCPAVOT)
o? = Uf + 03 4+ ai. To K.O.0. dnhodvet 611, x4t omd 0ptoUEVES YEVIXES CUVINXES, 1)

xotavopt| fx (x) e X npooeyyiler v xavovixr xatovour| ue tny i péon Tur m o
’ 2 X—m
doxOpaver, o ¢ f(x) ~ G (

) xod@c 10 m augdvel ((Vewenuxd xodde m — o).

o Law of large numbers (LLN): describes the result of performing the same experiment a
large number of times. According to the law, the average of the results obtained from a
large number of trials should be close to the expected value and will tend to become close
as more trials are performed.

11.1 Combinatorics

o Boowr] Apyd Anopidunone (xavévae yvouévou): Eotw ot ua Stodooio propel vo
Tpaypatonotiel o€ v Blad0YES YACELS P1, Pa, ..., Py AV 1) @don ¢ umopel va
Tpayuatonotniel ue ki TpOTOUC xou Yo xodEvay amd auTOUS 1) YACT| Yo UTopel Vo
Tpoyuatonotniel ue ko TpOTOUGC, ... xou Yo xadévay and GAouC aUTOUS TOUG TEOTOUS 1) YAoT)
¢, umopel v tpaypatoroinVel ye k, tpomoug, ToTe 1) dradtxacto autr uropel va
reoyuatonotniel ue ki - ko - ... - k, TpoTOUC.

»  Metadéoeig (permutations): X1nv nepintwon mou mdpoure xau o ¥ oTouyeld EVOS
ouVOLoU xat Ta BAAOUUE OE Lo GELRY, TOTE €YOUUE Wil DtdTadn TwV v oTolyElwy avd v, 1) omola
Myeton petdideon twv v otoyelwy. To mAfdog 1wy yetadéoewy Yo etvon: M) = M, — v!

o Auwrtdiec (k-permutations): Awdtaln v v oTtolyelwy evoc ouvohou avd k, ue k < v,
Aéyetan xoévag amd Toug BIUPORETIXO0US TEOTOUS UE TOUG OTOI0UE UTOPOUYE Yo TAROUUE Kk
SLopopeTIXd oTotyela Tou GUVOAOU xaL Vo Tol BIAOUUE OE Ul oeLpd. (Dtatdlels Twv v ovd k1)

- D=2k 41) =

(v —k)!
Notes:
- The order of elements matters.
- No elements may appear more than once.
~ , . . 7 ’ I3 J4 7
+  Yuvduaouol (combinations): Yuvduaoudc twyv v atolyeiwy evoc auvdrou avd k
ovopdletar xdle utocotvolo Tou cuvolou Ue k ototyela.

n n!
(”n choose k”) an = (k) = m , n = k

Notes:
- Order doesn’t matter.

o All combinations of sizes of the input sequence (eg. the Power set of the input set):
2n

e Newton’s Binomial:
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0
(a+b)" Z(n)a”kbk,neN Aa,beR

k=0 k

Properties:

59 (24
() ()*EZ) Z)zngkzo(z)QH

_l’_

() () +(5) =)+
() () G) ()= ()

Random Variables - (Tuyaiec Metafiintéc)

A (discrete) random variable X is a function from a finite, or countably infinite sample
space S to the real numbers. It associates a real number with each possible outcome of an
experiment, which allows us to work with the probability distribution induced on the
resulting set of numbers.

P(X>z)=1—-P(X <)

P(XZ12)=P(X Sz)+P(X = 1)

Fx(z) =P(X <z), Yre(—w,0), Fx : ALK mctu X
H Fx etvar pn @divouca. Av 1 < xg, 161 Fx(21) < Fx(22)
F(40) =1, F(-0) =0

lim F(X <2)=1, xlirzle(X<x) =0

Vo < zo(Fx(x9) =0— Fx(z) =0)

0<F(X<2)<1, Vo

Fx(=z) = Fx(z)

Fx : ouveyfic and ta 8eid: Fx(z) = Fx(z™)

P(zy < X < 19) = Fx(x3) — Fx(x1)

P(X =2x) = Fx(x) — Fx(z7)

P([El <X<ZL’2) FX(CL’Q)—F)(([EI_)

SILIL: fx(z) 2 dFXx( ) Fx(z) éJ zfyx (u)du

P(X € B), B : ddotnpo = J fx(x)dx
B

Expected/Mean Value
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e E(X)= joo zfx(z)dx : for P.D.F.

—0

« EB(X) =) 2;P(x;) : for PMF.

Properties:

e E(C)=C": otoepd

e FE(C-X)=C-EX)

e E(C-X+b=C-EX)+b

Variance

e o% = E(X?) —[E(X)*] : Variance
Properties:

e Var (C)=0

e Var (C-X)=C?* Var (X)
e Var (C-X +b)=C?-Var (X)

+ Covariance (ouvdoxiuavor) of two r.v.: A measure of how much two r.v. change
together.
Cov (X.Y) = E[(X — E[X])- (Y - E[Y])] = E[X - Y] - E[X] - E[Y]

e Error probability:
P.=P(e|X =x1)-P(X =z1)+ P(e|X =20) - P(X ®x2) +...+ Ple|]X =x,)- P(X = x,)
e (Q function , X is gaussian r.v.

e QX)=1-Fx(z), Q(—z)=1-Q(z), Q(z) : pdivoucu

11.2 Probability Distributions

Bernoulli trials: A Bernoulli trial is any random experiment (r.e.) whose result has only
two outcomes, which we shall call success with probability p and failure with probability ¢ .
P(success) = p, P(failure) = ¢. Thus p + ¢ = 1.

Binomial (Awvupxi|) Distribution: gives the discrete probability distribution P(n|N) of

obtaining exactly n successes out of N Bernoulli trials.
N N! N
P(n|N) = (n)p”qN” = mp”(l —p)¥" | where (n) is the binomial

coeflicient.

Geometric Distribution: is the D.P.D. of the number X of Bernoulli trials needed to get
one success

P(X = k) =pg" ", k trials (k € N), X : number of attempts until the first success
Properties:
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. (i) Var [X] =

o (ii) The Expected value / Mean of a D.R.V. following the geometric distribution is

6 — 6
the inverse of its parameter. eg. X; = Geo( Z) — E[X;] = 5=
—1

It is the discrete analog of the exponential distribution.

Poisson Distribution: is a D.P.D. that expressses the probability of a given number of
events k occuring in a fixed interval of values (e.g. time), if these events occur with a

known average rate A (rate parameter) and independently of the time since the last event.
k

A
P(k events in interval) = P(X = k) = e_)‘y : PM.F., keN
A : average number of events per interval.
Properties:

e (i) E[X]=A,
o (ii) Var [X]= A
Exponential Distribution: is the P.D. that describes the time between events in a Poisson

process (i.e. a process in which events occur continuously and independently at a constant
average rate)

Xe ™ =0

[xle) = 0, otherwise
A : rate parameter (slope of curve)
Properties:
C ) BIXI -5
A
1

o (ii) Var[X]= e

Uniform Distribution: is a family of symmetric P.D.s such that for each member of the

family, all intervals of the same length on the distribution’s support are equal.

1, r=b
C.D.F.: Fy(x) “Z_a, a<a<b
—a
0, zrz<a
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P.D.F.

L a<z<b
fx(@)=<b—a’ ST
0, otherwise
Properties:
) B ="E
2
. (b—a)?
. X] =~
(ii)  Var [X] 1

If the random variable X follows the uniform distribution we’ll indicate that, by writing:
X ~ u(a,b)

Normal Distribution: A C.R.V. X is a normal, or Gauss R.V. with parameters x and o , if

its P.D.F. is:

0= e
A ~(X T H
C.D.F.: Fx(x) = J f)((y)dy = G(ia )
—0o0
The cumulative distribution function is often given tabulated (G).

Standard Normal Distribution: P.D.F.: y = ¢(z) = e~ 7 | where z = X1
nw=0,0=1

_ Gew? 2 .
e 22 | —o<z<o , o :variance, p: mean / expected value

1
\ 2T o

Area under the standard normal curve: P(a < z < b)
P(values within 1s.d. of the mean) = 68%

P(values within 2s.d. of the mean) = 95%

P(values within 3s.d. of the mean) = 99.7%

11.3 Stochastic Processes

o A Markov process, is a stochastic process that satisfies the Markov property (sometimes
characterized as "memorylessness”). A process satisfies the Markov property if one can
make predictions for the future of the process based solely on its present state just as well
as one could knowing the process’s full history, hence independently from such history.

o The Markov property refers to the memoryless property of a stochastic process.

o Memorylessness is a property of certain probability distributions. It usually refers to
the cases when the distribution of a "waiting time” until a certain event, does not depend
on how much time has elapsed already. Only two kinds of distributions are memoryless:
exponential distributions of non-negative real numbers and the geometric distributions of
non-negative integers.
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12 Statistics

e m+v+us+ ...+, =v: To ddpowopa twv (andhutwy) cuyvothtwy elvon (oo ue to
uéyedog tou defypatog v.

e fi= %, Yyetixty ouyvotnra (relative frequency) e twhc 2; 0 < f; <1, oot
fi(%) =100 - f;

«  To alvoho TV (x;, V;) ATOTELEL THY XATAVOUT CLUYVOTHTWY

o To alvoho tov (x;, fi) % (x;, fi(%)) anotelel TNV xaToVOUTH OYETIXDY GUYVOTATWY

o T g TocoTIXEG YETABANTES EXTOC Amd T V4, fi YENOWOTOWOVTAL CUVATLS XL Ot
Aeyouevee adpoloTixéc ouyvotntee (cumulative frequencies) NV; xon o adpolotixée oyetixée
ouyvotnteg (cumulative relative frequencies) Fj, ot onolec exgpdlouv to mAvdog xou To
TOG0GTO AVTIOTOLY O TV TUPUTNENCEWY ToU elvol IXEOTERES 1| loEC TN TWrS ;.

o Upy=Ny— Ny 1 A frr=F,— Fy 1 (unodétoviac o1 < 9 < ... <z} )

+ H yovia ¢; nou avtiotoyel 670 avtiotoryo xuxhxd Sudrypaupo ouyvothitwy (piechart)

360°
=260°f; ,ywwi=1,2,... k.

o Ye otdypopua / Sidypauua Ue dvioo TAAToC w; xhdoewy, To Bog g xhdong elval:
hizﬁ,ﬁhfzfi 0

w; w;
o X €VO LOTOYRUUUA CLUYVOTHTOY TO €uPBadov Tou oploywviou LoOUTUL YE T GUYVOTNHTA TNS
xhdong auTrg.
o Av ota loToYedUUaT GLUYVOTHTOY VewpRoouUe BU0 axoun uTtodeTnés xhAoELS, oTNY APy N
XU OTO TENOG, PE CLYVOTNTO UNDEY XU GTY) CUVEYELIL EVOGOUUE TO HEGU TWY Ave BACEWY TwWY
opdoywvioy pe eudiypauuo Tuhuata, oynuatiletoar To ToAdywvo cuyvothtwy (frequency
polygon). To eufadd tou ywplou mou oplleTon and autd xou Tov 0plovTio dEova etvar (0o Ue
TO QUPOIGUA TV GLUYVOTATWY, ONAAOT Ue To UEyevog Tou delypatog v, 1) tco e 100 av
TEOXELTAL YL IOTOYQUUUO OYETIXWY CUYVOTATWY.

ebvar ¢; =

Métpa ¢one (Position Metrics)

TV + Tl + + Tl 1 k
o I = ==Y zv; =Y x;f; : Aoduntixdc uéooc dpoc
445+ ..+ y;” ;Zﬁ ErRl W e
(Arithmetic mean)
OTOU: Ty, Ta,..., Tk : OL TWEC TNG T.U. X UE GUYVOTNTEG 1y, Va, . . ., Vg avTiOTOLYO XL f; OL

avT{OTOLYEC OYETIUES CUYVOTNTES.

1w, + ToWsy + ... + T W,

- =1 A Ja 7 .
e I = = : Ytadumouévoc uéooc bdpoc (weighted mean
w1+ we +ws + ... +w, < pov 2 pos (weig )
2, Wi
=1
OTOU X1, T2, ..., Ty OL TWES, UE CUVTEAECTES PaplTNnTog Wi, Wo, . . ., Wy.

+ H didpecoc (median) 0 evéc ninduopol v tapatnefioewy mou éyouv dotoay Vel ot
alEouoa oelpd, elval 1) UEcaio TapaThEnNoT OTAY ¥ TEPLTTOS, 1 0 WEGOS HpOC (to nwdﬂpowpa)
TWY 0U0 UECCUWY TaRUTNENCEWY OTAY V JOTLOC.
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e Dy, k=1,2,...,99 : Exotootnuéeto (percentiles)

Ovtiwée P, P —2,..., Py ywpilouv T ouvolix cuyvotnta o 100 (oa pépn. Anhad),
0ptloupE WS X-EXATOOTNUORI0, 1| Py TNV T exelvr) Yiol TNy omola To ToAY k% tov
napotneoewy eivar uixpdtepe Tou Py xou to moAd (100 — k)% tov nopatnpfioewy eivor
UEYOADTERES amd TNy T authy. Ewue] nepintwon exatootrnuopiwy eivon 1o Pos, Psg = 0, Prs
Tou AéyovTon TETaRTIUOt. Avagépovtar xat s Q1, @2, Q3 avtioTtorya.

o H emxparoloa wur My , i xopuey (mode) opiletar w¢ 1 napathienon Ye ) UEYoAlTER
ouyvotnTa ;. Mropel va opioTel xon 0Ty TERITTWOTN TOTIXGY BEDOPEVWY, EVK TA
Tponyolueva uétpa Véone opilovton Yévo yio tocoTixd dedouéva. Eivon duvatéd va undpyouv
TOMTAES, 1) ol oLl ETIXEATOOO TUYLY).

Mépa Ataonopds (Dispersion Metrics)

+ Elpoc (Range) R = Meyahltepn nopatipnon — Mixpdteen napatronon

« Q= Q35— Q1 : Evbotetaptnuoptaxd elpoc (interquartile range) 1 Q =1 Awonopd
« Var[X]=FE[(X — E[X])?| = E|X?| - (E[X])* = 0® : Awxyavor

v

1 v 1 Z €T3V 9
o? ==Y (zv; —x)? = = ) w(zw)® — ()" : Yo un opadonotuéva Sedoyévo,
v 4 v 4 v
i=1 i=1
k
1 & D TV
2 2 i=1 2 f e KRR < / . .
o= — Z ;v — ( )"+ vt opodonotnuéva Sedopéval, 56 T; efvan ot XEVTPES THIEC
v v

=1
NS xde xhdong
« o0 =+Vo?: Tumxfc andxhion (standard deviation)
o CV = % -100(%) : Luvieheothc uetoBohnc, ¥ ayett, Tumxt| andxhior (Coefficient of
| X
variation, or relative standard deviation)
L CV — MeyolUTepT) OUOLOYEVELN OTIC TWES
e Mode of grouped data = L + h(M)
2 — 1~ f2
L : lower boundary of modal class, h : size of modal class, f,, : frequency of modal class,
f1 : frequency of class preceding the modal class, f, : frequency of class proceeding modal
class
« Pearson correlation coefficient (r): Gives the strength of a linear relationship between
the n values of two variables z; and y;.
(Be aware that there may be correlation, but not linear one)

T hee &7

s
Ned
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e Spearman’s rank correlation coefficient: It doesn’t measure the actual values, but
rather the differences (d;) between the n corresponding values of two categories (/columns
of data):
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13 Number Theory

o VnmeZm#0—->3greZ(n=qg-m+rAr0<r<|m|)]

q and r are called quotient and remainder respectively, when n is divided by m.
e (nmAam>0)—-ref{0,1,2,...,m—1}

e 7=0—n=2q: dpTiog

e r=1—-n=2¢+1: neprtoc

o Well-Ordering principle: Every nonempty set of N has a smallest element.

o nis even iff n? is even.

e VYneNVzeR[nisodd — (z+1)(z" + 1)]

e neN—-z"—a"=(@x—a)@" ' +2" %a+2" 2 +... +a" ")

e VneN*[1+3+5+7+...4+(2n—1)]=1?

1%
e VneN*|1.-242-343-4+...+nn+1)=—

(n+1)(n+ 2)]

3
111 1 n
+ VneN* =
e (2_2+2_3+3_4+ MO n+1)
"o
. VneN*VmeR—{l}<1+x+$2—|—...x”_1=$ 1)
x_

« YneN* 23(n*>2n+1

e VkileZ(k=21+1->3meZ(k*=8m+1))

e VaeZ|(a®=3kva*=3k+1)AkeZl

« YneNz=2[1+2+2°+ ... +2" " mpdrog — 2" (2" — 1) : éhetog]

« A discrete logarithm is an interger k solving the equation: b* = g where b and ¢ are
elements of a group, s.t. k£ =log, g

Discrete logarithms are the group theoretic analog of ordinary logarithms, which solve the
same equation for b and ¢ in the group of real numbers.

e A number g is a primitive root modulo n if every number a coprime to n is congruent
to a power of g modulo n. That is, for every integer a coprime to n, there is an integer k
such that g - k = a (mod n). Such k is called the index or discrete logarithm of a to the
base g mod n.

13.1 Division Properties

e« VYaeZ"(£1la A tala)

o Vbe Z*(b|0)

o Va,b,ceZ nb#0 éyoupe: -albAbla—>a=bva=-b
- alb A blec — ale

- alb — I\ € Z(a|\b)

- alb A ale — a|(b+ ¢) (To avtioTpogo @uoxd dev oy let)

—alb Ab#0— |al < b

o Yk, A€ Z][(a|lb A alc) — a|(kb + )]
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To (kb + Ac) € Z Méyeteu ypouuixde ouvdvaopds twv b, ¢

o YameZ[(mlarm=>1)—>m{(a+1)]
e Va,feZ O MKA. tova, B, 6Tav évag Touldylotov and Toug a, B etvan didpopog tou 0,
ebvan 0 O %o elvon 0 YeyYaAUTEROG amd Toug YeTnolg xovoig dlonpéteg Toug. Anhadh, o b Eyel
Ti¢ axdhovdeg dLo WOTNTES:
da A d|B
(zlanz|f) 52 <o
Aéye 6T dged(a,b) , f 6 = (a,b)
o BEuxheidoiog Alyoprduog Av a,b e N xou v 10 undhotno Tng euxheldelog dadpeors Tou a e
tov b, t6te: ged(a,b) = ged(b, v)
« ged(a, b) = ged(lal, [b])
e (a,a)=a
e (a,0)=a
e (a,1)=1
e VYa,be N*(bla— (a,b) =b)
e VYa,b,keNb+#0((a,b) = (a—kbb))
e Va,b,e Z((a,b) =1— a,b) tpwror yetall toU¢ )
e VYa,beZ,b#0[d = ged(a,b) — § = ka + Ib] : Bezout’s Identity. Ou k, 1 8ev eivor
Hovoadxof.
e Va,beZ,b+#0(a,brptdrot uetollh touc <> ka + b = 1)

e Va,beZb#0|ka+1b=5— (k(a)+l(b)=1<—>(§,§=1)]

0 )
e VYa,b,ceZ((b,c) =1 A albc— alb v alc)
o VYa,b,ceZ(alb-cn (a,b) =1— alc)
o Vk,a,be Z[(ka,kb) = k(a,b)]
Avdhoyec oyéoeic 1oy louy xar yia TEPLOGOTEROUC amd B0 axepaious Ty.
[0 = (a,b,¢) = Tk, l,m e Z(0 = ka + b+ mc)] xu [§ = (o, B,7) = (a/6, B/5,7/6) = 1].
e d=(a,bc,...)=((a,b),cd,...)=(a,(bc)d,...)
« E.KII twv a,be Z* civor 10 mixpotepo and o Yetind xowd tolanhdoio 1wy a, b.
YupPoriletan: € = lemla, b] € = [a, b] xau € € N* €yer tic axdrovdeg droTnTes:
e = mul(a) A e = mul(b)
[z = mul(a) A x = mul(b)] > e<x
o, b] = [la], ]
e bla—|a,bl =a
e Ja,1]=a
e VYa,beN*[(a,b)-[a,b] =a-b]
o VYa,beZ*[(a,b)-[a,b] = |a] - |b]]
o To xowd mrohhanmidota d0o axcpaiwy ivon Tolharhdoia tou EKII toug
e e¢=lab,c,...]=]lablc...]=]a,lbcld,...]

e Ocevprnua O TEY aprluny: # IlokTewy wxpdtepwy Tou T ~ ’

In (z)
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1
[Tuxvotnta TpadTwY aptiuy péyet Tov 2 @ ¢ = ——. Altinworn:

In (z)

x
m(2) =1, 7(z): prime counting function (counts # of primes under x € Z

lim ———
25 xlog(x)
T

L[]
log()
o Kdle axéparog p # 0, £1 héyeton mpodtog, av ol uévol Yetixol danpéteg Tou ebvon ot 1 xou

pl.

o Kdle Yetixdg axpouog yeyahlTepog Tou 1€yer Evay ToURdYIGTOV TPWTO BLLEETT

o Av aelvon évac obvietog axépatoc pe a > 1, 16T UTdEYEL £Vag TOUALYIOTOY TEMTOC
aprdude p, TéToloc WOTE pla xou p < va.

o Av évag mpwTog p Sloupel To YWWOUEVO 0GWVONTOTE axepaiwy, TOTE dlonpel Evay
TOUAGYLOTOY, and Toug axepaioug auTolS.

o Kdle temde axépatog o 1 umopel var ypagel xotd povodixd 1pémo oTr Lopg:

a = pit-ps? - pit 6ToU oL pr, P, . . ., Pi €lvar VeTiXol TEMTOL YE P1 < P2 < ... Pk XOU
ar,ag, ..., a; € N*. Tote Mye 611 10 o elvan ypouuévog aTny xavovixr Tou Jop@r.

e Av o guoxdg apriude n Bev elval TETRAYWVO PUOLXOL TOTE O Vn etvan doenTog

o O euxdeldetog ahyderdpog Baotleton 670 YEYOVOHS 6T

Va,b,re NNb#0a>b—>a=qgb+r Ab>r)

o Va,b,ce Z(ax + by = ¢) : M ypopuxr dogavtixy| e€ioworn xo 6 = ged(a,b). H
elowon €yel Aoom avy dle. Tote undpyouv dnelpec Aoelg mou divovton and Touc THTOUS
r=x9+b-nAy=yy—a-n),VneZ, omou (29, yo) wot RN TG YROUUXAC SLOPAVTIXAC
elowong.

e Va,bkleZImeN[a=km+vAb=Imn+v < a=bmod m)]

e VYa,beZ[a=bmod m) < m|(a—b)]

: approximates 7(x) as x increases without bound

Congruent (toounéhotrot) Numbers

7 s / ’ 7 z ’ 4
e Oploude: Eotw m Jetinog axéparog. Abo axépatol a xou b Aéyovton 16ounOhoLToL Ue
UETEO M, OTOY BlUEOLUEVOL UE M VoL To {10 UTOLOLTO.

b(mod m) < m|(a — b)

a(mod m) (avaxhootixr)

b(mod m) — b = a(mod m) (cupuetpixn)

a = b(mod m) A b= c(mod m)| — a = c¢(mod m) (uetaBorTix)
a+c=b+ d(mod m)

e a=b(mod m)Ac=dmodm)<a—c=b—d(modm)

a-c=b-d(mod m)

e VYa,b,ceZ[Im e N(a = b(mod m)) — a" = b"(mod m) A n € N]

+ 'Bow § = ged(a,m). Téte ax = b(mod m) éyet o Moo, avy §|b.

e Avu o undhowno tne euxheidetac dafpeonc tou a € Z ye tov m € N*, 161 a = v(mod m)

e VYmeZ[m|b— b= 0(mod m)]

e VYmeZ[m = 0(mod m)]

[ ]
SEESES
Il

L[]
|l
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« VaeZl[a®=0(mod 8) v a* = 1(mod 8) v a* = 4(mod 8)]
a b
e VYa,beZ(a,b)=5—->(—-,-]=1
a? e (a7) <576)
XpAoWog PETUCY NUATICUOC! A=§—>a=A6AB=§—>b=B<5
e VkeZ[n=2k+1—-9"+1=0(mod 10)]

o Euler / Euler-Mascheroni constant:
n e e}
v = lim kzl]i —In (n)) = L ([ﬂlUJ — i) dr ~ 0.5772156649 ... |z]| : floor function
o The positive integers ¢ and j are called relatively prime, or coprime if they share no
common factors. In other words ¢ and j are coprime if their only common factor is 1.
e Mersenne prime: M,, =2"—-1, neN
o If 27 — 1 is prime then 27 1(2” — 1) is a perfect number.
o Euler’s totient /Phi function ®(n) : Roughly speaking it measure the "breakability” of
a number.
®(n) number of positive integers less than n € N (including 1) that do not share a common
factor with n, ie. they are coprime with n. eg. ®(8) =4 (numbers 1, 3, 5, 7). These
integers k are referred to as totatives of n.
®(n) is difficult to compute, except when n is prime. In that case ®(n) = n — 1 (numbers
1,2,3, .., n—1)
Properties
-®(a-b) = P(a) - P(b)
- pis prime —» ®(p) =p—1
- m,n coprime — m®™ =1 mod n
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14 Geometry

14.1 Line Segment

o Av M eowtepind (f M’ e€wtepind) ornueio euduypdupou tuhuatog AB, Aue 6t 1o M
Srapel eowtepd (1 eZwtepnd avtioTolywe) o eudiypoupo tufua AB oe Adyo A, av xou

UOVO av A = To ornuelo autd ebvon povadkd. o xdie nepintwon oy el

MB

A 1
-MA=——-AB,MB=AB— MA=——AB (A M { M
A+1 ’ A+ 1 () M" avet 1o M)

Figure 10: Xuluy¥ Apuovixd onueta M & M’

o (figure Abo onueioa M xou M, mou Sioupolv ecwtepind xan e€wTeRLAd To TUAUa AB
otov B0 Adyo, héyovton ouluyr| apuovixd Twv A xou B, av ta téocepa onueia eivo
A MA
MB ~M'B
o Avo (Y neplocdtepa) eudlypopua oyfuoto Aéyovtar Gpola, 6TaY ot TAEUPES TOuG Efvor
avdhoyeg (avdhoyo pixoc) xat oL Ywvieg Toug (oeg.
A

ouveuetaxd xat eniong toyvet ot

«  To Uoc v, evog tpry@vou ABC dlvetar and tov tURO!

vo = 27— a)(r — B)(r ), 7 ¢ muncplyeTpos.
a

Avooyieg
a a b 9
. g—gﬁad—bc, f—EHb—ac
a ¢ a b
. — = — > — =
b d c d
a_c aib_cidg_g a  c
b d b d’b d a+b c+d
a _c _ _@_a+c+...+k
b d 7l b4d+...+1
e agxXbeoa=M\b
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14.2 Triangle

Figure 11: Reference Triangle

o II=a+b+c: llepipetpoc (See figure [11)
a-v ab-sinfd rll ) ,
c == i =5 Eufodd terywvou

e e=+/T(T —a)(T - b)(T — ¢) : Throg Tou Hpwva, 6nov T nuinepiuetpog Tprydvou

T axTivol ToU EYYEYPUUEVOU XUXAOU TOU TEIYWVOU

II a+b+c
° S:—:i
2 2

3
o T toomheupo tplywvo €youpe: € = 7&, II = 3a , a: whevupd

o 30°—60° —90° triangle — 1 : v/2: 2
o 45° —45° —90° triangle — 1:1:+/2

b 1
o €= Z—}g = §bc - SInA = Sac sinB = §ab -stnC' R @ axtiva tepryeyypopévou xUxhou Tou
TELYWVOU

Opvoynvio Teiywvo

o a® =0+ Mudaydpeto Oedonua
A A
o =0+ —2b-AC,in ABD : Levixeuon 11.6. yio A < 90°, AC' = mpofyc
A A
e Edv A>90° - ABC wpfiuydvio — a® = b* + ¢* +2b- AC

e The maximum possible altitude of a right-angled triangle is half the hypotenuse. By
inscribing the triangle into a circle to see this.

lo Ocpenua Atauéowy
a

2

2 2
,at b =2+ —

b
a* + =25 + 5

o =2+ 5
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a

Figure 12: Ogdoywwvio Telywvo

20 Oewpnuo Alauéowy
e b*—c*=2a-MD ,MD = Te0Baflq

14.3 Quadrilateral

Figure 13: Kupté Tetpdnieupo
o (figure To euBadd xupTol TETPATAENEOU LGOUTAL UE TO MULYIWVOUEVO TWV DAY wViwy
T0U, TOA/U€VO UE TO nuitovo TN Ywviag © Tou autég oynpatiCouy:

(ABCD) = 1/2- AC - BC - sin(®)

Opvoyovio [Mapahhnhoypoupo
o IMI=2(a+p)
e E=a-f

[TAdyio TlapadAnhéypauuo
o IT=2(a+10)
e E=a-v=afsin(f)
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X
Figure 14: ITAdywo Iloparinidypouuo

S
[ ] ]___[ = % 5
[ ] E = 12 2 == - U
U,; .-}_ -9 ) {/f
/,_' ~ '-\‘.
i by
XS {2
Figure 15: PéuPog
Teonéllo

—"_ x> Ié x~ 7 /7 z 7 7
.« F7 = a4 5 (0tdpecoc) H Suduecoc diépyetan and to péoa Twv daywviwy tou tpaneliou.
BK = KD, A\ = AC.

14.4 Regular Polygon

o O Aoyog Ty eufad®y 800 dpolwy TohUYOVWLY, €otw B xou I, icobtar ue 1o tetpdywvo
a v

TOU AOYOU OPOLOTNTAG TOUG: — = LT=-)N— — = 2
a Uy E
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Figure 17: Yrowyelo Kavovixot Tloluywvou

Ye xdde xavovind moAlYwVo 1oy louY oL GYECELS:

/\2
1. a2+~ =R?

4

2. P, =v-A\,: llepluetpoc
360°

3. wy = : Enixevten yovia

v
]' NP4

4. E, = §Pv -y Fufodd

5. ¢, = 180° — w, : ['wvia TohuydVoL

6mou A\, : Thevpd TohuyYOVou, IR wxctiva x0xAou, a, @ amoOoTNUY, v @ TARD0G TASUPGY
TOAUYWYOU

+  Adpolopo ECOTERIXDY YOVIOY ToAuYOVou: (2v —4)L

o Adpoiopo EEWTEQIXWY YOOV XUETOL ToAUYGOVOU: 4L
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14.5 Stereometry - Polyhedron

o Ocetpnuo tou Euler (Euler’s formula) yia to moAvedpo: K + E = A+ 2
K: mifdog xopugpav, E: mhfdoc edpwyv, A: mhfdog oucy

E
« A= %, v oprdpog mhevpwy xde €dpag. Kde €dpa €yet xou v xopupég
o T o emgdvern A 1 oteped ywvia w mou TNy tepthapfdver opiletar wg: w = 2 (sr)
omou A’ 1 TeofBolt| Tou A oe ogalpa oxtivac R.
Movéda pétpnong: steradians (sr)

\
Y

Figure 18: Xtowyeta Tetpagdpou

Tetpdedpo
o Eufodd xavovixol tetpagdpou: F = V3a?

V2a3

«  'Oyxoc xavovixol tetpogdpou: V = B

=
/]

Figure 19: Yrowyela Opdoywviou Hapornhemnédou

OgVoyavio Hapardnheninedo
e Oyxoc¢:V=a-b-c=FEp-c
o Awyovioc: P =a+b+
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e BEuPodd ohurc empdvewac: Ey = Er + 2Ep , Ep : eufadd Pdong

Figure 20: ITupau{da
HTupauida
b\ > ay?
. Lo e 2 @ 2
Eufood: E = ab+a <2) +h%2+0b (2) +h

o Oyxog: V = E?)Bh, Ep : eyfodé Bdong
Koavoviny| [Tupauida

(rupoida Tou 1 Bdomn Tng etvor xavovixd ToAlYwVo xar o Theuptxd U eivon 6hat foa o€
whoc.)

o BEufodd napdmhevprnc emodveag: By =7 -

o  Eufadd ohxhc emodveac: Ey = 7(p1 + «)

T @ nurepiuetpoc Pdone, p 1 mapdnievpo / hold Ldog

Figure 21: Yrowyela Kovou

Kovoc

o BEuPodd napdmheupng empdvetag: By = mrl

o Yuvohxd euPodd: Ey = mrl + 7?1 hoib Uog
2h

o 'Oyxog xwvou: V = % , o oxtiva Bdong
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Figure 22: Kdhwvdpog

Kdiwvdpog

o Topdmhevpo eufadov: E, = 2nrh

o Ol eufudd: Ey = 2mr? + 27rh

e Oyxoc: V =mr?h

o llepiyetpoc (énerta and mhdyto tpoBolt| oe eninedo II = 2(2r + h)

Lpafpa
o FEyufoddv: E = 47rr?

o Oyxog: V = gm’?’

Métpnon xéhoupng (Iloooxeholc) Tupauidag

o  Eupadd napdmhevpne emgdverac: By = (7 + 7')u
7,7 oL nunepiuetpot twy Bdocwy, w nopdrievpo Udog
o Eufodd ohuric empdvewc: F = B, + Ep + Ep

Ep : EuPadd yeyding Bdong, Ep @ EyPoadd uxperc Pdong

Figure 23: Kéhoupoc xwvog

Métpnomn Kdrovpou Korvou

o Eupadd napdnhevpne empdveroc: Er =7 - pu(p + p')

p : mapdmheupo Uhoc, p, p’t uEYEAN xon wixpt, axtive avtioTtotyo
o Olxb euPododv: By = By +7(p* +p?)

o 'Oyxoc x6hovpou xdvou: V = % <p2 +p2+p- p')
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14.6 Line

o Tevixd yopgh eCicworg evleiag: Az + By + 1" = 0, 6mou A xau B dev etvar cuyypdveg
loa pe To pnoey.

»  Koavovixr uopgn e€iowong evdeioc: y = m-x + b, b : y-intercept, m : ocuvteheotric
dievuvorg eudelog mou Sépyetar and ta onueior A(xq, y1) xon B(xa, ya),
_Ymn Y Y

To — T1 Tr1 — T2 T
« FE&iowor eudeiog otav divovtar dbo onuela tng:

y—uy = v2 = O '(37_371)

m

To — T1
o H yevu popon e€iowong evdeiag ot 600 dlacTtdoeg ebvou:
xr — xapx o Yy —= yapx

- I

Treh — Tapy Ywer — Yooy
, ~ Yrex — Yapy
HOPQT) LOOOLVOUT) UE M = ————
Lreh — Tapy

o Tevixr wopeh e€icwong eudeiog ot Tpelc dlactdoeis:
L= Looy Y7 Yoy _ Z T Fopx

Teh — Tapy Ywen — Yoapy el T Ropy

0+0b
o Tlohuxy| yopy| e€ioworng evdeiag: r = W 6tav 0 = 0 dev opileTon moAxY| LopgN
sin
eélowong evdeiag

o« my =my < linel || line2

e my-my=—1<linel L line2
ml - m2 7 4 2, 2, 7
« tan(d) = ‘ : Tovio 9 yetadld 2 xounuioy eudelwy my, my : xAoelg Twv
14+ my-my

XOUTUAWY 010 GNUElo ETaPHC TOUS, 1 ot XMoE TwY eudelwy
o Anéaotaon onueiou M (xg, yo) xou evdeioc

|Ax0+Byg+F|
cAr+ By+ T =0:d(M,e) = —_—
€: Ax Y (M, €) ey

14.7 Miscellaneous

o n e N* chords drawn in a circle in such a way that each chord intersects each other,

, _ .. o nP4+n+2
but no three intersect at one point, cut the circle into —————— regions.

o H yowvia tou oynpatileton and o Yopdh xUxhou xo TNY EQATTOUEVT] OTO AXPO TN
Y0pO1ic loolToL UE TNV EYYEYPUUEVT Tou Balvel 0To 1680 Tng Yopdrc. - T'wvia yopdrc xou
EQATTOUEVTS

e Otav éva teTpdmhevpo €xel 600 amEVaVTL YWVIES TOU TUPATANOWUATIXES XAl ULol TAEURY
TOU QUIVETOL a6 TIC ATEVAVTL X0RUPES UTO (oeg Ywviee, TOTE elvan eYYpddiuo oe xOxho.

e An open polygon with n sides and k vertexes at infinity will have (n — k) internal
angles.

e Orthogonality is the relation of two lines at right angles to one another
(perpendicularity), and the generalization of this relation into n dimensions; and to a
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variety of mathematical relations thought of as describing non-overlapping, uncorrelated, or
independent objects of some kind.

e 1 arcminute is @th of a degree. 1 arcsecond is th of a degree.

3600
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15 Conic Sections

15.1 Circle

e Av dVo yopdéc AB, I'A, 1 o mpoextdoeic Toug tépvovtar oe €va onueto P, 161e 1oy len:
PA-PB = PI'- PA. X1ty eidwy] TeplnTtoon Tne EQanTtouévng, 0Tou Ta onueia Toung
tawtilovion (¢otw I, A = E), 1o dedpnua toyber: PE? = PA- PB. Edv OP = § t61e:

5% — R? Aéyeton dOvaun tou P w¢ mpoc tov (O,P) xou cuuPolileta

Ao,r) = 6% — R*=OP? - R?

o (z—m0)*+ (y—w)® =1 : EElowon ko, xévigo:  O(xo,yo), axtiva: r Otoy x€vtpo
etvar: K(0,0) ;t6te: 2% + y* =72

o 2+ P+ Av+ By+C =0,A% 4+ B* —4C > 0 : Tevixeupévr eZiowon xHxhou

A B A2 4 B2 —4C
*€VTpO: (—2, —2> , oaxTivar 7 = VA2 4+ : A= 90 B = —24,

o EZiowor xixhou oc tohxéc ouvtetayuéves: 12 — 2rrgcos(d — ¢o) + 15 = R?, axtiva: R
o L =2mr: Iepupépeto xbxhou
« E=n1r?: Eufoaod
. o TCE(/DL(PEPELO( ToU ®xOXAOU 314 159
OLIUETEOS TOU XUXAOU
Kevtow| ywvia 9 t6Zou (o€ ? 1 rad) neppépeta 16&ou L

3600 A 27 TEpLPEREta XOxAoU : 27T

o oaxtivio(rad) = t6Z0 phxouc 1 (ioo ue Ty axtiva)

1807 ™

i o«
u: u€tpo ywviag ot yolpeg, a: pé€tpo ywviog oe axtivia
e L=r-aflL= 180° : Myxog t6<ou
1 2 / /’LWTQ 7 ’ / ’ /

e F = 57“ ah B = 360 : Eufado xuxdxol topéa axtivag 1, t6<ou 9

b

_ / L

Figure 24: Té6&o wixhou

Hapapetonés e€lomoelg xOxAoU
e x=r-cos(f),y=r-sin(d),d = [0,2m)
abe

T L/SE -0 -b(S o

: Kbxog axtivag r nepiyeyypauévog oe ABT
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o Liowon epantopévng xUxhou Ue xEvTpo TNV apy Y| TwV alovVeV:
Toxi+y- -y =12 (z1,y1) : onuelo enaghc xixhou - evdeiac.

15.2 Parabola

o IlopaBord: opiCeton we o I'.'T. twv onueiny evéc emnédou mou toanéyouy and dESOUEVN
eudelo 0 - N dtevdetoloa xou onueio E tou emnédou, extdg tng eudetog o.
o r|: anooTaoy) ectiog and Tn dievdetoloa, r = % : TOPAUETEOC TopaBoAAC tor) ue TNy
a
anOCTACY) TNG €oTiag and 1N dleudeTovoa
7/' N 7 T z
» Eliowor rapafohnc ue eotia E(i’ 0) xot Steudetolon & = —3 O XOPTECLAVES
CUVTETAYUEVES Efvou: y* = 2rz.
,
+ Egiowon napaBoltc ue eotia E(0, 2) xU Oy = —3 O XOPTEC. CUVT. eivau: 2 = = 2ry.
o Tevixfc popot| ekiowone mopafolic: y = az® + bx + c. ¥ 611 vertex pop@A Tng:
y = a(z —h)> + k H xopnOhn auth etvon tapoBolf av dac = b® xor T0URdYLOTOV €V TWV a,
0LdpOpO TOL PNBEVOS.

—3 —A )
7 14 7 K / A — _ 4
EYEL x0puUYT T0 onpEio (2a ' Ta ) OOV Ié] vy

1—A
la F
gotia ( 1a )
b+ 1

xou oteuldetoloa y = ¢ — A

4a

H ypagu, rapdotacn tng mapafornic y = ar? + Br +v,a # 0, dEova ouupeTeiag TNV

XATAXORUPT, YooY Tou BépyeTon and Ty xopuer K xou éyel ediowon x = ;—
«Q
Edv a > 0 n y nofpvel ehdytotn Tur| 10 Y, evo av a < 0 1 y nafpvel ehdytotrn T T0 Yy

« Egontopévn napafolic oto A(xo,yo) y* = 2rz, evow: yyo = r(x + x0)
«  Eogantopévn napaBoric oto A(mg,yo) 2° = 2ry, elver: zmo = r(y + Yo)

15.3 Ellipse

o EMeun ebvar o I''T. twv onuelwy tou emnédou twv onolwy o dlpoloua 1wy anootdoewy
and d0o otadepd onpeia - Tic eotieg g Ehhewhng - E xan B, etvan otadepd, (oo ue 2o xan
UeYaADTEQO TNg €Ty andoTacne EE
o Ye xdde édhewn woyer (ME') + (ME) = 2, M: onpeio g éhheudne

y?

« EZiowon éNewne ue eotiec E'(—v,0) xou E(y,0) eivou x— + E =1, 6mou f = /a2 — ~?
2
» Eliowon éMewne ue eotiec £'(0, —) xou E(0,) eivou @ + y— =1, 6mou = /a2 — 2

o Meydhog dovag = 2a
o Muwxpdc dCovag = 203
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=7 EXXEVTEOTNTA ENhelne < 1
o

€
. B _ V1—e?

«
o 20 < ( Biduetpoc EMhewdne < 2a
o z=uacos(p), y=psin(¢): Hapayetpinéc eioboei éhherdng
e 2y: eoTiond) andoTAGT

2 N2
o Tevixr wopon eCicworg énetdnc: (@ afO) + (v ~ ) =1, xévtpo

b2
K = (5’307?/0)7 El(ﬂfo -7 O), QE(% —; Y5 0)

«  Eogantouévn SMELqmg v 5+ ? =1, elvor: — 0 4 yﬁy; =1 émou Ao, yo) ornueio enaprhc.
2

»  Eogantouévr éhherdng ;2 + Z— 1, etvou: ﬁ + @ -1

o BEuPadd éhhehne: A = maf3

o Ynuelo (zo,yo) eviog ENedng edv: — —|— y—o <1

62

15.4 Hyperbola

o TrepBolf ebvar o I''T. Ty oruelwy Tou eMTEdOL TV OTOlWY 1) ATOAUTY THWH TS
OLopoEdE TWY AT0oTACEWY amd Ti¢ eotieg B xan E elvan otadepr, {on pe 20 xon wixpdtepn tng
eotioxrc anootaone (EE).

e Eotaxy anéotact = 2y

« Eva onueio M efvon onpeio tne unepPfohic avv |(ME') — (ME)| = 2a.

o Ioyle |(ME') — (ME)| < (EE"), 3)3. 200 <2y o> a0 <7

2
« EZiowon urepBolfc pe E(v,0) xou E'(—7,0) eivor: 1;—2 = ZQ =1, f=+/72—0a% Ay
Q
2 2
éyet eotiec E(0,-v) xat E'(0,y) t61€ 1) e€lowon tne ebvan: y—2 — ;2 = 1. Kévtpo xavovixnc
a

popgiic uneppolic (0,0)
e Ava = [ éyouue TV 100OxEATC UTEPBOATC: 2 — yQ =«
o Trdpyouv 800 aclumTwTeg TNE LTERPOATC, OTOU Yiot TNV xavovixg Lop@nic UTERBOAY,

2

elvan: y = ——x xot y = —x ovv [A| < B/a 6mou A cuvteheothc Sreduvorne aoluntwrg.
@

y: a? o o
[ty unepPolr ue sZLowon = — @ = 1 ot aolunTwTeS TN Ebvan: Yy = Bw OIRTIES _B
= g(> 1): Exxsv-rpo-mtoc uepBohng

=+vez -1

T

el 7

; oty TLo  YYo , ;
+ Egantoyévn unepBorfic — — = oto M (20, yo) evar: —- — == = 1 eV 1) QaTTOUEYT

a2 52 a2 62
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2 2

Ly L yyo  wTy
¢ UTEPoATG 2 E 1 etvaw: R 1
04262
o d(M,e)-d(M,e) = 2 : To ywouevo 1wy anoctdoewy evog onueiou tng UTepBoihc

oo TI¢ ACOUTTOTES TNG ebvan oTadepo.
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16 Calculus / Mathematical Analysis

16.1 Limits

« Existence of a limit of a function f(x) when:

lim f(z) =L < <lim flz) = L) A (lim+ f(x)=1L
T—C T—CcT T—C

A function may have a limit at a point of its domain, but a different, or no value at that
point. The limit describes the behavior of the function, as the latter tends towards a
certain point.

e Suppose f: R —- R A xg, L e R. The limit of f, as x approaches x is L and is written:
lim f(x) =

T—T0

o If the following property holds Ve e R"30 € R s.t. Vo € R(0 < |z — 20| < § implies

|f(z) — L| <€), then the value of the limit does not depend on the value of f(x(), nor even
that x¢ be in the domain of f, i.e. the limit does not depend on f(xy) being well - defined.
(e = "error”, § = "distance”)

‘Otav 1 mapamdve WoTnTo Loy e, 16TE 1 f éxsn oto o opto o L € R.

e lim f(z) =L« lim f(z)= lim flz) =

Tr—T0

:D—»:EO x—)l'o
e lim f(z) =L« lim(f(x)—L)=0
r—To T—X0
o lim f(z) = LH}Lir%f(xg +h)=1L
T—T( N

e lim x = xg

Tr—T0

e limec=c

T—T(
e lim f(z) >0 — f(z) > 0 xovtd oto ¢
T—T(
o lim f(z) <0 — f(z) <0 xovtd oto
Tr—T0
o Avou f, g éyouy bplo o10 x9 xon f(x) < g(x), xovid oT0 T, toTE: lim f(x) < lim g(x)

T—To T X0

e Av umdpyouv To TPAYUATIXG bpla TV f oL g GTO Xg, TOTE:

L 3
> Jim f@) = Lo <) < 2

T—T0

— lim ¥/ f(z) = {c/mlgg f(x), epbéoov f(z) = 0 xovtd oto xy (Well defined radical)

Tr—T0

o lim (kf(x)

T—>X0

) =k lim f(z), VkeR
+ g(z)) = lim f(z)+ lim g(z)

i () 2130 T A7)+,
» Jlim (f(2) - g()) = Jim f(z) - Jim g(x)
‘m f(:l:) _ hmxﬁmo f( ) o im
xl—m?o o) i, . (o) , EPOCOV 2}_)mg( x) #0
» i [f(@)] =] lim /()
C e N (im @) = [1m f@])
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undef. , kE<—1

l<k<l
e lmpr=1Y SR
nt>o0 1, k=1
0, k>1

16.2 Calculations with 0 and inf

o —00(—0) = 4w

e +0o(—0) = —0

e 0" =400, 0>0

e 0*=0",0>0

e (40! =40, 0>0

o (+00)™ =+

e +oo=+00, rveN

e V0=1,60>0

o logy(+00) =+, 0>1

o logy(+w)=—-0,0<b<1
e 400 (—w) = (—w)-(+0) =—w

+o0
o log.,0=0, 0Tavf > 170" av0 < 0 < 1
0
o OT:+OO(9>O)
0
e —=—w0 (>0
== (0>0)
. i:(fr
K
. — =0
—ao0

16.3 Differential Calculus

o A differentiable function must be continuous at every point in its domain. The
converse does not hold: a continuous function need not be differentiable. For example, a
function with a bend, cusp, or vertical tangent may be continuous, but fails to be
differentiable at the location of the anomaly:.

» Squeeze / Sandwitch Theorem (Kpttrpto ITopeuforfc):
Suppose f, g, h are functions. If

— h(z) < f(x) < g(x), close to zg A

— lim A(z) = lim g(z) = L,

T—T0 T—T0
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then lim f(z) = L.
—T0
Functions g, h are said to be upper and lower bounds respectively.
o |sin(z)| < |z|,Yx e R
o lim sin(z) = sin(zy), lim cos(z) = cos(xp)
—Z0

T—T(
.5 sin(x) _

z—0 x
. lim cos(z) — 1 0

o lims g o)

img_q, g(x

e lim [f(2)]"® = [nm (x)] @) =0

ToT0 ToT0
o Ay lim f(x) =0 %o n g ppoyuévn oe wa neptoyn U tou g, tote: lim [f(x) - g(x)] =0

T—>T(0 T—>T(0

e Mn nenepacyévo dplo 610 2 € R

Figure 25: Mn nenepacuévo oplo 610 79 € R

‘Eotww f optopévn oe alvoho e popefc (a, zg) U (2o, 5). Opilouye:

— lim f(z) = 400, 6tav VM € R* urdpyet d > 0 tétot0, wote Y € (a, 29) U (20, B) pe

Tr—T0

0 < |z — x| <6 varoyle: f(x) > M.

— lim f(z) = —o0, tav VM € R* undpyet 0 > 0 tétot0, wote Y € (a, 20) U (20, §) pe

r—xT(

0 < |z — x| <& vawoyler f(r) < —M.

o If P(z) =a,2” + ay_12" "1+ ...+ ap : polynomial equation, ue a, # 0 woyleu
lim P(z) = lim (a,2”) A lim P(z) = lim (ap,z”)
r— 400 T——+00 T——00 Tp—s o0

a,x’ + a1 2"+ .+ ax + ag
o If f(x) = , a, # 0, # 0, then:
/() Bet® + Be_1xFL + ...+ Bz + Bo P

lim f(z)= lim (;’i:) A lim f(x) = lim <%xu>

T—+00 T—+00 T——0 T——00 Bﬁx"‘

e a>1—( lim ¢®=0A lim d* = 4+

xr—>—00 xr—00
e a>1—(limlog z=—wA lim lo xz—oo>
(mHO ga T—+0 ga

» A sequence is every real function o : N* — R. Ou Aéue o1t 1 axoroudio oy, €yel 6pto t0
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L e R xau Ya ypdgouye lim a, = L, 6tav Ve > 0,3y € N* tétow0, dote Vv > 1y v toylet:
V—+0

la, — L| <€

o Discontinuity classification:

1. Removable discontinuity: has a "hole” in its graph, a term in the denominator that
cancels out,

2. Non-Removable discontinuity: Has a "jump” at a point.

o f is continuous at xy € Dom (f), iff zli_)rgO f(z) = f(xo)

e Av f, g ouveyeic 6T0 79, TOTE Elvor CUVEYEIC OTO T XAL OL GUVAPTHOELS

f+g.c fceR f-g fla.|fl. /S, ue Ty mpounoveoy) 6Tt opilovton oéva SLdoTrUA TOU
TEPLEYEL TO .

o If f is continuous at xy and g continuous at f(zg), then their composition g o f is

continuous at xg.
[ elvou ouveyfic oéva avouxto ddotnua (a, b), 6tav eivar cuveyrc oe xdle onueio Tou

L]
(a,b).
o f elvou ouveyhic 6’éva xhetotd Bdotnua [a, b], dtav elvor cuveyc oe xdde orueio Tou

(a,0) xon emmhéov lim f(z) = fla) A hrgf f(z) = f(b).

o Ocedpnua Bolzano: Eotw o ouvdpetnon f, oplopévn oe éva xhetoté didotnua [a, b]. Av:

— 1 f elva ouveyrc oto [a, b] xou emimhéoy, 1oy let

— fla)- f(b) <0

tHTE UTEPYEL Ve, TOUAGYIOTOY, T € (a,b) Tétol0, Wote f(xy) = 0, 670 avoxTd BrdoTrua
(a,b).

o Ocedpnuo Méyiotne xaw EXdytotne nuhc: Av f ouveyrc oo [a, b], t6te 1) f naipvel oo
la, b] wior uéytorn tpry M oxon yror ehdytoTn T m.

o Av f ywnolwe abfouoa xat ouveyhc 610 (a,b), THTe 10 GUVOAO TGOV TN GTO SLAoTrUA
auto ebvar 1o (A, B), émou: A = lim f(z) xau B = hr{}, f(z).

Av, duwe 1 f ebvon yvnolwg @iivouca xou cuveyfic oTo (a,b), 161€ 10 GUVOLO TGOV ™G oTo

Sudotnuo auth eivan to (B, A).
o Eow f xou A(xg, f(z0)) éva onueio tne. 3 lim Jlw) = Jao)
T T — X
¢ f oto A etvan 1y eudefo € mou Siépyetan amd To A xon el cuvteheoTr dlEuduvorg A.

€ R — egontopévn (xhion)

. is differentiable at point xg € Dom iff 3 lim M e R. This limit is the
f p ,

)
derivative of f@Qxy and we denote it as f'(xo). Thus, f'(x¢) = lim fz) = (o)

T—T0 X — X
« Line e:y— f(zo) = f'(z0)(x — w0)
o If function f is differentiable @Qag, then it is also continuous Qzx.
o Ocprua Rolle: Av uio ouvdptnon f etvau:
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1. ouveyhc oo [a, b],
2. mopaywylown oto (a,b) xo
3. wybet 6t f(a) = f(b),

THTE UTEPYEL Evat, ToUAdYIoTOV X € (a,b) T.w.: f'(§) = 0.
o Ocetpnuo Méone Turc (©.M.T.): 'Eotw ouvdptnon f. Ay

1. f ouveytc oo [a, b,

2. f nopaywylown oto (a,b),

THTE UTEPYEL EVar, TOUNAYoTOV T € (a,b) T.w.: f'(zg) = J) = fla) : mou ebvon 0 péoog

b—a
eudude yetoBoric e f oo (a,b).

Suppose function f, continuous among space A = (a, b).

e VzeA(fl(z)>0)—>f1A

e VzeA(fl(x)<0)—>flA

o Ocwprpa Fermat: If f has a stationary point at 2o € A < Dom (f) and f is
differentiable at that point, then f’(xq) = 0.

Stationary points

o Letzge A, (f'(xo) =0A f"(x9) <0) > f(xg) local maximum.
o Letzge A (f'(x0) =0n f(x0) > 0) = f(z0) local minimum.
e Determining Points of Inflexion (POI): Let o € A < Dom (f)

d2
1. We differentiate y = f(z) twice to get T ‘z
d?y
2. We solve the equation Tz 0.
d?y
3. We test to see whether, or not a change of sign occurs in T2 at r = xg + a and

ate = xo — a. If f(zg+a)- f"(xg—a) <0—zo: P.OL
d*y
e Vze A(ﬁ > 0) — f convex / concave-upwards QA  (Ushape)
T

2
e Vze A(d—xz < 0) — f convex / concave-downwards QA  (nshape)

df( ) = undefined for some x = zy, then (zo, f(z¢)) is a critical point.
. (f + 9)'(w0) = f'(20) + ¢'(w0)
« [9)(z0) = ['(w0)g(0) + [(x0)g' (z0)
. (i)'(xo) _ J'(@o)g(xo) — f(w0)g'(x0)

g [9(20)]
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d dy d
+ Chain rule: f'(g(r0)) = (f © 9)'(z0) = /'(g(0)) - o (o) 1 52 = 5L

dr dy

E,aand

 Differerentiation of parametric equations: x = f(t),y = g(t) we find:

d dy dt
finally we evaluate: YA
de dt dx
o Curvature of a curve at a point P. It tells us how quickly the curve is bending in the
immediate neighborhood of that point P.
3
[+ ()]

Py (R is large — curvature is small)

e Radius of curvature: R =

dx?
« Centre of curvature (h, k), of the circle at point P(z1,y;) :
h=x— Rsinf A k =y, + Rcosf

e Indeterminate Forms: are algebraic expressions obtained in the context of limits.
Limits involving algebraic operations are often performed by replacing subexpressions by
their limits; if the expression obtained after this substitution does not give enough
information to determine the original limit, it is known as an indeterminate form.

Indeterminate forms:
o0
— =, 0w—0m0,0-0,1°, 0%, o’ e

I

tjoo

w0
o L’Hospital’s rule for circumventing indeterminate forms: We take the derivatives of
both the numerator and the denominator.

o Asymptotes: first express the equation ”on one line”.
o Asymptotes parallel to the z-axis: We equate the coefficient of the highest power of x

to zero.
o Asymptotes paralle to the y-axis: We equate the coefficient of the highest power of y to

Zero.
o Other asymptotes: To find a (general type) asymptote to y = f(x) :

1. Substitute y = mz + ¢ in the given equation and simplify.

2. Equate to zero the coefficients of the two highest powers of  and so determine the
values of m A c.

Symmetry:
o If only even powers of y () occur the curve is symmetrical about the x (y) axis.

Limitations

o First, always check for restrictions on the possible range of values that x, or y may
have.

e Symmetry about origin: replace both x with —x and y with —y. If it’s the same
equation then it is symmetric.

e Symmetric about z-axis: replace x with —x. Check.
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e Symmetric about y-axis: replace y with —y. Check.

« Differentials dy, dz are finite quantities -not necessarily zero- and can therefore exist
alone. dy = f'(xo) dx
b

« Root Mean Square (R.M.S.) value of a function: y = f(x) , y = y2dx

b—aJ,
e The General Leibniz rule generalizes the product rule. It states that if f and g are
n-times differentiable functions, then the product fg is also n-times differentiable and its
nth derivative is given by:

(19 @) = X (1) 1)

k=0
This can be proved by using the product rule and mathematical induction.

16.3.1 Derivatives

. f@)=C o ) =0
o fl@)=2"keR - f(z) = ka®?
e flx)=+z,x=0-> f'(x)=(1/2) 27, 23>0
o f(z)=sin(z) - f'(z) = cos(x)
o f(x)=cos(z) > f'(z) = —sin(z)
e flx)y=¢"> fl(x) =¢€"
L] f l
T

xln(a)
o f(z) =tan(z),z # 7/2 — f'(z) = sec *(z)
o f(x) =cot(x),z # 0 — f'(x) = —cosec *(x)
e flr)=a2"keRax#0— f(r)=—ka "
e f(z)=0d"a>0— f(z)=da"lna

R ——

C ) =t (@) > f) =

C ) = ot ) o ) =

e f(x) =sinh(z) - f'(x) = cosh(x)

e f(x) = cosh(z) — f'(x) = sinh(x)

o f(x) = tanh(z) — f'(z) = 1 — tanh®*(z)
o f(x)=coth(z) — fl(x)=1- coichQ(x)
 flz) =sinh (z) > f(z) =
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2 —1
(@) = tanh ™ ) - f1(2) = ——
f(z) = coth™(z) — f'(z) = . +1x2
f@) = g"(@) > f'(2) = kg" ' (2)g () )
f@) = v/9(@),9(2) 2 0 > f(z) = ﬂ)dﬂ)ﬂ®>0
f(x) =sin(g(z)) — f'(x) = g'(x) cos(g(x))
f(x) = 9@ _, f'(z) = e9(@) - (2)
ﬂ@Zxﬁﬁf@ﬂZﬁ'U+?$)
f(@) =n (g(x)) — f'(x) = (9(1»1-9( )
1(0) = anlo0)  10) = oo @
flz) = u(lx)g(w) — f'(z) = (69(95)~1n (_(?))
1) = G 90 40 10 =
f(x) =log,(g(x)) “@ZMWM@()
f(x) =sec () — f'(x) = tan(z) - sec (z)
f(z) = sin(az) —» f™(z) = a" - sin(azx + o
f(z) = cos(az) — f™(x) = a" - cos(azx + %
) =t O =
F@) =n () - f () = 0 DY
f(z) = sinh(az) — f™(x) = % {[1 + (=1)"]sinh(ax) + [1 — (—=1)"] - cosh(ax)}
f(z) = cosh(az) — f™(x) = % A[1 4+ (=1)"] cosh(az) + [1 — (—1)"] - sinh(az)}
flz)=2%a>0— f(">(a:) = o "

16.3.2 Numerical solutions to Derivatives

Numerical Solutions to Derivatives of f(x)

Forward difference formula: f'(z) ~

flz+h) = fx)
h

(neglecting terms of order 2 and above) « Backward difference formula:

oy ~ S =S

(neglecting terms of order 2 and above) ¢ Central difference formulas: (more accurate)
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(neglecting terms of order 3 and above)

oy~ LEED) S =)

h2h2 h
ey« L E 200 S22

16.3.3 Partial Differentiation
2 2

0 0 0
 Notation: fo(a.9) = 5-1(0.0) + ) = 558@0) + Finles) = 55 Fa0)
« Partial differentiation with respect to a given variable, say = : We are certain that all

other variables, besides x, are held constant for the time being.
e Taylor’s theorem for two independent variables:

Pt by +8) = Fe) + (Aa(ey) + kE ()} + o U2 Fule9) + 20k foy(2,9) +

1
k2 fyy (2, y)} + g{kthym(xa y) + K fye(z,y)h +
« A function f(z) is an infinitesimal at zo, if its limit at x, is zero, e.g.
lin% sin(z) =0 ..xo=0

o Function’s Differential: Suppose z = f(z,y,w,...,n) , where xz,y,w,...,n are the
independent variables of f. A function’s differential shows its functions behaviour for small
changes in all of its independent variables. With satisfying accuracy it’s approximated to

be:
0z

0z = %(513 + —d0y + %511) +... 4 %571 (+ higher order derivatives of x,y,w,...,n of
ox oy ox on

smaller magnitude / value)
o Rates of change: If z = f(z,y), then if z changes with respect to ot and 6t — 0 then
0z 0z Odx 0Jz Oy

ot dr ot oy ot
o Parametric functions: If z = f(z,y) and x = g(u,v) ,y = h(u,v) then z = k(u,v). To
0z

find — and % we do:

ou oy

0z 0z Oxr 0z Oy 0z 0z dx 0z 0y

Pu 0z ou oy ou v oz v By dv
o Implicit functions: If f(x,y) = 0 is an implicit function, we let z = f(x,y). Then:
dy o5 0
de ‘oz’ dy
0%z 0%z 0 0% 0,0z
© = fley) = oxdy  oyoxr %(@) B @(%)
o Inverse functions and Jacobian usage:
If z = f(z,y) and u = ¢g(z,y) and v = h(z,y) then:

or v, ex_ du, dy v, dy du
%_6y/J’é‘v_ é‘y/ T ou 5x/J’é‘v_5xJ
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where the Jacobian of u, v with respect to x,y is:

o(u,v Qu 2v
J(z,y) = ( )Z[Ei Eﬁ]

o(z,y) oy
0 dz Oy
« Inverse Jacobian: J(z,y) ' = J(u,v) = (z,y) = 3 = 1div & (;yj
o(u,v) (u,0) & v
o(z,y)
e Stationary points of functions in 3 dimensions
i.e. z = f(x,y). Four steps in the routine:
0 0 0 0z
1. Find 2 and 2 and solve 2= = 0 and 2= = 0. If found any, then (xg,yo) is a
or oy or oy
stationary point.
*z, 0%z 0*

2. If (6372) (6y2) — (83:(9y) > 0 @ (zg,yo), then the point (z, o) is either a maximum,
or a minimum (over (zo + h,yo + k) in any direction from the point).

62 2 62 = 2

3. If 72 An nd 6; are both negative then (xg, o) is a maximum. If e and 8; are

both positive then (xg, y0) is a minimum.

4. We evaluate the actual minimum, or maximum values, i.e. we find f(xg, yo).
It Pz, 0%z 0%z

¢ (axz)'(ayz)_(axay
to determine the stationary points.
« Lagrange multipliers: Used to find extremal values of a function v = f(x,y, z,...), with
constraint ¢(x,y, z,...) = 0. Then we need to find these z,y, z,... points in order to
calculate the extremal value u = f(z,y, z,...). For this purpose we solve a system of
equations whose number is the one of the unknown variables +1 (for the constraint
equation). If u = f(z,y, z), with constraint ¢(x,y, z) = 0, then we solve the following
system of 4 equations:

)2 < 0, then further, detailed study (most likely) is necessary

ou oo ou oo ou ¢
- )\ I - A 1I) - )\7 == 111 == v
o + . = 0w , 2y + 2y = Oap , P + 3 Oam , ¢(z,y,2) = Oav)

e Any expression dz = Pdr + Qdy , P = f(z), Q = g(y) is an exact differential if it can
Pz Pz
oyor  oxdy’
The concept can be extended to functions of more than two variables.

o Exact differential in 3 independent variables.

dw = Pdx + Qdy + Rdz is an exact differential of w = f(z,y, 2) , if
oP 6@ oP OR 6@ OR

be integrated to determine z. Therefore if then dz is an exact differential.

8y “or "oz o " oz Oy
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16.4 Integral Calculus

o Apyw| ouvdptnor, 1 mapdyovoa g f oto A ovoudleton xde ocuvdptnon F mou efvou
napaywylown oto A xou woyber: F'(z) = f(z), Vo e A.

e Av F rmopdyouca tng f oto A, T6TE OAEC 0L GUVIRTACELS TN LOPPTC

G(xz) = F(x) + ¢, c€ R eiva napdyouces e f oto A.

o To cbvoho 6wV TwY Tapayouswy tng f oto A ovoudleton aoploto ohoxhfipwud e f

oto A.
o Fundamental Theorem of Calculus: If f is continuous in [a, b], then it has an

antiderivative: F(x f f(t)dt, x € |a,b].

d J f(t) (x). Corrolary: J f(t)dt = F(b) — F(a), i.e. f is Riemann
x a
1ntegrable on [a,b].

J f(z)d' (x)dx = f f'(z : Integration by parts

flg(x)g'(x)dx = Jf(u)du : Integration by substitution
=g( 2 landdu = ¢'(x)dx
f D e < n [ + 0

. Jf(:c)f(:z:)dxzféx)—l—(? (zfzdz)
z = f(z), dz = f'(z)dx

o To integrate a "function of a linear function of x”, simply replace x in the
corresponding standard result by the linear expression and divide by the coefficient of x in

the linear expression.

o The total area A between a curve f(z) = y and the z axis, from z = a to x = b, is
b

given by A :f y dx

a
o Area between a curve and an intersecting line from = = a, to x = b is:

A= Jb(yl — yo)dz

a
o The equation that is "more positive” (from a to b) is y; (either the line of the curve)

o Partial Fractions

1. It is necessary that the degree of the numerator is less than the degree of the
denominator.

2. In such an expression that the denominator can be expressed as a product of simple
prime factors, each one of the ax + b :

(a) Write the rational expression with the denominator given as product of its prime
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factors,

(b) Each factor then gives rise to a partial fraction of the form: , whereA is a

axr +b
constant whose value is to be determined.

(¢) Add the partial fractions together to form a single algebraic fraction whose
numerator contains the unknown constants and whose denominator is identical
to that of the original expression,

(d) Equate the numerator so obtained with the numerator of the original algebraic
fraction,

(e) By substituting appropriate values of x in this equationdetermine the values of
the unknown constants. You’ll have to solve a system of linear equations whose
number is that of the unknown constants.

3. In such a case that the denominator of the original rational expressionn of the form

Ax +b

(az® + bx + ¢) is irreducible, it gives rise to a partial fraction of the form: —
ar® + bx + ¢

4. In such a case that the denominator of the original rational expression contains

algebraic repeated facors of the form az + b)", these give rise to partial fractions of
Ay A, A,

the form: et —— N*.
¢ e b (ax+b)2+ +(aw+b)”’ ne
Heavyside’s Cover up Method
k k k.,
y(z) = v(z) =+ = 4+ 4
Bz —pi)(x—p2)---(x—p,) x—p1 x—p T —py
o Avp;: amhée mohog, t6te: ki = [(v — p)y(x)],_,, * AV pi: mohhamhéc mHhog,
ohamAbTNTOC ™M, dNhAdT v(z) M + k2 + + Fm ote
T TAOTT ) = ——, TOTE:
! PN G =) T a = - po? (@ —po)™

1 d!
=

—p)"y(@)],—p, 1 =2,3,...,m

k=

— ki = [(z — pi)"y(2)],,, , i =m, ie. highest order repeated root.

o Avp;: wyodixd (edyog mOAwY, OAD.:

k k -
vz) _ L " ek = ks, ki kpeC
r—p; x—a—jb x—a+jb

k=[x —a—=jb)y(@)],_gipp = lim [(z—a—jby(z)]

z—a+jb

e Mean value of a function f between two limits @ and b :
M_Area_ 1 jbd b~ (@)
_b—a_b—aayx ’ @y
«  O.M.T. ohoxhnpwtixol hoytopol: I f nou opiletar oto (a,b) < Dom (f) xou éotw

ce (a,b). Tote: F'(c) = F(b[)):aF(a)
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b b
o We get that: J f(z)dx = f(c)(b—a)and f(c) = W is the mean value of f in

a
the interval (a,b).
o Integration as a summing process:

r=b b
when dz — 0 Z yox = J ydx

e Moment of mass of element about axis = r - dm, r : distance from the axis.
b

e Volume of a solid of revolution rotating about the z-axis: V = J my*dx, when the
b ,dx ’
function is given in parametric form then: V = J d —dt
“ b
o Volume of a solid of revolution rotating about the y-axis: V = QJ Taxydx

a

b
o Surface Area of plane figure: A = J ydx

a
b

o -1 1
e Centroid (x y) of plane figure: z = AJ T dA = AJ xydx and

ZAJyedA—AJ ydx—QAJ

o Centre of gravity (or mass) of a solid of revolution, revolving about the x-axis:
2
Sa xy“dz

SZ y2dx

b 2
/ d
o Length of a curve: S = J 1+ d—y dx, when the function is given in parametric
x
form (i.e.x = f(0),y = = 27rf \/ ) do

o Centre of gravity of a solid of revolution that rotates about the y-axis: x = 0 and
b 2
_ Sa yxdy

b2
Sa x2dy
o Surface of revolution generated by the arc of a curve rotating about the y-axis:

b dy
A=27rfx 1+( >dx
a dx

o 1st rule of Pappus: If an arc of a plane curve rotates about an axis in its plane, the
area of the surface generated is equal to the length of the line multiplied by the distance
travelled by its centroid.

o 2nd rule of Pappus: If a plane figure rotates about an axis in its plane, the volume
generated is equal to the area of the figure multiplied by the distance travelled by its
centroid.

T and y =0

< |
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— One proviso / caveat in using the rules of Pappus: the axis of rotation must not cut
the rotating arc, or plane figure.

e Whenever we have a problem not covered by our standard results, we build up the
integral from first principles.

1 1
e KE = fmUQ §mw r? fw Zmr : Kinetic Energy
« Moment of Inertia (pont| adpdvetoc): Z mr? : Physical property of the object.

It’s a sum for all of its particles, r : distance from axis of rotation.

The M.O.I. is also called rotational mass, because it does the same thing in rotational
dynamics as mass does in linear dynamics.

e I=MK, M= Zm, k : radius of gyration or gyradius

Md?
o I = : M.O.L for rectangular plate
e Iup=1Ig+ MI?: for axis AB || G axis, [ : distance(AB — G)
4 M 2
. = 7rr2 P 2T : for normal axis of a circular plane / disc (p = . density) and
v
Mr?

I = o for axes-diameters of the disc(-oid)

« Perpendicular axes theorem (applies only for thin plates and plane figures): I, = I, + I,
where I, is an axis perpendicular to [, and I, is perpendicular to both I, and I..

o Liquid Pressure: P =W -d, W : weight, d : depth from sea level.

e Atmospheric or barometric pressure is the pressure exerted by the weight of air in the
atmosphere of Earth (or that of another planet). In most circumstances atmospheric
pressure is closely approximated by the hydrostatic pressure caused by the weight of air
above the measurement point. Low-pressure areas have less atmospheric mass above their
location, whereas high-pressure areas have more atmospheric mass above their location.
Likewise, as elevation increases, there is less overlying atmospheric mass, so that
atmospheric pressure decreases with increasing elevation.

o Total thrust = Area of object - Pressure at its center of gravity: Applies for an object
immersed in liquid.

e For second moment of area, or moment of inertia of plane area, we replace mass with
the area on every relevant formula. It is a geometrical property of an area that reflects the
manner its points are distributes with respect to an arbitrary axis.

o Total thrust of a submerged surface = total area of a face - pressure at its centroid
(depth)

-k
o The resultant thrust acts at the centre of pressure, the depth of which: z = —, k? is
z’

the gyradius on the surface of the liquid.

02 1
o Area of polar sector: A = f §r2d5
o
e Volume generated by polar plane figure rotating about initial line
2
(Ox):V = g 73 sin(0)do
01
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02 d 2
e Length of arc of polar curve: S = J r? + <T) do
o do

o Surface area of revolution of polar curve, generated when rotating about line

o dr\?
627?/2:5’227?] rcosoyr2+ | — | do
o do

o If a system of masses S consists of parts, each of which has its center of gravity on the
same plane, then this plane also contains the center of gravity of the entire system S.
Using multiple integrals

Y2
« Finding area and volume enclosed between a curve y = f(x) and the x-axis: Z 0y - 0x
y=y1

. Area of vertical strip, 0y - 0x : Area of element.
T2

Area = 2 i oydx

T=x1 Y=Y1

T2 Y2 T2
Asdy—0, ox >0 .. f J dydx = J y‘zjdm .
1 Y1

1
e For curves in polar coordinates

01 711 o prr1

A= Y¥rdréd, 6 -0, 600 ;.A:j f rdrdd
0=07=0 0 0

o Approximate values: We use them whenever we quote a result correct to a stated

number of decimal places or significant figures.

Approximate Integration

o Method 1: By Series
e Method 2: By Simpson’s rule

The area of a figure froma tob: A = J

a

b b
ydx = J f(z)dz, that cannot be calculated in

S
closed form, can be approximated using Simpson’s rule: A ~ 3 [(F+L)+4E +2R], S :

width of each strip, F' 4+ L : Sum of the first and last ordinates, 2R = 2- Sum of the
remaining odd numbered ordinates.

Note: each ordinate is used only once.
e Method 3: By the trapezoid rule

o Integration of exact differentials:

z= dex = f(x) + g(y), where g(y) is a function of y only, and is akin to the constant in
a normal integral.

z = f@dy = f(y) + g(z). By inspection of the two results we can find g(x) and g(y).

o Exact differential in 3 independent variables:

dw = Pdx + Qdy + Rdz is an exact differential of w = f(z,v, 2), if
oP _0Q oP O0R 0Q OR

@_%vaz_%Aaz_ay
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A=— jg ydx : Closed curve integral. The limits chosen must progress the integration

round the boundary of the figure in an anticlockwise manner.

Line Integrals, Definition: I = f flz,y)ds = f P(z)dx + Q(y)dy where c is the

prescribed curve and f, or P and Qcare functions of = and Y.

Properties
1 J- Fds = J{Pdw + Qdy}
2. f Fds = —J Fds, i.e. the sign of a line integral is reversed when the direction of
tﬁg integrationBaﬁong the path is reversed.
3. Paths of integration:
— For a path of integration parallel to the y-axis, i.e.
r=Fk,dr=0 .'.desz .'.Iczdey
— For a path of integcra,tion paralle to thce X-axis, i.e.
y=»k,dy=0 .'.f@dyzo .'.Icszda:
4. If the path of integration ¢ joining A to B is divided into two parts AK and KB,
then I, = Iug = Iax + k5.
5. In all cases, the function y = f(x) that describes the path of integration involved
must be continuous and single-valued - or dealt with in this way (item 6 below).
6. If the function y = f(z) that describes the path of integration ¢ isn’t single valued for

part of its extent (figure , the path is divided into two sections:
(y = fi(x)fromAtoK) A (y = fo(x)fromKtoB)

Figure 26: Function divided to multiple sections to be integrated
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o Line integral relation with arc length:

- 2

I= fds = f (Pdz 4+ Qdy) = flz,y)all+ (dy) dx
JAB AB dx

o  When x and y are expressed in parametric form, i.e. x = f(t) , y = g(t), then:

i t2 dr\? dy 2
IZJ flz,y)ds = t f(x,y)\/(dt) +(dt) dt

o If Pdx + Qdy is an exact differential where P, () and their first derivatives are finite
and continuous inside the simply connected region R, then

T2

c®1

1. I= f (Pdx 4+ Qdy) is independent of the path of integration where ¢ lies entirely
within R

2. I = § (Pdx 4+ Qdy) is zero when ¢ is a closed curve lying entirely within R.

c

Same reasoning applies for functions of more than two variables.

o Integration under the Integral Sign is the use of the identity:
b ra a rb a

J f(z,a) da dx = f j f(z,a) dz da to compute an integral of the form f f(z,a) da.
a Jag ao Ja ag

It is also referred to as the Leibniz integral rule.

e Green’s Theorem: Let P and () be two functions of z and y that are, along with their
first partial derivatives, finite and continuous inside and on the boundary c of a region R in

P 0Q

the x — y plane. Then, by definition of G.T.: f .[ ( - > drdy = — § (Pdx + Qdy)
R ay a.T

and for a simple closed curve:
%(mdy —ydzx) = QJ dedy = 2A , where A is the area of the enclosed figure.
R

. J J dxdy = Area of region R
R

o Centre of gravity (z,y)Mz = Sum of Moments about x-axis, My = Sum of moments
about y-axis.

Sum of moments about z-axis = J dem = J deydx ,
R R

Sum of moments about y-axis = ydm
R

e Surface integrals: [ = J f(z,y)da = J Jf(x,y)dydw
R R

e Surface in space: [ = J o(z,y,2)ds = J J(b(x,y, z)sec v dxdy =
S— R
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0z 0z de T -
Jf¢xy, <8x>+(6y> wy,7<§72—f(%y)

¢(z,y,z) : function of position on S

02\ 2 02\°
Area of the surface s = | ds = 1+ =— ) + =) dzdy
s R oz ay

R : projection of surface s on z — y plane.

o We project the surface s onto the x — y plane and then we use the variables z, y, z such
as: ds = Adxdy. A : scaling factor € R

o The equation of ¢(x,y, z) = constant , represents a surface in space. [just like the
equation f(z,y) = constant(e.g.z +y = 1) represents a line on a surface.]

e Volume integrals
We find: 1) Volume of column, 2) Volume of slice, 3) Total volume

«TQ Y2 z2
J f f dzdydzx

o Change of variables in multiple integrals: From Cartesian coordinates (z,y) to
Curvilinear coordinates (u, v)
) Double Integrals, where x = , ¥ = g(u,v). Then:

I—Jffxydxdy—ff ,v))‘ggz:g;‘dudv

= dA : the transformed element of area.

b) Triple Integrals, where = = f(u,v,w),y = g(u,v,w), z = h(u,v,w) , i.e. transformation
in 3 dimensions.

I—JJJ (x,y,z dxdde—fJJGuvw‘amy’ | dudvdw
(u, v, w)

and ‘&‘ dudvdw = dV : the transformed element of volume
o(u, v, w)
Jr oy 0z
5 U U U
. J(%U’w)zwz gj 9% 22

o(u, v, w) g}é v gg
ow ow ow

16.4.1 Properties of Integrals

o An integral is the limit of a(n) (infinite) sum.
Jf dt—i—ff dt—ff t)dt
t)dt =0
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j £() f f(t)dt
j F(t)dt < f £ |dt\

« Distance interpretation of integral: Suppose u(t) is the velocity at time t of a particle
b

moving along the z-axis. Then: f lu(t)|dt = ST + S~ =S, where:

— ST : total distance traveled in the forward direction

— 57 : total distance traveled in the backward direction

b
— S : total distance traveled. whereas: J u(t)dt =St —S~ =D

a

— S* : area bounded by t axis, lines t = @ and t = b and the part of the graph, where
f(t) =0.

— ST : area bounded by t axis, lines t = @ and ¢ = b and the part of the graph, where
f(t) <o.

— D : net displacement from the original position.
16.4.2 Integrals
e flx)=0-— Jf(x)d:c =C
. f(x)=C—>Jf(x)dx=C:E=D

. f(x)—2" aeR— {1}—>ff _a—:ll c
. f(g:):2\1/5,w>0—>ffxda::\/5+0

. f(2) = sin(z) — f f(x)dz = —cos(x) + C

. f(x)zcosxﬂjfxdxzsin(x)—i—C’

. f(;,;)zcos2 ff — tan(z) + C

. f(x):CO82 ff v — —cot(z) + C

. f(x)ze—»ff(x)da:ze—l—C

. f(x)zaz,aeR—{l}—»ff(x)dxz naza)+c



f(z) = tan(z —>Jf Ydz = —In (] cos(z)|) + C

7(a0 = cote) = | layda = b GsnGo)) +
/(@) = cos(x) HJ o) ; ( sm<2x>>
f(2) = cos?(x) ;(+ 2290)
= —>Jf( )dx = xln(r) — x + C (by substitution)
f(z) =log,(a) = | f(z)dz = zlog, x lngz ) e
Zﬂff d—{ +C = +C

f(z) =sin™! —>Jf )dr = zxsin™ (z) + V1 — 22 + C, |z < 1
F(@) = cos™ (z) — J f@)de = weos™ (#) = VI— 2 + C, Ja| <1
f(z) = tan™!(x —>ff dxzxtan_l(x)—;ln 1+ 2%+ C

f(z) =cot™* —>Jf dx = x cot™ ()+;ln|1+x2|+0

f(x) = sinh(x —»Jf dx = cosh(z) + C

f(2) = cosh(z) — f f(@)dz = sinh(x) + C

f(z) = tanh(z) — f F(@)dz = In | cosh(z)| + C

F(z) = coth(z —>Jf Jdz — In | sinh(z)| + C

f(x) = sinh™* —>Jf )dz = xsinh™ () — Va2 +1+C

f(x) = cosh™! —>ff Jdz = xcosh ' (z) = Va2 —1+C, 2 > 1
F(z) = tanh™! —>ff Jdz — 2 tanh=!(2) + M
f(z) = coth™\(z )—»Jf( )z = ccoth™(z) +
fla) = = [ j@as = va

f(z) = tan*(x) — Jf(x)dx =tanz —z +C

+C, |z] <1

In (2 —1)
2

+C, |z >1
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f(z) = p i = Jf(:p)dx = Cllcoth_1 (g)
f(z) = o i = Jf(x)dac = ——coth! (g) 2? > a?
(@) = sin(az —>ff(x)d L cos(an)

J F(2)e/@dy — @ 4 ¢

W@
Jf )at” dx_ln(a[)(*)?
fl’ a+1
Jf a+1

— *J it dt_l/\J f(t:

t, t=0
t=ut—>f f(t) dt; =r(t), r(t) = ’
o 0, t<0

f(z) = sinh(ax)dzr — Jf(x)dx = Cllcosh(am) +C
f(z) = sinh®*(azx) — Jf(x)dx = 4ch sinh(2az) — g +C

f(z) = cosh?(az) — ff(a:)da: = 41a sinh(2az) + ; +C

f(x)zi;anh%ax)—»Jf(x)d = _tan};(ax)_i_o
= Sec (r) — r)ar = In 1+Sin($)

fla) =sec (1) = [ flo)de = 1n (Fm D) + 0

f(2) = ZQiAQ Hff(z)dzz 2illn (g;j) +C

£(2) :Azizzﬁff(zmz_ 221 (if;) c

1 1. . (Z
f(Z)—A2+ZQ—>Ztan <A>+C

f(2) = \/ﬁ — jf(Z)dZ = sin~*

Z
(A) + C' (the root keeps us from using
partial fraction decomp081t10n)

12 ==~ | 12) Z)+c
f(Z)zm—»Jf )dZ = cosh™ <A)+O

YdZ = sinh ! (

NS

f(Z)Z\/fZQ—’Jf Zf[ﬂnl(A)JrZ\/?]Jrc
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. f(2)= vfth@—»Jf dZ—fthh (Z)+Zwﬁujp]+c

A A?
e f(2)= \/7142—>Jf dZ—AQ[—coshl(i)—i—ZZjQ_AQ]—l—C
i t

. f(x)J b (m) - CCOSQ(:E)d t =tan(z) , sin(x) = il dx
2dt 1

1+ cos(e) = V142
s | 1 de s t=tan(3) s sin(@) = o d
. T r, t=tan(=>), sin(z) = —— , dov =
J a+bsin(z) + ccos(z) 277 1+
2dt 1—¢
—— , cos(x) =
1+t 142

1
flz) = ) — ff(x)dx = In (g(x)) , if the highest power of z is 1. Else: resort to
g(x
partial fraction decomposition method.

e f(x) = cosec (x) — Jf(x)dx = —In (Jcosec (x) + cot(z)|) + C
e T=2e J+OO cos(x) dx

2 +1
o f(x)=sec(z)—> ff(x)dx =In (|sec (z) + tan(z)|) + C

o fl@) =" LOO f(x)dr = \/; : fooo f(x)dr = /7

g2 o
e flz) 262—>J flz)dz =

o f(z) = f f ,k>0

Integrals of periodic functions (prlmarlly to assist with Fourier series expansions) - applied
for any interval of length 27 -
™

. Lﬁm:hr”:%

™

. cos(nx)dx =0

sin(na:)dx =0

cos(mx) cos(nx)dr = Ty,

3

sin(mx) sin(nx)dxr = T

™

3

cos(max) sin(nz)dz = 0

%%h%%
3 3

—T
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16.4.3 Reduction Formulae

e I, = ] e sin(z)dr — I, = Tl (nsin(x) — cos(z))
[ . n L. n—1 n—1
o [, =|sin"(x)dr —> I, = ——sin"" " (z) - cos(z) + I, 5
n
o n n—1 . n—1
o I, =|cos"(x)dx — I, = —cos" " (x) - sin(z) + I, 4
J n
.
e I,=|2"ede — I, =2"e"—nl,_;
J
.
e I,=|a"sin(z)dr — I, = —2" cos(x) + nz" 'sin(x) —n(n —1) - I,_,
J
.
e I,=|2"cos(z)dx — I, = 2"sin(x) + nz" ' cos(x) —n(n — 1)I,_»
J
" t n—1
o [,=|tan"(x)dz - I, = tan"" () _ n—2(+C)
J n - 1
/2 /2

o Walli’s Formula: If [,, = J
0

L L=1

sin”(x)dx , or I, = J cos”(x)dx then:
0

—1
In= "l Iy=—2
n 2

n—1 n—3 n—->5 -1 (n odd)
or I, = . - T
n n—-2 n-—4 B (n even
.
o L= |(n(x)"dx—>1I,=x(n (2)" —nl,4
J
~ tn—l
o I, = |cot"(x)dz , n>1—>]n=—(307(x)— g =
J n—1
Ccot"(x) | cot"P(x)  cot" O (x) e tz4C
n—1 R n—3 n—29
. I = 2 PARL ] = 2 2\n 9 2[ B
n J(ﬂﬁJrfl)leic n 2n+1[m(m+a)+nan1]
i 1 _g n—2
o I, = |sec™(z)dx - I, = ; tan(x)sec "7 (z) + 1In,1 ,n=2
] _ _
" n(n —1)
)y e “sin"(z)dx 1 1
(2 —1),a—1
e I,=| zcos"(x)dx, n>1—1,= n(n )2 2
0 'n
e L= | a"ede L= "1y oL = nﬁ
Jo a a
2 m—1 3
o Ipn= J sin™(z) - cos™(x)dx — I, = J sin™ ?(z) cos™ () dx or
0 m+n J
-1
]%Ln:: - Lann
m+n
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Improper integral: The limit of a definite integral as an endpoint of the interval(s) of
integration approaches either a specified real number, or co, or —oo or in some cases, as
both endpoints approach limits. Symbolically:

b 0
bh_)m J f(z)dz| = L f(z)dz], or e.g.

b
hmf flz)dz | hm f(zx)

c—b c—at

Jf dx—J e dx+ff
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17 Differential Equations

o Solutions to differential equations are functions, as opposed to algebraic equations
where the solutions are numbers.

e An nth order differential equation is derived from a function having n arbitrary
constants.

o The general, or primitive, solution of the equation contains the arbitrary constant.

e The particular solution of the equation can be found if we are told the value of y for a
given value of x. Then we can find a value of C.

17.1 Ordinary Differential Equations (ODEs)

e An ordinary differential equation (ODE) is a differential equation containing one or
more functions of one independent variable and its derivatives. The term ordinary is used
in contrast with the term partial differential equation which may be with respect to more
than one independent variable.

17.1.1 Analytical Solutions to ODEs

Solution of 1st order Differential Equations

o a) By direct integration: jy = f(x), gives y = ff(x)dx
T

« b) By separating the variables: F(y)gi = f(x), gives JF(y)dy = ff(x)dx
dv

« ¢) Homogeneous equations: Substituting y = vz, gives v + T = F(v), which can be
T
solved by separating the variables.

Homogeneous equations are of the form:

an(2)y™ + ap_y (2)y" Y + ..+ a1 ()Y + ap(z)y = 0, where all the terms are proportional
to either y, or a derivative of . There’s no = alone.

« d) Linear equations - Use of Integrating Factor (IF)

d
They have the form: d—y + Py = @, where P&() are constants, or functions of x.
x

Multiplying both sides by the IF = esp(‘”)dx, gives

dy dIF d

—IF+y—=Q - IF » —{ylF} = Q- IF - yIF = | Q - IFdx
dx dz dz

d
e e) Bernoulli’s equation: d—y + Py = Qy"
x

First, divide by ™. Then put z = y'™". Afterwards it is reduced to type d.

o f) In various cases there may need to happen a specific transformation in order for the
differential equation to fall to one of the previous categories. We transform a non-linear
O.D.E. to a linear one this way.
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Second Order Differential Equations

. . d’y . dy

o Solution of equations of the form: a—= + b—= + cy = f(z)
dzx? dx

Auxiliary equation: am?® +bm + ¢ =0
Types of solutions:
a) Real and different roots: m =my; A m =msy
CF.. y=Ae™" + Be™*
b) Real and equal roots: m = m (twice)
CF.. y=e"™"(A+ Br)
c) Complex roots: m = a + fx

C.F.: y =e"(Acosfx + Bsinfz)

d2
e Equations of the form: d—z +n*y=0
T

Auxiliary equation: m? = —n?
C.F.: y=Acosnx + Bsinnx
dv
« Equations of the form: — —n?y =0
dz?
Auxiliary equation: m? = n?
A+ B A—-B
C.F.. y = Acosh(nz) + Bsinh(nz) = €™ ( —iz_ ) +e ™ 5

» General Solution = Complementary Function + Particular Integral [G.S. = C.F. + P.1]

av d
e To find C.F. solve: a— + pY +cy=0
dz? dx

« Particular Integral exists only when f(x) # 0, i.e. in inhomogeneous differential
equations.

o To find P.I. assume the general form of the R.H.S. It can be of the form:
flz)=k... Assume: yp; = C

f(z) =kx... Assume: ypr = Cx + D

f(x) = ka? Assume: yp; = C2® + Dz + E
f(x)
f(z)

= ksinh(z) , ork cosh(z) Assume: ypr = C cosh(x) + D sinh(z)
fz) =M Assume: yp; = Ce™

d d>
Combine forms where applicable. Afterwards differentiate yp; to get d—y and —‘Z,

X x

substitute to the L.H.S. to find the constants C, D, ... by equating coefficients of the L.H.S.
to those in the R.H.S.
o Note: If the general form of the R.H.S. is already included in the C.F., multiply yp; by
r as many times as necessary and proceed as before.
o Particular solution: Finding the values of the arbitrary constants A and B, when given

the necessary boundary / initial conditions.

k [ k
e f(t) =acos \/;t + b\/; sin \/;t : Behaviour of a system that executes simple
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k
harmonic, oscillatory motion with natural frequency w = \/; . Such a system is called a

harmonic oscillator.

o« Af"(t)+ Bf'(t) + Cf(t) = 0 : Differential equation describing the position of the
harmonic oscillator

o f'(t) : damping term, B : damping parameter
With 0 on the R.H.S. only transient terms exist in f(¢) (i.e. damping terms that decay
over time t). With terms on the R.H.S. steady-state terms emerge.

The R.H.S. is the forcing function. If this function’s frequency is the same as the w of the
H.O. then the system will resonate, which means that it will oscillate with increasing
amplitude.

Leibnitz n th derivative theorem: [u = f(z) A v = g(z)] = (uv)™ =

uMy +7 CLu™ D™ 17 Cou= 2@ 4 0o 4o 0 =y

o Leibnitz - MacLaurin (power series) method for solving O.D.E’’s of the form:

av d

5+ Pa) 22+ Qx)y = 0

Steps:

a) Differentiate given equation n times
b) Rearrange the result to obtain the recurrence relation between the derivatives, at x = 0
(initial condition).

¢) Determine the values of the derivatives at = 0, usually in terms of y(0) and 3'(0).

d) Substitute the findings in the MacLaurin expansion for y = f(x).

e) Simplify the result where possible and apply boundary conditions if provided.

e Cauchy-Euler equi-dimensional equations have the structure:

an ™y (x) + ap_12" "V (@) + .+ a2y (x) + apy(z) = g(x), where the coefficient of
the nth derivative contains " term.

General solution = yy(z) + y,(z), normally. We assume y,, () = k2", find its derivatives
and substitute to find as many n’s as the degree of the equation. The form of the
particular solution depends upon the form of the R.H.S. of the equation.

o Sturm - Liouville systems: (p(z) -¢')" + (¢(x) + Ar(z))y = 0, for a < x < b and

r(z) > 0, with boundary conditions a; - y(a) + ag - ¢/(a) = 0 and Sy - y(b) + B2 - y'(b) =0
Solutions ¥, to a Sturm - Liouville system are called eigenvectors, each corresponding to an
eigenvalue A\, forn =0,1,2,...

17.1.2 Systems of Differential Equations
e Solving systems of 1st order D.E.s, of the form:

fi(z) fi(x)
F/(:r) =A- F(l’) ) where F(:L’) = fQ(x) & F,(JJ) _ f2(x)
fn(2) fulx)
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1. Find the eigenvalues and eigenvectors of A and construct the modal matrix M and

spectral matrix S, where eigenvalues are Ai, A9, ..., \, and eigenvectors
C,C,y,...,C,.

2. Write the solution of the equation as F(z) = Z a,e**C, and use the boundary
r=1

conditions to find the values of a,, for r =1,2,... n.

Y

+ Solving systems of 2nd order D.E.s, of the form: F"(z) = AF(x)

1. Find the eigenvalues A\, Ao, ..., A, of A.

2. Assuming the eigenvalues are all distinct, find the associated eigenvectors
C,Cy,...,C,.

n

3. Write the solution of the equation as F(z) = Z (a,.e Art 4 be” )"“””) C,

r=1
and use the boundary conditions to determine the values of the constants a, and b, ,
r=12...,n.

17.2 Partial Differential Equations (PDEs)

« A partial differential equation (PDE) is a differential equation that contains unknown
multivariable functions and their partial derivatives. (ODEs are a special case which deal
with functions of a single variable and their derivatives.) PDEs are used to formulate
problems involving functions of several variables, and are either solved by hand, or used to
create a relevant computer model.

o Solution to u = f(x,y,w,t,...)

e Linear equations: If u = uy,u = us,u = us, ... are solutions, then the following is also a

0
solution: u=u1+u2+u3+...+ur+...=Zur
=1

s
o Wave equation: Simulates transverse vibrations of an elastic string:
Au 1 P 1)
— == ==, u= f(x
or? 2 ot? ’ " 5 )

U 1 U

« Heat Conduction equation: Heat flows in uniform finite bar: — = — - — , ¢ = —
ox 2 ot op
k : thermal conductivity of material, o : specific heat of the material, p : mass per unit
length of bar
e Laplace’s equation: Distribution of a field over a plane area:
*u N o*u N o*u
or?  oy* 022
It is also written as V2u =0, or Au=0
e Solution steps

+...=0, u= f(z,y, 2, ...)(u is a scalar function)

1. Assume a solution of the form: v = X (x) - T'(t)
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. Transpose the equation by separation of the variables. Then

ou 0*u ou *u
—=XT, —=X"T, —=TX, —=T"X
or T 02 "ot T Ot2

. The two solutions are in the form: X = (A cos pz + Bsin px) - (C coscpt + D sin cpt)
Then u(z,t) = (Acos pxr + Bsinpzx) - (C coscpt + D sin cpt)

. Putting ¢p = \ we apply boundary conditions to determine A and B.

. List the eigenvalues and eigenfunctions for n = 1,2, 3, ... and determine general
solution as an infinite sum.

. Apply the remaining initial, or boundary conditions and finally determine C, and D,
by Fourier series techniques.
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18 Difference Equations

o Any function f, where its input n € Z is restricted to integer values has as output f(n)
in the form of a discrete sequence of numbers. Such a function is called a sequence.

o A recurrence relation (Avadpoutxy) Yyéon) is an equation that recursively defines a
sequence, or a multidimensional array of values, once one or more initial terms are given:
each further term of the sequence or array is defined as a function of the preceding terms.
e The term "difference equation” is frequently used to refer to any recurrence relation,
but rigorously speaking it is a type of a recurrence relation.

« The prescription of a sequence, say f(n) = bn — 2, written as a recursive equation, with
all the unknowns on one side: f(n + 1) — f(n) = 5, is called a difference equation.

e The order of a difference equation is taken from the maximum number of terms
between any pair of terms. In order to solve a difference equation it is necessary to have as
many initial terms as the order of the difference equation.

e The solution of a constant coefficient, linear recursive difference equation is of the
form: f(n) = fu(n) + f,(n)

e fn(n) is the solution to the homogeneous equation:

anf(n) +an_1f(n—1)+...+a,_pf(n—k) =0 o (k order)

We assume that the above has a solution in the form of: f(n) = cw™ ,c,w e R* ;n € Z and
we substitute f(n) into the dif. eq. ().

Factorizing we find the characteristic equation of the difference equation:

KwN{akwk + ap_ w4+ L+ asw + al} = 0, where a;, are constants and find the roots
Wg, Wi—1,y...,W.

Then fr,(n) = A-w; +B-wp_,+....

If we have 2 equal roots, we assume Bn - w" is also a root of the difference equation ([).

« fy(n) is the particular solution and to find it we assume a solution to the (now)
inhomogeneous equation: a,f(n)+ a,_1f(n—1)+...+ a,_rf(n —k) = g(n) «un, according

g(n) Particular solution
polynomial termn™  C,,n™ + Cpon™ '+ ...+ Cin + Cy
exponentiala™ Ca"
a" cos(bn) , a" sin(bn) a" (Cy cos(bn) + Cysin(bn))

We substitute the particular solution into (/7) and equate coefficients between the L.H.S.
and R.H.S.

« The general solution is f(n) = fn(n) + f,(n)

o Finally, given the initial conditions, we find the constants A, B, C, ... of the f,(n).
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19 Complex Numbers

e A complex number is a number that can be expressed in the form a + bi, where a and b
are real numbers and i is the imaginary unit, satisfying the equation i> = —1. In this
expression, a is the real part and a is the imaginary part of the complex number. If

z =a+bi, then Re () =a Im (2) =0.

« j=V-lgt=-1,=—j,j' =1

e z=a+jb,Re(z)=a A Im (2)=0

e 2z =a— jb: Conjugate

e z=r(cosh+ jsinh) : Polar form (figure [27)

b
a=rcosf, b=rsind, 0 =Lz=tan ‘[ —) , |z| =7
a

i \ P
i b

ey
ay,,/\! v A 5 A

f‘\r {

i "

s

Figure 27: Argand Diagram

e A phasor (portmanteau for phase vector) is a term primarily used in circuit analysis,
used to represent the amplitude and phase angle of a complex number (usually a voltage,
or current).

o To find the correct angle 8, we should beware that there are two angles between 0° and
360°, the tangent of which has the value b/a. Always draw a sketch of the complex number
to ensure we have the right quadrant.

e Those complex numbers that evaluate to 1 when raised to some power p are called the
complex roots of unity, ie. 2 =1< (a+i-b)P =

For each N, there are exactly N complex numbers z such that 2 = 1.

The numbers cos (2]7\76) + 7 sin (2]7\;1{:) for k=0,1,..., N — 1 can be easily shown to have
this property.

o z=|zl|z (Lz>0), hz=|2|[z (L2 <0)

N

o tan(f) = b

a
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e |ZP=z-z=7

© =l =1-2

o 7 =1

o et = cosf + jsinf : Oyler’s identity

o 2z =re/? . Exponential form. Here 6 be in radians

e Inz=1Inr+j0: Logarithm of complex number

o 2" =|r(cosf + jsinf]" = r" (cos(nf) + jsin(nh)) De’Moivre’s Therorem, we can use it

to find the roots of complex numbers

1
e z+ —=2cosf
z

1
e "4+ — =2cos(nh)
Zn

° Z—7=j2Sin9

n

1
o 2" — — = j2sin(nd)
ZTL

. Jx —jx
o An6e’® = cos(x) + jsin(x) :) cos(z) = 64_26
Hyperbolic Functions
et 7
L] 1 h f—
sinh(x) 5
e cosh(z)= &
e e = cosh(x )+s1nh( )
et —e™”
e tanh
anh(z) = x+.e . |
. |f(€w)|2 f(e’) - f(e?¥) : Tautomnta Tou pétpou

e sinh (x) In [z + Va2 + 1]

o cosh™'(z) = —Hn [z + Va2 —1]
1

o tanh '(z) = —ln (1 tx) , output € [—1,1]

e sin (a:) —]h’l [V1—22+jz], -1<2<1

. ) = —jhl [VI—22+2z], -1<z<1

1 —
e tan '(z) = ( jx) , Ve eR
T
1

1+
o coth(z) =
tan}i( x)
» sech (@) = cosh(x)
1
o cosech (z) = sinh()

. cosh( ) —sinh®*(z) = 1
+ sech ?(x) = 1 — tanh®(z)
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+ cosech ?(z) = coth?(z) — 1
« sinh(2z) = 2sinh(x) cosh(x)
o+ cosh(2z) = cosh?(z) + sinh®(x) = 1 4 2sinh®*(z) = 2 cosh®(z) — 1

19.1 Complex Trigonometric & Hyperbolic Identities

« sin(jx) = jsinh(z)

e sinh(jz) = jsin(x)

o cos(jx) = cosh(x)

o cosh(jz) = cos(x)

e tan(jz) = jtanh(z)

o tanh(jz) = jtan(z)

« Re [sinh(z)] = sinh(a) cos(b)

o Im [sin(z)] = cosh(a) sin(b)

+ Re [cosh(z)] = cosh(a) cos(b)
o Im [cos(z)] = sinh(a) sin(b)

« |cosh(z)* = sinh*(a) + cos?(b)
+ |sinh(2)* = sinh*(a) + cos”(b)
. |x—y|=R—>xfy=Reje,x,yeC

. e? — eIz

e sin(z)= ———

(2) 5
jz —jz

. cos(z) = eete”

. tan() = sin(z) _ eJ:Z — e_J:Z
cos(z) €% 4 e I?
el + eIz

o cot(z) =
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Figure 28: Visual representation of the identity

« C-f(t)-Re{g(t)} = CRe {f(t) - g(t)} =Re {C- f(t) - g(t)}
Re ,orlm ,Z ,etc... ,whereC € C

e Hermitian function: A complex function where its complex conjugate is equal to the
original function with the variable changed in sign, i.e. f*(x) = f(—x)

+ In linear algebra for an Hermitian matrix: A7 = A~ = (AT)* Properties

* Re {f(z)} = Re {f(-2)}

o Im {f(=2)} = —Im {f(2)},

o (=) = /(@)

o Zf(-2) = ~Lf(@)

o Also: fyg = f¥%g,if fis Hermitian and

e f%g=gxkf,if both f and g are Hermitian

o Transformation equation: z = x + jy A w =u+ jov

Mappings from the z plane, z = f(x,y), onto the w-plane

w=fz)z=x+4+jy, w=u+jv, u=g(z,y), v=h(zvy)

o Linear Transformation: w = az + b, where a and b are real or complex. A straight line
in the z-plane maps onto a corresponding straight line the w-plane.

o Types of Linear transformations: w = az + b

a) Translation: given by b

b) Magnification: given by |a|

c¢) Rotation: given by arga

o Non-linear transformations

(a) w = z* : A straight line through the origin maps onto a corresponding straight line
through the origin in the w-plane. A straight line not passing through the origin maps onto
a parabola.

(b) w = — (inversion): A straight line, or a circle maps onto a straight line, or a circle in
z

the w-plane. A straight line may be regarded as a circle of infinite radius. (z = 1/w : to

find the equation)
az +b

(C)w:cz—l—d

o Mapping of a region depends on the direction of development.

(bilinear transformation) - with a, b, ¢, d real, or complex.
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Right (Left) hand regions map onto right (left) hand regions.

19.2 Complex Analysis

o Complex analysis studies the properties of functions of complex numbers.

o Derivative of a function of a single real variable: y = f(x)
0y = f(z + 0z) — f(x)
fla+02) = f@)] _ (y+0y) —y
ox ox

& _ lim
dx dx—>

Figure 29: Derivative of a function

o Derivative of a function of a complex variable: w = f(z)
[dw] , {f(zo—i—dz)—f(zo)} (w+ow)—w . PQ

— | = lim = = lim ——

dz 0 6z—0 0z 0z Q—P PQ
If this limiting value exists, the function is said to be differentiable at P.

e dz=dzr+jdy, dw = du+ jdv

o A function w = f(z) is said to be regular, or holomorphic, or analytic, at a point
z = zy, if is defined and single valued and has a derivative at every point at and around z.
Points in a region where f(z) ceases to be regular (eg. its derivative does not exist) are
called singular points, or singularities. A function of a complex variable that is analytic
over the entire finite complex plane is called an entire function. Examples of entire
functions are polynomials, €, sin(z) and cos(z).
In other words, a holomorphic function is a complex-valued function, of one or more
complex variables that is complex differentiable in a neighborhood of every point in its
domain.

e The real and imaginary parts of an analytic function are both harmonic and form a
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conjugate pair of functions.

e A meromorphic function on an open subset D of the complex plane is a function that is
holomorphic on all of D except for a set of isolated points, which are poles of the function.
Every meromorphic function on D can be expressed as the ratio between two holomorphic

functions (with the denominator not constant 0) defined on D : any pole must coincide
with a zero of the denominator.

o Cauchy - Riemann Equations: A necessary condition for w = f(z) = u + jv to be

regular at z = z is that u = g(z,y) and v = h(z,y) and their partial derivatives are
continuous and that in the neighborhood of z = zj :

Gu_ov o0 o
or 0Oy e T oy

o Complex Integration: fwdz = Jf(z)dz = j(udx —vdy) +j J (vdx + udy)
o Contour Integration: Evaluation of line integrals in the z-plane.

o Cauchy’s Theorem: If f(z) is regular at every point within and on a closed curve c,
then

e Deformation of Contours

(a) Singularity at A (Multiple singularities may occur.
(b) Restored to a closed curve.

j@f dz—§f Ydz

O

1
or j@f(z)dz , where f(z) = oo n=123,...
n#1
§ f(z 0 n = landcdoes not enclosea In general we have to consider if the

72  n = landcdoes enclosea
singularity is enclosed within the contour ¢ (if that’s not explicitly stated, or visible).

o If f'(20) =0, at 2 = 2, then zq is a critical point.

o Conformal transformation: mapping in which angles are preserved in size and sense of
rotation.

Conditions:

1. w = f(z) must be a regular function of z.

dw
2. f'(2), ie. e # 0 at a point of intersection.
z

112



e Schwarz - Christoffel transformation: maps any polygon in the z-plane onto the entire
upper half of the w-plane and the boundary of the polygon onto the real axis of the

w-plane. ﬁ =A (w _ ul)%fl . (w . u2)a?271 . (w B un)%nfl

We find z from d—z and finally the transformation function w — f(z).
w

1. Any three points uy, us,...,u, can be selected on the u-axis. ay,as,...,a, are the
corresponding angles formed at the points uq, us, . .., u, respectively.

2. One such point can be chosen at infinity.
3. Infinite open polygons are regarded as limiting cases of closed polygons.

o If f(2) is a function in the complex variable z, analytic at z = 0, then its McLaurin
series can be found by

f(z) = f(0) + zf'(0) + if”(O) + ;Tf”'(o) + ...

e Radius and circle of convergence: The radius of the circle within which a series
expansion is valid is called the raius of convergence of the series and the circle is called the
circle of convergence. The radius of convergence can be found using the ratio test for
convergence. When an expression is expanded in a McLaurin series, the circle of
convergence is always centered on the origin and the radius of convergence is determined
by the location of the first singular point met as |z| moves out from the origin.

« If f(2) has a singular point at z; and for some natural number n the

ZILIIZ10 {(z — 20)" f(2)} = L # 0, then the singularity is called a pole of order n (the pole’s

multiplicity).
o If f(2) has a singular point at zg, but lim {f(z)} exists then the singular point is called
220

a removable singularity.

o Complex Taylor Series: Provided f(z) is analytic inside and on a simple closed curve ¢,
the Taylor series expansion of f(z) about a point zg which is interior to ¢ is given as:

1) = ) + () ) + EZ TG Gl G

where, here the expansion is about the point z, which is the centre of the circle of
convergence. The circle of convergence is given as |z — zo| = R, where R is the radius of
convergence. McLaurin’s series is a special case of Taylor’s series where zy = 0. It is easiest
to derive the series with the new origin centered at zy. For this purpose we can apply the
transformation u = z — z.

o A derivable function of a complex variable is equal to the sum of its Taylor series.

e Laurent’s series: The Laurent series expansion provides a series expansion valid within
an annular region centered on the singular point. Let f(z) be singular at z = z5 and let ¢;
and ¢y be two concentric circles centered on zy. Then if f(2) is analytic in the annular
region, between ¢; and ¢y and ¢ is any concentric circle lying within the annular region
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between ¢; and ¢, we can expand f(x) as a Laurent series in the form:

0
. a—2 a—1 . 32 _ __\n
f(z)=...+ (= )2 + (=20 + ap + a1(z — 20) + az(z — 20)" + . .. n;wan (z — 20)
1
where a,, = , § /) dz : Cauchy integral formula
2105 J (2 — z)"H!

forr <|z— 2| <R

o The part of the Laurent series that contains negative powers of the variable is called
the principal part of the series and the remaining terms constitute what is called the
analytic part of the series. If in the principal part the highest power of 1/z is n, then the
function possesses a pole of order n and if the principal part contains an infinite number of
terms, the function possesses an essential singularity. An essential singularity is a
singularity that is neither a pole, nor a removable singularity.

* Removable singularities, poles and essential singularities are the three types that
constitude the isolated singularities.

o Residues: In the Laurent series:
a_9 a_q 2
Z)=...+ + +ap + a1(2 —29) + a0z —209)" + ...
f(z) o) oo T 1(z = 20) + a2(z — 2)
the coefficient a_; is referred to as the residue of f(z). In other words, the residue of a

function f(z) is the coefficient of its

term (n — 1), when the function is expanded
zZ—a

1 gt
o Calculating residues: a_; = Zlgglo = DideT [(z —20)"f(2)]

into its series representation.

where n is the order of the pole.

o Cauchy’s Residue Theorem: Provided f(z) is analytic at all points inside and on the
simple closed contour ¢, apart from the single isolated singularity at zy which is interior to

¢, then %f(z)dz = 2mja_,

(&
The residue theorem extends to the case where the contour contains a finite number of
singularities. If f(z) is analytic inside an on the simple closed contour ¢ except at the finite
number of points zg, 21, 29, . . . each with a Laurent series expansion and each with

corresponding residues a_1,a_1,a_q, ... then ;f(z)dz =2rj{a1+a_1+aq+...}

« Evaluation of certain real integrals
The Residue theorem can be very usefully employed to evaluate integrals of real functions.

27
- Integrals of the form J F(cos8,sin0)df
0

i0 (e +e 0 4271
use z = ¢ and cosf = 5 = 5
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J0 _ =30
sinf = % —z— 2125
2]
and dz = jel’dh = jzdf
so that dfl = —Z Convert the integral into a contour around the unit circle centered on the
jz

origin and use the Residue theorem.
* * sin x

- Integrals of the form: F(z)dr and F(x) dx
— —w cos T

Consider integrals of the form ;F (2)dz and j@F (2)e’*dz respectively, where the contour c

is a semicircle with the diameter lying along the real axis. The principle is that the integral
can be evaluated by the Residue theorem and then the contour can be expanded to cover
the required extent of the real axis, the integration along the semicircle giving a zero
contribution.

e An analytic function is a function that is locally given by a convergent power series.
There exist both real analytic functions and complex analytic functions, categories that are
similar in some ways, but different in others. Functions of each type are infinitely
differentiable, but complex analytic functions exhibit properties that do not hold generally
for real analytic functions. A function is analytic if and only if its Taylor series about xg
converges to the function in some neighborhood for every x, in its domain.

19.3 Quaternions

Quaternions is a number system that extends the complex numbers. They are generally
represented in the form:

a+bi+cj+dk

where a, b, ¢, and d are real numbers, and 4, 7, and k are the fundamental quaternion units.
e The quaternions are defined by the following equation:

P2 =% =k =ijk=—1
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20 Numerical Analysis

o Numerical analysis is the study of algorithms that use numerical approximation (as
opposed to general symbolic manipulations) for the problems of mathematical analysis.
The field of numerical analysis developped as a necessity, because already known things
from pure maths were unable to be applied in various branches of problems. So
approximations had to be devised.

Newton-Raphson Iterative method

— First we try to find an approximate root of our real function in question, its z value.
Call it z;.

f'(zn)

— Then we try to find a better approximation of that root, by using: z,,1 = x,, —

— The algorithm may not always work, especially when f’(zq) is very small.
— It is used to find numerical solutions

« Special case for finding v/a , a : number: z;,; = 0.5(z; + a/x;) , i € N (=g is found by
bisection)

Modified / Enchanced Newton-Raphson method

When f'(xg) is very small then the Newton-Raphson method won’t work, since z; might
diverge from the real root. In such a case we calculate instead:

—2
x1 = To = h, where h = f”{(x;). We choose +h when f(zo) and f”(z0) have opposite
o
signs and —h when they are of equal sign.
Afterwards we continue normally with z,., = =, — J{l((x”))
Ty,

Interpolation: A method of constructing new data points within the range of a discrete set
of data points.

o Linear, Graphical (or approximate)

From 2 arbitrary points pi(x1,y1), pa(22,y2) in a figure we want to find out the value y
somewhere in between x; and 9, say @ . We assume a linear dependence between y; and
y2. Then:

o Gregory-Newton formula using forward finite differences

-1 —1(p—2
o=t oo+ PO gy POZVRZD ag
« Gregory-Newton formula using backward finite differences
+1 +1)(p+2
Ip :f0+pAf—1+p(p2')A2f—2+p(p 3)‘(]9 )A3f_3+...
Gauss interpolation using central finite differences
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e Gauss forward formula

plp—1) (p+ 1plp—1) (p+ Dplp—1)(p—2)

fo= 1o +p5fo+% + T(SQJCO + 31 63f0+% + Al 5* fo

e Gauss backward formula

o= ot ity + PO g DD gy DO DO Y
in all cases: h = ¥y — g , x1 > xo : points that their f(z1), f(xy) values are given and are
closest to x,. Also zp <z, <21 p = w

o Lagrangian Interpolation
The interpolation polynomial of degree n passes through n + 1 points. To find the value z,

not given in the data points (x;, f(x;)) we follow the formula: p(z) = Z lj(x)f(z;), where:
j=0

x— x;
L) =[] :
O<i<n—1 izj L3 Vi
Lagrangian interpolation can also be used when the domain points are not equally spaced,

sontrary to previous methods.

Frobenius method for solving differential equations of the form:

y" + P(z) -y + Q(z) -y = 0, under the conditions:

(a) If functions P(x) A Q(x) are such that are both finite when x is put equal to zero,

x = 0 is called an ordinary point of the equation.

(b) If x - P(x) and 2* - Q(z) remain finite at z = 0, then x = 0 is called a regular singular
point of the d.eq.

- If P and @ do not satisfy either of the conditions stated in (a), or (b), then z = 0 is
called an irregular singular point of the d.eq. and the method can’t be applied.

— Solution: We assume a series solution of the form:
y=12%ag +ax +ayx® + ... +ax" +...), ay#0.

1. Differentiate to find y' and y”. They will be:
y/ = aoch—l + al(c + 1)330 + ag(c + 2)$c+1 + .+ ar(c + T)chrr—l + ..
y" = apc(c—1)2° *+ar(c+1)ex T Has(c+2) (c+1)a+. . .+a(c+r)(ctr—1)z " 2 4. .

2. Substitute in the equation.

3. Equate coefficients of corresponding powers of z on each side of the equation -
usually written with zero on the R.H.S. and find the recurrence relation whose termin
values all of the of the expansions

4. Coefficient of the lowest power of x gives the indicial equation from which the values
of ¢ are obtained, ¢ = ¢; and ¢ = ¢s.

o Case 1: ¢ and ¢, differ by a quantity not an integer.
Substitute ¢ = ¢; and ¢ = ¢, in the series for y.

117



o Case 2: ¢ and ¢, differ by an integer and make a coefficient indeterminate when
¢ = ¢q. Substitute ¢ = ¢; to obtain the complete solution.

o Case 3: ¢; and ¢ (¢; < o) differ by an integer and make a coefficient infinite
when ¢ = ¢;. Replace ag by k(¢ — ¢1). Two independent solutions are then

0
obtained by putting ¢ = ¢; in the new series for y and for Y n general if

c
c1 — co = n where n is a non zero integer, the solution is of the form:
y = (14 kIn (z))z{ap + a17 + agz® + ...} + 22{bg + byz + box® + ...}

0
o Case 4: ¢; and ¢y are equal. Substitute ¢ = ¢; in the series for y and for —y.

Make the substitution after differentiating. In general if ¢; = ¢y = ¢, the solution
is of the form: y = (1 + kln (2))2%{ag + a12 + axx® + ...} + 2%{byx + bp2® + .. .}

5. For each value of ¢, consider values of r = 1,2, 3, ... as needed and from the
recurrence relation find the constants aq, as, as, ay, ... in terms of ag or a;.

6. Final solution is the sum of the series solutions found for the different values of c.

20.0.1 Numerical Solutions to ODEs

Numerical Solutions to ODEs of order 1

[the subindex number is the # of iteration. With 0 we denote the initial conditions]
o Suppose we have the equation: y' = f(x,y), with y = yo at x = xg, for zo : h = z,,

1. Euler’s Method
y1 = Yo + h -y, (his the step value, i.e. z,41 = x, + h)

2. Euler-Cauchy method
r1 =20+ h

Y1 = Yo + h -y : Auxilliary value of y
Y1 =y0+1/2'h[y€)+f($1ay:1]
yi = f(xhyl)

3. Runge - Kutta method
Ty =29+ h
/ﬁ = h f(wo,90) = D -y
(l‘o + 1/2 : h,yo + 1/2 : k)l)
(ZL‘() + 1/2 : h,yo + 1/2 : k‘g)
/{54 h f(xo + h, Yo + kg)
Ayo = é(kl + 2]{32 + 2]€3 + k?4)

Y1 = Yo + Ayp
vy = flz, )

118



Numerical Solutions to ODEs of order 2

« Suppose we have the equation: 3" = f(z,y,y'), with y = yo and y = y; at = = z, for
T =x9:h:x,.

1. Euler’s 2nd order method
h2 1/
Y1 =yo+h-y6+§-yg
yi =y +h-yg

2. Ruge-Kutta method
r1 =20+ h
ki = 1/2-h2-f(x0,y0,y6) = 1/2h2y6,
ko =1/2-h*- f(zo+ 1/2h,y0 + 1/2- h -y} + 1/4ky, yo + k1/h)
ks =1/2-Rh% f(zo+ 1/2h,yo + 1/2 - h - yo + 1/4ky, yf + ka/h)
ka=1/2-h%- f(zo+ h,yo + b -y + ks, yo + 2ka/h)
P =1/3- (ki + ko + k3)
Q = 1/3 (ky + 2ky + 2k3 + ky)
yi=y +h-yy+ P
o=y +Q/h
yi’ = f(xlaylayll)

e Predictor-Corrector numerical method for solving D.E.s

Employs a more accurate technique, where, instead of starting with just a single set of
initial values, we use a collection of previously calculated values.

Suppose we have the equation: y' = f(z,y), with y = yo and ¢’ = y at = = =z, for
z:h:x, Then

=Y+ 1/2 2y) = f(@i,yi8)  i=1,2,0
Predictor: {lerl Yi + / h(gf(xzayz) f(xz 1, Yi 3)) ¢ ) 4

Y1 =y + h- f(zo, %) i =0
Corrector: yip1 +1/2-h- (f(2i,y1) + f(@isa, Zji-i-l)) 1=0,1,2,3,...

20.0.2 Numerical Solutions to PDEs

o Central difference formulas for partial direvatives.
[ (i column, j row) h, k : distance between grid points on x,y plane respectively.]

5f($,y)‘ _ Jir1g — fig

oxr ' 2h
5f($, y)‘ _ fi,j+1 - fi,jfl
oy ' 2k

o If f(z,y) is signle valued, then to every domain point (z,y) there corresponds a single

range point f(z,y).
o Grid alues: The value of f(z,y) at the ijth grid point is denoted by:

fij = f(xo +ih,yo + jk)
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0 0
o Computational molecules: The P.D.E.: a f(@.y) +b f(@.y)

or oy
0 0
M‘ + bM‘ = ¢ and is by the central difference formula:
or 4 oy 'Y
b
(fix1; — firj) + = (fij+1 — fij—1) = ¢ which is in turn represented by the composite

= ¢, evaluated at the

ijth grid point, is a

a
2h
computational molecule below (figure |30)).

Figure 30: Computational Molecule example

e The procedure to solve a 1st order P.D.E. is:
1. Draw the function’s domain with the grid overlaid.

2. On the drawing enter the values of f(z,y) that can be obtained from the boundary
conditions.

3. Label the grid points at which f(z,y) is to be evaluated, with capital letters.

4. Construct the central difference equation that represents the numerical
approximation to the P.D.E.

5. Construct the computational molecule for the P.D.E.

6. Lay the centre of the molecule on each of the lettered grid points in turn and derive a
set of simultaneous linear equations - the unknowns being represented by the letters
at the grid points.
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7. Write the simultaneous equations in matrix form: Ax = b

8. Find A™! and computer the solution: x = A™'b, finding the f(z,y) values in the
lettered grid points.

o If derivative boundary conditions exist, the grid is extended over the boundary of the
function domain by adding additional points outside the domain appropriately, with values
the value of the aforementioned derivative at the specified boundary point, i.e. @

of(z,y)

P ‘x=:co=C (o is b.point and C' =value)

e Second Order P.D.E.s: The most general form is:

0? 0? o7 0 0
ala, ) 5k + b 9) 5 1+ el) 5+ dle )5+ ele. )+ gl =0

o If b* — 4ac < 0, then the P.D.E. is called an elliptic equation.

o If b —4ac > 0, then the P.D.E. is called a hyperbolic equation.
o If b —4ac = 0, then the P.D.E. is called a parabolic equation.
o Central difference formulas for 2nd partial derivatives:

*f(x,y) ‘ ity =20+ finy
or2 i T h?

*f(x,y) L~ Jij—1=2fi; + fijn
Oy? ij 2

o Time Dependent Equations: To use a central difference formula for the derivative with
respect to ¢, would require knowledge of f(x,t) for values ¢t < 0. Consequently, for a

0 t i ,
derivative with respect to t we use the forward difference formula: f(ag;’ ) ‘w A~ fin1 = fig p Jis
O f(x,t of (x,t k
So the P.D.E.: 6( 5 ) = (8t ) , becomes f; ;i1 = fi; + ﬁ(fi,l,j —2fi; + le,j),
where it can be shown that there will be no growth of rounding errors when evaluating this
L 1
equation if: — < 3

e The Crank - Nicolson procedure makes the assumption that the P.D.E. can be satisfied
at points in time halfway between two grid points. That is:

0 f(x,1) of(z,t) o
W‘MH/? =~ ‘i,j+1/2 This gives:
o TRk ;

Pf(x,t)
ox2 ‘z g+1/2 T 2h2 (fZ VA zfm' + fi+1,j + fifl,jﬂ - 2fz’j+1 + fir1 j+1)
k
Thus: —f;j+1 + on2 (fi—l,j+1 — 2fije1 + fi+1,j+1) = —fij— o2 (fz 1 —2fij + fi-‘rl,j)
k
, with no restriction on the value of Y%} (usually we make it equal to 1).
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21 Vectors

L]
Q)
+
Satl

I
Sart

+da: Avupswﬂsum’] WO

e (@+b+i=d+(b+0): [pooetatptotind Lot T
e AB=TA - A%, TA : Oudppona draviouato

e ABSTA - A_B, TA : Avtigpora dlovhouota

« AB=-BA

« AB=0B-0AO: orUElD ovVapopdc

0. ,O_B : Swavuopotinég axtiveg, B Swaviopata Yéoewg Tou A xau B
o il = 1Bl) < 1@+ 51 < [al + 1o

. d+0=a

e« d+(-a)=0

e MN@+b)=Ai+pud, \eR

o (A+p)d= X+ pd, \u,eR

o A(pa) = ( ApeR

o YN pueR[(Ad=pudnd#0)—> =yl
. @b 800 dovbopata b # 0 — [a‘ 15— INeR(@= AE)]
OA+ OB
2
o Ot ouvtetaypévee (z,y) tou daviouatoc ue dxpa ta onueio apyhe A(z, y1) xou téhoug

B(z2,y2) divovton ané Tic oyéoeic: * =29 — 1 &y =y2 +y1

o d=(z,y) —|d = /2% +y? |d| : yérpo dwviouotos @

o H andotaon wwv oupeinv A(xy,y1) & B(xs, y2) eivar {on pe
(AB) = /(22 —21)? + (32 —11)*.
A
o Yuvtetaypévec xévtpou Bdpouc tety@vou ABA, ue A(z1,y1), B(xa, y2) & T'(x3, y3) ebvou:

o Awvuouatixt| oxtiva U€oou TUHUATOC: AB: OM =

T+ X+ X3 Uit Y2t y3

r=—_—"~&y=""2—""
3 3
TN - 7N AU 2N T
* a || be det(a7b> - 07 det(avb) - |:JI Y :| A = (:Elayl):b - (372792)
2 12
o« A\ =tan(¢) = v, ouvteheothc diebuvong tou Swaviopatos @ = (z,y), ¢ : ywvio Tou
x

oynuatiler To didvuoua d@ Ye Tov d&ova 2.

o al b > A1 = A 1 Buviixn mapadiniiog 600 Stavuoudtwy d, b UE CUVTEAEOTEC
olevduvong A, A avtioTouya.

o =M\ Av a, b oudppona, o€ A = 0. Av @, b avtippona 1ot A < 0.

. @b#0— [6- b=|a - |b] cos(qb)] : Eowtepind yivouevo Swavuoudtwy d@ xo b. (Scalar
Product)

¢ = yovia Tou oynuatiCouy Ta draviouata d, b uetall Toug.
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e Glbed b=0

e G| be ab=|dp|

« ASbea-b=—|dl

e d-d=a =ld?

o d=(r1,y1) A _)(1’2, y2) — d b=x,79+ Y1Y2 © Avahutin ExQpaon EcTERIX0U YIVOUEVOU
OLVUCUATWY d, b.

e« (M@)-b=a-(\b) = A@-b)

e a- (5—1— ¥) =ad-b+a-v Empeptonxy| biotnta
e (@bhyyna =
# 6, E xOWT| ooy — @ - U = dmpoP ;U meoPal = OM,

-

..“ Ifi:- e ..u"‘\ P
lo >
~

Figure 31: ITpofohy| Sraviouartog

«  Eufado tprydvou: (ABF ‘det (AB AF)

triangle

e Geentroidof A B C — GA+GB + G(

e Direction cosines: The direction of a vector in 3 dimensions is determined by the angles
which the vector makes with the three axes of reference.
Let OP = ai + bj + ck be a vector.

a b c
Then: — = cos(a) =, — = cos(b) = m, - =cos(y) =n

r r r

a=20.r), b= L(j.7), v = L(k,)

r=+va?+ b+ 3, a,b,c : 3 direction consines of vector r = opP

« Vector/Cross Product of two vectors: It acts in a direction perpendicular to both @ and

b
a X b = la| - |b] sin @
~~ S~~~ T
(thumb)  (index finger) (middle finger) (can represent the area of a parallelogram)
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ij:l%’,jxl%:?,l%’x?:j (d band‘axb‘formarlghthandedset)
. 17k
axb=la ay az| =-bxda
by by Dbs

Cross product represents the signed area of the parallelogram formed by the points, or
vectors considered.

o Angle between two vectors. Let a, b vectors with direction cosines [l,m,n] and
[I',m',n'] respectively. Then cosf = cos Z(a,b) = llI' + mm' + nn’
It can also be found by the scalar product of @,b. « If A(z1,y1), B(z2,v2),C(x3,ys) then

1 1 1

A
the area of the formed triangle is: (ABC) = 5| %1 %2 T3
Y Y2 Y3

« For perpendicular vectors: {I' + mm’ +nn' = 0.

o For parallel vectors: II' +mm’ +nn’ = 1.

e« Ax (é +C =Ax B+ Ax(C : Distributive property

o Scalar Triple product of three vectors ff(am, ay, a;), B (bz, by, bz)andé (R

. . . Qg ay a,
A(BxCy=||b, b, b.
Cx Cy Cp

« A-(BxC=B-(CxA)=C-(Ax B): Unchanged by cyclic change of vectors. Sign

reversed by non-cyclic change.

‘/T (B x 6)‘ = |A| - |B| - |C| - | sin(f) - cos(8)| = volume of the parallelepiped with 3
adjacent sides deﬁned by ff E C.
0= 2(B.0),6 - A(A’

7). il =1
. A (B X C) — A, B, C vectors are coplanar
i j i
«  Vector Triple Product A x ( B x 6) = g Qy a,

« Ax(BxC)=(A-

« AxB)x(C= (6 )
e Vector Function: A(u) = (u)
dA  da,~ da,~  da
v du - du”’ o du

dA/d
= d A; dZ| : Unit (tangent) vector parallel to the tangent to the curve at P ﬁgure

k : Differentiation of vectors
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Figure 32: Unit Tangent Vector

b b
J A ;J azdu + jf aydu + kj a,du : Integration of vectors
Most (if not all) standard calculus rules apply in vector functions.

Transformmg Vector A into unit vector a :
Azt + ay j + azk: A

a= = —, with the direction of the original vector A
4N

o dif = idz + jdy + kdz

e FP=Fu+Fy+F.k

« F.di = Fydx + F,dy + F.dz

B

. J -derdex—i—nydy%—szdz

21.1 Vector Analysis

o If every point P(z,y, z) of a region R of space has associated with it, a scalar quantity
o¢(z,y, 2), then ¢(x,y, 2) is a scalar function and a scalar field is said to exist in the region

R.

o Similarly, if every point P(x,y, z) of a region R has associated with it a vector quantity
F(z,y,z2), then F(z,y, z) is a vector function and a vector field is said to exist in the region
R

« Gradient of a scalar function ¢(x,y, 2)

S0 =00  ~0¢ -0 -0 -0
d =1— — =1R1—+)=—+ k= =
grad (¢) = Z& +‘78y+ 2, 26x+‘7§y+ Ep p=Vo
where V = Za— +7 P + k:a— : vector differential operator, or del, or nabla operator
T Yy z
and ¢ is continuously differentiable with respect to its variables x,y, z, throughout the

region R.

The gradient is a generalization of the usual concept of derivative to functions of several
variables. If f(x,...,x,) is a differentiable, real-valued function of several variables, its
gradient is the vector whose components are the n partial derivatives of f. It is thus a
vector-valued function.
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Similarly to the usual derivative, the gradient represents the slope of the tangent of the
graph of the function. More precisely, the gradient points in the direction of the greatest
rate of increase of the function, and its magnitude is the slope of the graph in that
direction, ie. the direction of grad (¢) gives the direction in which the maximum rate of
change of ¢ occurs.
o Total differential of ¢(x,y, z) :

0p-  0¢ 50) P 3l0) 0¢ ¢

grad (¢)-dF = (axz—i—&yj—i— = )-(dm-erdy-jerz-k) = Spdnt g dy+ S de = do

Gradient Properties
e V(A+ B)=VA+ VB : Grad of Sums
« V(A-B)=A(VB)+ B(VA) : Grad of Products

d
e Directional Derivative d¢ = a grad (¢) = aVe
s
where a is a unit vector in a stated direction. It gives the rate of change of ¢ with distance
measured in the direction of a.
Vo

Vol

o Unit normal vector N to surface: ¢(x,y, z) = constant, N = (at a point P(z,y, z)

)

« Divergence (div) of a vector function A :

div (A) =V A= gaq + day | oas (notice the dot - in V)

or oy * 0z

Divergence is a vector operator that produces a signed scalar field giving the quantity of a
vector field’s source at each point. More technically, the divergence represents the volume
density of the outward flux of a vector field from an infinitesimal volume around a given
point.

As an example, consider air as it is heated or cooled. The velocity of the air at each point
defines a vector field. While air is heated in a region, it expands in all directions, and thus
the velocity field points outward from that region. The divergence of the velocity field in
that region would thus have a positive value. While the air is cooled and thus contracting,
the divergence of the velocity has a negative value.

e IfV-A=0forall points, then A is called a solenoidal vector.

«  Curl of a vector function A:

—
—

1 j Z
curl (A) =V x A= (Zé’gc+]5y+kéz'> X (amz—kay]—i—azk) “la 2

a; a, a,
The curl is a vector operator that describes the infinitesimal rotation of ayS—dimensional
vector field. At every point in the field, the curl of that point is represented by a vector.
The attributes of this vector (length and direction) characterize the rotation at that point.
The direction of the curl is the axis of rotation, as determined by the right-hand rule, and
the magnitude of the curl is the magnitude of rotation.
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e If V x A =0 then the vector field A is said to be irrotational.

o Multiple Vector Operations

o curl grad ¢ =V x (Vg) =0
e divewrl A=V - (VxA)=0

° legI‘&dgb:V(V¢):52¢+62¢+62¢

or2 | o2 52:52¢=A:Laplacianof¢
X Y z

« Vx(VxA)=V(V-A4A)-V4

o Surface Integrals
We note that a surface is defined by ¢(z, vy, z,) = constant
a) Scalar field V (z,y, 2) :

J Vds = J Vinds , where n =

Vo

) Vel
b) Vector field F' = F,i + F,j + F.k

fﬁ-d§=fﬁ-ﬁds,

where i = —— unit normal vector

Vol

« A vector field F is conservative if

1. §ﬁ -dr'= 0, for all closed curves

C

2. curl F =0
3. ﬁzgradv

The line integral of a conservative vector field is independent of the path of integration
between the two end points.

« Harmonic function: is a twice continuously differentiable function f(z,y, z,...) that
satisfies Laplace’s equation.

e A smooth function is a function that has derivatives of all orders everywhere in its
domain. The smoothness of a function is a property measured by the number of derivatives
it has, which are continuous.

« Divergence (Gauss’s) Theorem

For a closed surface S enclosing a region V' in a vector field 2l f

divﬁdvzfﬁ-d§
S
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for a closed surface the normal vectors at all points are drawn in an outward direction.

e Stoke’s Theorem

curlﬁ-d§=§ﬁ-df

C

Let an open surface S bounded by a simple closed curve c¢. Then f
s

o The unit normal 7 is drawn in a right - handed screw sense (common right hand rule).
(convention)
o Sign convention for the surfaces is represented by the image below (figure

¥
-

’A\I )
1 1—‘:} -+ '-
FA 2 g

L]

Figure 33: Sign convention for surfaces
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22 Determinants

o Considering the equations:

ar+by+ciz+d =0

L aox + boy + coz +dy =0 ,we can write them in determinant form:
[ a3T + b3y + c32 +d3 =0

T -y z —1

_bl C1 dl B a; Ci dl B aq b1 dl B aq bl C1

b2 Cy dg Aoy Co d2 (05} bg d2 (05} bz Cy

b3 C3 dg as Cs d3 as bg d3 as bg C3
and thus find any unknown. We can extend this method for any number of equations and
unknowns, noting the alternating ”+”, ”-” signs. The above can also be written as:

x Yy z
A Ay Az A

where:

A : the determinant of coefficients omitting the x-terms

Ay : the determinant of coefficients omitting the y-terms

Az : the determinant of coefficients omitting the z-terms

Aq : the determinant of coefficients omitting the constant terms

e A =0 < System of equations is consistent.
for example:

by ¢ as ¢ as b 91 G2 @3
alAI+b1Ay+clA0=0—>a1[2 2:|+b1|:2 2:|+Cl|:2 2:|=O—>A= b1 bQ b3
bs c3 a3 C3 as bs ¢ ¢ cs

o Properties of Determinants
They can be applied to determinants of any order.

1. The value of a determinant remains unchanged if rows are changed to columns and

columns to rows
a1 az a; by

_bl b2 B a9 bg

2. If two rows (or two columns) are interchanged, the sign of the determinant is changed.
a9 bg _ aq bl

| 41 bi| az by

3. If two rows (or two columns) are identical, the value of the determinant is zero.

a; a -0
Gy G2

4. If the determinants of any one row (or column) are all multiplied by a common
factor, the determinant is multiplied by that factor
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kal k’bl —k aq bl
(05} b2 N (05} b2

5. If the elements of any row (or column) are increased (or decreased) by equal
multiples of the corresponding elements of any other row (or column), the value of
the determinant is unchanged.

a1+kb1 b1 . aq b1 nd aq b1 . aq bl
a2+k’b2 b2 N as b2 & a1+ka1 b2+k’bl N a9 bg
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23 Matrices

o A matrix is a set of elements arranged in rows and columns to form a rectangular
array. A matrix is simply an array of numbers. There is no arithmetical connection
between the elements.

o To add or subtract two matrices, they must be of the same order i x j.

o k(aij) = (kai;), k : scalar, a;; = matrix i x j

o Two matrices can be multiplied together only when the number of columns of the first
matrix is equal to the number of rows of the second matrix.

o AT : Transpose of amtrix A : The rows and columns are interchanged.

e Square matrix is a matrix of order m x m.

« A square matrix is symmetrix iff a;; = aj;.

« A square matrix is skew-symmetric iff a;; = —a;; avuiouppeTEoC.
o Diagonal matrix is a square matrix with all elements zero except those on the leading
diagonal.

o Unit matrix is a diagonal matrix with all its elements equal to unity on the leading
diagonal. It is denoted with I. The unit matrix behaves much like the unit factor in
ordinary algebra and arithmetic.

o If A = (a;;) is a square matrix, we can form a determinant of its elements. Each
element a;; of a square matrix A has a corresponding cofactor A;; that is (—1)**/ times the
determinant of the matrix formed by deleting the i-th row and j-th column from A.

2 35 2 35
eg |[Al=det(A)=1]4 1 6| =45, when A =14 1 6
1 40 1 40
The minor of 2 is [411 g] = —24. Place sign is +. Therefore the cofactor of the element 2 is

+1-(—24) = —24.
o To form the inverse of a square matrix A:

1. Evaluate the determinant of A, i.e. A = det(A)
2. Form the matrix C of the cofactors of |A].
3. Write the transpose of C, i.e. CT, to obtain the adjoint matrix of A.

4. Divide each element of C* by det(A). The resulting matrix is the inverse A™! of the
original matrix A.

e« AATT=ATTA=1

o Validation: A x adj (A) = |A| x I must be true.

e Solution of a set of n linear equations with n unknowns.
Ax=b->A'" A x=A'box=A'Db

b : the matrix of the constant terms.

o Gaussian elimination method for solving systems of equations
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Suppose we have the following equations:
$1+2$2—3$3=3

2[E1—1'2—[E3:11

3371 +2$2 + x3 = -5

1 2 =3
Our goal is to modify the matrix of coefficients |2 —1 —1| in order to look like an
3 2 1

upper triangular matrix.

1 2 -3 3
1. Step 1: We form the augmented matrix: |2 —1 —1 | 11
3 2 1 | =5

2. Step 2: We use any elementary matrix operations at our disposal, in order to form an
upper triangular matrix.

3. Step 3:Starting from the bottom equation we find one unknown, as it is immediately
given to us, x,,. We proceed to the exact upper row to find the other unknown z,_
ete.

Notes
- These operations are permissible since we are dealing with the coefficients of both sides of
the equations.

o FKigenvalues

In equations of the form Ax = Ax, (A = (a;;) : square matrix, x : column matrix ) we do:
(A — )\I)X = 0 : For this set of homogeneous linear equations (i.e. right hand constants are
all zero) to have a non-trivial solution, |A — AI| must be 0. |A — M| is the characteristic
determinant of A and |A — M| = 0 is the characteristic equation. On expanding the
determinant, this gives a polynomial of degree n and the solution of the characteristic
equation gives the values of A, i.e. the eigenvalues of A.

o Eigenvectors: Substitution of each eigenvalue A to |A — M| x = 0 gives rise to a

T ax
. . . L2 a2 .
corresponding eigenvector, in the formof | . | =81 . |,B : constant. In matrices the
Tn Qp,

term "vector” indicates a row matrix, or a column matrix. We usually pick B = 1 to obtain
the most simple eigenvector. ¢ A square matrix is called singular if and only if its
determinant is zero. Such a matrix is not invertible. Otherwise, the matrix is non-singular
o The rank of an n x m matrix A is the order of the largest square, non-singular
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sub-matrix. That is, the largest square sub-matrix whose determinant is non-zero. If

n = m, so making A itself square, then this sub-matrix could be the matrix A itself.

e A set of n simultaneous equations in n unknowns is consistent if the rank of the
coefficient matrix A is equal to the rank of the augmented matrix A, . In particular if the
rank of both A and A, is equal to n then a unique solution exists. Else, if the rank of A
and of Ay is equal to m, where m < n, then there will be an infinite number of solutions
for the equations. If their rank rank(A) < rank(A;) then no solution exists.

o A matrix A is invertible, iff |A| # 0.

o Two matrices, A and B, are said to be equivalent if B can be obtained from A by a
sequence of elementary transformations.

e A combines coefficient matrix contains the coefficients of the corresponding unknowns
from both sides of an equation.

o Elementary matrix operations:

1. Intercharging two rows,
2. Multiplying each element of a row by the same non-zero scalar quantity.
3. Adding, or subtracting corresponding elements from those of another row.

Eigenvectors make understanding linear transformations easy. They are the "axes”
(directions) along which a linear transformation acts simply by ”stretching/compressing”
and/or "flipping”; eigenvalues give you the factors by which this compression occurs.

Matrix Transformations

e U=T:X, where T is a transformation matrix, which transforms a vector in the z —y
plane to a corresponding vector in the u — v plane. Similarly, X = T~'U performs the
inverse transformation.

NV

Figure 34: Rotation of axes
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o Rotation of axes
u\ [ costl sin@ x

(v) N (— sinf cos 0) ' (y)

r\ [cost —sinf u

(y) N (sin@ cos 0 ) . (v)

o Cayley-Hamilton theorem: Every square matrix satisfies its own characteristic

equation.

e Modal Matrix: If the n eigenvectors x; of a square matrix A are arranged as columns,
the modal matrix of A, denoted by M, is formed. i.e. M = (xl, Xo, . .. ,xn).

o Spectral Matrix: A diagonal matrix with the eigenvalues only on the main diagonal,
denoted by S. This process is called diagonalisation.

o The relationship between M and S is: M™*-A-M = S.

o Considering two non-equal matrices A, B. If A-B = B - A we say that the two

matrices commute.

e A square matrix that is not invertible is called singular, or degenerate. A square
matrix is singular if and only if its determinant is 0. Singular matrices are rare in the sense
that a square matrix randomly selected from a continuous uniform distribution on its

entries will almost never be singular.
e An orthogonal matrix is a square matrix with real entries whose columns and rows are

orthogonal unit vectors (i.e., orthonormal vectors), i.e.: QTQ = QQ” = I, where I is the
identity matrix. This means that a matrix is orthogonal if its transpose is equal to its

inverse.
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24 Coordinate Systems

24.1 2-D Coordinate Systems

1. Cartesian Coordinate System: The standard orthogonal 2-dimentional coordinate
system, with (x,y) coordinates.

2. Polar Coordinate System: A 2-dimentional coordinate system (r, ) figure
where r = radius, § = azimuth

x=rcosly=rsinf r=+/22+1y? tan = Yy
x

Figure 35: Representation of the Polar (planar) Coordinate System

24.2 3-D Coordinate Systems

1. Cartesian Coordinates (x,y, z) (figure [36)
First octant: >0, y >0, 2> 0
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Figure 36: 3-Dimensional Coordinate System

2. Cylindrical Coordinates (r,6,z) , =0 (ﬁgure
r=rcosfy=rsinf z =z

r=+/x24+9y%0= tan_l(g) z=2z
x

Cylindrical coordinates are useful when an axis of symmetry occurs.

Figure 37: Cylidrical Coordinate System

3. Spherical Coordinates (r,0,¢) , r =0 (ﬁgure
r=rsinfcos¢ y=rsinfsing z =rcosd

r=a/a2+y2+ 2260 =cos! <E> ¢ =tan™! (y)
r T

Spherical coordinates are useful where a centre of symmetry occurs.
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Figure 38: Spherical Coordinate System

24.3 Moment of Area
Element of Area in Polar Coordinates: da = rird6 (figure

Figure 39: Element of Area in Polar Coordinates

24.4 Element of Volume

1. Cartesian coordinates: dv = dxdydz

(figure
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Figure 40: Element of Volume in Cartesian Coordinates

2. Cylindrical coordinates: dv = rdf0ordz = rordfoz
(figure

Figure 41: Element of Volume in Cylidrical Coordinates

3. Spherical coordinates: dv = dvrdf rsin ¢pd¢ = r*sin 05réhs¢ (figure

Figure 42: Element of Volume in Spherical Coordinates
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[da = hedra]

24.5 Element of Area in Space

1. Cartesian coordinates: da = dxdy
2. Cylindrical coordinates: da = rdfdz
3. Spherical coordinates: da = r?sin 0565¢

24.6 Curvilinear Coordinates

e Curvilinear coordinates is a coordinate system for Euclidean space in which the
coordinate lines may be curves, as well as the coordinate surfaces. These coordinates may
be derived from a set of Cartesian coordinates by using a transformation that is locally
invertible (a one-to-one map) at each point. As such, in the general case (3D):

U= f(Q?,y,Z) U= g(a:,y,z,) y W= h(:t:,y,z)

o If the coordinate curves for v and v forming the network cross at right angles, the

ou 0 ou 0
system of coordinates is said to be orthogonal. That is, if o + S 0 then u and

or O 6y.é‘y

v are orthogonal.

« Orthogonal Coordinate system in space (Curvilinear)
a) Cartesian Rectangular Coordinates (z,y, 2)

F = FJ—i— FJ—I— le;: , Scale factors: hy, = h, =h, =1
b) Cylindrical Polar Coordinates (r, 0, z)
7=rcosbi+rsinfdj + 2k

Base unit vectors

- or  |or
=2/
or ‘67’
- or ,|or
7= ‘aa
S
02 |0z
Scale afgctors
r
hrzgzl
or
hg—%—r
or
h,=|—|=1
? 0z
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F=FIl+FJ+FEK

c) Spherical Polar Coordinates (r, 0, ¢)
7 = rsinf cos ¢i + rsin O sin ¢j + r cos Ok

Base ynitﬁvectors

o o7
—or! |or
- or ,|or
7= 20/ a0
- Or ,|or
K_i o
0¢" |09
Scale afgctors
Iz
e )
or
hg— % =T
h¢—‘§; =rsinf

F=FI+FJ+F,K
o General Orthogonal Curvilinear coordinates (u, v, w)
x—f(uvw) y—g(u,v,w), Z:h(uvv7w)
F=xi+ yj + 2k

or or

FY hu[ , where h, = ‘au

gz hy J where h, SZ

or - or

Ful = h,K , where h,, = 2w

- Element of arc: ds = (h2du? + h2dv? + h2dw?)?

.EmmmdmmmwvzmmmmmmzQgﬂﬁmmm
o(u, v, w)
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25 Transforms

25.1 Laplace Transforms

0

e L{f(t)} = J e "' f(t)dt = F(s) : Definition (single sided)

where e *' f(t) must converge as t — o0 , s = 0 + jwcomplex frequency ,o > 0

and f(t) is a continuous, or piecewise contmuous, function.

o f(t)= L YF(s)}: Inverse Laplace transform

e s5=o0+jw: Complex frequency. o : represents the transient component, w :
represents the steady state component

Properties

o Both the LaPlace transform and its inverse are linear transforms. This means that:

L L{f(t) + ()}—E{f()} Lig(t)}
LHF(s) £ G(s)} = L HF(s)} £ L'G(s)}

2. L{KF(1)} = KLU (1)}
L HkF(s)} = kL H{F(s)}

3. Laplacian of a derivative: L{f'(¢)} = sF(s) — f(0)

4. Laplacian of higher derivatives:
L{FP (1)} = s"F(s) — "7 f(0) — "2 f/(0) — 8“2 f7(0) — ... — f71(0)

5. M(s) = (=1)"L{t" f(t)}

6. F(s—k) = L{"f(1)}

7. L{e"f(#)} = F(s + a) (1st Shift Theorem)

8. LU f()) = (_1)"5; (F(s)) (Multiplication by ")

9. L{ fe )} = F F(0)do, provided that 3 lim (fff))

=S8

10. L{u(t—c)- f(t—c)} = e “F(s), ce R : 2nd Shift Theorem, where F(s) = L{f(t)}
11, L{f(t) = g(t)} = F(s) -G(s) = L{f(t)} - L{g(t)} : Convolution theorem

(orT/2)
where F(s) = f e S f(t)dt
0

(or—T/2)

f(t) is a periodic function, with period T.
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13.
14.

15.

16.

17.

18.

19.

20.

LU@) -0t =)y = fle)e

To find inverse transforms involving periodic functions, expand the (1 — e ) term in
the denominator as the binomial series: (1 —z) ' =14z + 2> +2° + ...

fyir o 2O

0

A
f(

-g(t) < F(s) » G(s)

Yu(t) < aF(as) , Yae R"

f(= =bu(t) < ae " F(as) , YVae RT

f(0,) = lim [sF(s)] : Initial Value Theorem, where f(t) is a one-sided function

5—00

t)
t
a
t
a

Jim [f(t)] = lir% [sF(s)] : Final Value theorem,
provided that the lim [f(t)] exists, i.e. f(t) has a final value.

Using the LaPlace transform we can solve equations of the form:

U f ) 4 o fOV@) + o aof"(t) + arf'(t) + aof(t) = g(t), where ay, an_1, ..., a2, a1, a
are known constants, g(t) is a known expression of ¢ and the values of f(t) and its
derivatives are known at ¢t = 0.

This type of equation is called a linear, constant-coefficient, inhomogeneous differential
equation and the values of f(t) and its derivatives are called boundary conditions. The
method to find the solution is:

a) Take the LaPlace Transform of both sides.

b) Find the expression F(s) = L{f(¢)} in the form of an algebraic fraction.

c) Separate F(s) into its partial fractions.

d) Find £ '{F(s)} to find the solution f(t).

Table of LaPlace Transforms
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ft) LU0} = F(s)
a N 5s>0
—at 1
e~ "u(t) s+a s> —a
t"u(t) SZI n e N*
sin(at) - u(t) = j_ 3 5> 0
cos(at) - u(t) 32; — 5> 0
sinh(at) - u(t) 2 0 5> |a|
cosh(at) - u(t) S > — s> 1dl
u(t —c) GT
it —c) e
In ;) u(t) —Z‘ln (Ts) + 7|
fOsineut) 5 [F(s = jo) — Fls + o)
f(t) cos(ct)u(t) 5 [F(s—jc)+ F(s+ jo)]
t 1
a® - u(t) s—cln(a)’8>c
In(a) X
rt—T)=@t—T)u(t—=T) 8—2-67%

25.1.1 Convolution

J f(z)g(t — z)dz (flip and slide)

Properties

L f(t) = h(t) = h(t) % f(t)

2. [f(t) = h(t)] % c(t) = f(t) # [(t) * c(t)]

3. f(t) # [h(t) + c(t)] = [(8) # h(t) + f(2) # c(t)
4. f(t)#0(t) = f(1)

5. f(t) % (t —ty)) = f(t —to)

The convolution of two functions xz(t), h(t) is obtained by:
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1. Changing variable ¢ to the dummy variable 7T'.

2. Reversing one of them, say h(T) to form h(—T [if it isn’t already in the form h(—T7")].

3. Shifting A(—T") by ¢ units to the left, h(t — T).

4. Taking the product of x(t) and h(t — T') and integrating with respect to T'.
t=T=t=T

25.2 7 Transform

o Z{f[n]} =F(z) = i fln]z™" , n e Z : Definition (bilateral)

f[n] (= f(n)) is a discrete function.

Properties
1. Z{af[n] + bg[n]} = aZ{f[n]} + bZ{g[n]} : Linearity

2. F(z) = Z{f[n]} = Z{f[n+m]} = 2"F(z) — [sz[()] + 2" L+ 2f[m - 1]] :
Shifting Left

3. F(z) = Z{f[n]} = Z{f|n — m]} = 2™ F(z) : Shifting Right

4. F(z) = Z{f[n]} —» Z{a"f[n]} = F (2) : Translation

n—oo z—1 z

—1
5. lim f[n] = lim { (Z ) F(2)} : Final Value Theorem, provided that lim f[n]

exists.

6. f(0) = lim {F(z)} : Initial Value Theorem

Z—0

7. F(z) = Z{f|n]} = Z{nf[n]} = —2F'(z) : Derivative of the transform

Table of Z Transforms
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[ fln] F(z) R.O.C. i
d[n] 1
uln] Z_l,|z|>1
z
nuln] R |z| > 1
2(z+1
n*u[n] (i — 1)3 2zl >1
. 2(2*+ 4241
n*uln] ( o) ) 2] >1
" z
a"ul >
" az
na"u[n] (z—ap’ 2] > |al
d[n — ¢ z="
e~ - uln] : —  |z| > e
z—e
, sin(a) - z
sin[an] - u[n] o 2COS((CL)) STl |z| > 1
n o bsin(a) - 2
b" sin[an] - u[n] Z boos(a) s P |z > b
z(z — cos(a))
coslan| - u[n] 2 %cos(@) 251 |z| > 1
" 2(z — bcos(a))
b" - cos[an] - u[n] oo 2bcog(a) parl |z > b
Culn] , CeC Z%l,|z|>1

25.2.1 Sampling

If a continuous function f(t) is sampled at equal intervals, the resulting sequence has a Z
transform that is related to the Laplace transform of the piecewise function created f*(t)
from the sequence of sampled values.
0
L)) = ), FRT)z"F = Z{f(KT)}
k=0
where {f(KT)} = {f(0), f(T), f(2T), f(3T),.. .}
. f(kT), ift="Fk, and z =T
friay = 70T

0, otherwise

25.3 Fourier Transform

e Definition: If

(a)f(t) and f'(t) are piecewise continuous in every finite interval, and (b) f(¢) is absolutely
o0

integrable in (—o0, 00), that is J | f(t)|dt is finite, then
o0
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(=)F(w) = joo f(t)e ¥tdt = F{f(t)} (or f(t)’s spectrum) &

)50 = | " Pyt = FHF(w))

—00
« The Fourier transform F(w) is a complex function, so F(w) = |F(w)| ’*“), where
|F'(w)| is the continuous amplitude spectrum and ¢(w) is the continuous phase spectrum.
o The Fourier transform describes a waveform f(t) into the frequency domain, just like
the complex ¢, coefficients of f.s. for periodic signals.

Properties
[e@]
1. Fourier cosine transformation: f(t) even function & F'(w) = J f(t) cos(wt)dt € Re
—

2. Fourier sine transformation: f(t) odd function

o Flw)=j J_OO f(t)sin(wt)dt € Im = 2j LOO f(t)sin(wt)dt € Im

3. Linearity: F{ayfi(t) + azfa(t)} = a1 F1(w) + agFo(w)
4. Time shifting: {(U) = F(w) — F{f(t —to)} = /" F(w)

5. Frequency shifting: F{f(t)} = F(w) —» F{f(kt)} = |k‘1|F (%)

6. Symmetry: F{f(t)} = F(w) - F{F(w)} = f(—w)

7. Differentiation: F{f(t)} = F(w) — F {;;f(t)} = (nw)"F(w)

8. Convolution property:

[FUf)} = F(w) A Flg)} = GW)| — [F{f(0)  g(t)} = F(w) - G(w)]

t X 1
9. Integration: }"[J x(r)dr] = ]E:u + iX(O)é(w)

10. The Fourier transform of a real signal is a Hermitian function.

0 0

1 (0)[2dt = f X (w) P

—Q0

11. Rayleigh Energy Theorem: FE = f

—Q0

Fourier Transform Table
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f@t)

Fw) (w=2rf)

o(t) 1
1 d(w)
o(t — to) e It
el ot dw — wo)
1 1
cos(wot) —0(w —wyp) + 55((4) + wp)
: — 1
sin(wot) 2—j5(w + wp) + 2—j(5(w + wp)
11(t) sinc (w)
A w
Asine (2wt — I(—
SlnCl( wot) (2w0 o
n —jm - sgn (w)
sinc 2(t) A(w)
1
t —0 —
ult) @)+
—at 1
e "u(t), a>0
Jjw+a
te"u(t) , a>0 !
(Jw + a)?
—alt| 2a
e
w2+ a
6—71't2 6—7rw2
—a a
1 — <t< =
II,(t) = e > =T sinc (%>
0, otherwise
t+1, -1<t<0
At)y=<1-t, 0<t<l1 sinc (w)
0 , otherwise
RX(tl,tQ) Sx(CU)
ny(tl,tg) S)(Y(w)
—at a+ Jw
e~ cos(wot)u(t) , a >0 g (%}_’_ )
—at - 0
e “sin(wot)u(t) , a>0 | St (a1 o)
Jw T
cos(wot)u(t) o2t 5[5@1 +wp + 0(w — wp)]
: Goo K
sin(wot)u(t) 2 —Ow2 + ]5[5@) +wp) — 6(w — wp)]
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26 Special Functions

0 t<ec

Heaviside unit step function: f(t) = u(t — c¢) {
1 t>c

Properties
o u(t)+u(—t)=1

t t
Ramp function: r(t — ¢) = { = ¢
0 t<c
Properties
t
e r(t) = J u(T)dr
—00
o r(t—c)=tu(t—c)
o r(t—c)=(t—cu(t—c
d
. c(iitr(t) = u(t)
e Lt — ) = (-t -
1 t>0
Signum Function: sgn (t) =< -1 t<0
0 t=20
Properties

o VYxeR(z=sgn (:L‘)| - |x])

.« sgn(z)= =1

|
L
o sgn (t) + 1 =2u(t)
o sgn (t) = u(t) — u(—t)

8

Unit Impulse / Dirac Delta: 0(¢)
e0]

J f(t)o(t —a)dt = f(a) , where f(t) is a continuous function @t = a ,a € R
—00

0 t#0
o In function terms: §(t) = ”
undefined ¢ =0
Properties
ee)
. f 5t — a)dt — 1
o6}

q
. Jé(t—a)=1,p<a<q
p
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d —Q0

.+ uld) —d (t)

o« (1) = ﬁé(t) : Unit doublet

e O0(t)=0(-t), 0(t—7)=06(tr—t) (Even)

o f(t)o(t —c) = f(c)o(t —c), f(t): continuous function at ¢ = ¢ : Sampling property
e f(t)= f f(m)d(t — 7)dr : Construction of f(t) by the sum of all its samples T, or,
for discrete functions: z[n] = Z k = —0®z[k]d[n — k]

« (=) =0(t)

) ) ) sin(rz)
Sinc function: sinc (z) = , sinc (0) =1
R — T
Properties

o sinc (z) = sinc (—x) : Even function
e sinc(n)=0,neZ"

e 0]
. J sinc (x)dx =1
—00

0 jee] 1
J sinc (x)dx = J sinc (x)dx = B

0

t .
Sine Integral: Si(t) = J Sm(x)d:c
- x
Properties "
« Si(0)=0 ® sin(a)
G : T sin(x
. Jim Si(t) = Si(0) = 5= L " dx
t .
. J sinc (x)dr = Sirt)
ositen,
Si(mx .
. %[ - | = sinc (z)

Periodic Functions

fO)=fO+ft-T)+ft-20)+ft—-30)+...+ f(t—nT), neZ, TeN, with
fO)=ft-T)=f(t—-2T)=...= f(t —nT)

Orthogonal Functions: If two different functions f(z) and g(z) are defined on the interval
b

a<z<band | f(z)-g(z)dr =0, then the two functions are orthogonal to each other on

the aforementioﬁed interval.
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1 i=j
0 i#j

Kronecker delta function: §(i,j) = 6;; = {

1 c—w<t<c+w

t —

Boxcar function: II,(t — ¢) = boxcar - 1/2 (t=c+w)v (t=c—w)
w

0 (t<c—w)v(t>c+w)

Rectangular / Top-hat function: Boxcar function centered at origin (¢ = 0):

; . 1 t| < w/2
rect (E) = H(E) =11/2 |t|=w/2 =wll(t) = II,(¢)
0 otherwise

Properties
o Unit area
0 o

. foo lim {11, (1)} dt = f S(t)dt = 1

—o0
t
L t —w <t<0
w
« Triangle function: A, (t) = tri (£) = A(t) = W 1 0<t<uw
w2
0 t| < w

Properties

Figure 43: Triangle Function

Bessel’s equation & Bessel functions
o Equation: 2%y” + 23’ + (#* —v?) =0 , v is a real constant.
If we express its two solutions in terms of gamma functions, we obtain the Bessel function

of the 1st kind of order v - provided v is not a negative integer:
4

Jv(@:(;) {r(vlﬂ)_22.1;(%2)+24.2!.r(zj3)—...} * Ao,

J A 1 x x

(@) = (5) L(1—v) 2-11-T(2-0) - 22.20.T(3 —v) }
provided that v is not a positive integer.

Therefore, complete solution is: y = A - J,(z) + B - J_,(2)

When v =n € Z , then:
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- () - O e - ()

Legendre’s Equation: (1 — 22)y” — 2zy + k(k + 1)y = 0,

where k£ € R a constant. Solution by Frobenius gives:

k(k+1 k(k—=2)(k+1)(k+3
c=0:y=ao{1—(2_:_ )x2+ ( )(4_:_ I +)x4—...}
k—1)(k +2 k—1)(k—3)(k+2)(k+4
ST s (L2 PN UEL T2 D P
When k € Z , one series terminates. The resulting polynomial P,(z), is a Legendre
polynomial, Wlth ag or a; being chosen so that the polynomial has unit value Qx — 1, ie.

P,(1) =1.
e Legendre polynomials can be derived by Rodrigues formula:
dTL
P,(x) = - 1"
() = Gy T (@ = 1),

or by the generating function: , |t < 1.

YOS & x/1—2:ct+t2 Z d

o Legendre polynomials are mutually orthogonal ie. if m # n, then
1

J P, (z) - P,(z)dx = 0. The orthogonality of the Legendre polynomials permits any
1

p(_)lynomial to be writeen as a finite series of Legendre polynomials.

Gamma Function

The Gamma function is an extension of the factorial function, with its argument shifted
down by 1, to the realm of real and complex numbers. That is:
neN*—-T(n)=(n—-1)!

o Definition: T'(x) = J t"“te~tdt | converges for z > 0
0

r 1

Fz+1)=2al'(z) o I'(z) = Lle+1) : Recurrence relation
Properties
e Ifx=neN" ->T'(n+1)=nll'(1) =
e I'(1) =
e I'(0)=w
o T'(—n) ==, (—0if n odd) v (oo if n even)

1 3. Jr 5 3 7. 15
e () =va, T =YY" ry="yr, (t)="2

()= 711 = 1) = VT Ty =
T
F(—g) = =2V, F(_i) =3
1 2

e Duplication formula: I (n + 5] = m

o Forlargen: I'(n+1) ~ v2mnn"e

Digamma Function
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e Definition: Two different definitions are given. The first:

d I
U(z) 2 %hl (['(z)) = I‘((ZZ)) defined as the logarithmic derivative of I'(z) and

F(z) = —In (2!) defined as the logarithmic derivative of the factorial function.

e The two are connected by the relationship:

F(z) =¥(z+1)

o The nth derivative of W(z) is called the polygamma function , denoted ¢, (z). Thus the
notation ¥y(z) = W(z) is frequently used for the digamma function itself.

Beta Function

1
o Definition: B(m,n) = J 2™ (1 — x)" dx , converges form >0 An >0

0
/2

o Alternative Definition: B(m,n) = 2 sin®™~1(6) - cos?" ()
0

Properties
« B(m,n) =B(n,m)
—1(n—-1
e B(m,n) = (m=1)(n—1) B(m—1,n—1)
(m+n—1)(m+n—2)
o B(k,1)=B(1,k)
« B(1,1)=1
11
* B(i’i) =7 o o
e B(m,n) = (m = Di(n — 1) ,m,n € N*
(m+n—1)!

o Relationship between Beta and Gamma Functions:

r -
B(m,n) = M ,Vm,n

I'(m +n)

Error Function:

o Definition: erf (z J
\/7

Properties
) 2n+1
o erf (x
“ f Z n!(2n + 1)
, I
« Complementary error function: erfc () = 7= e "dt =1—erf (x)
™ T

o erf (—z) = —erf (z) : Odd function
o erf(0) =1, erfc (0) =0
o erf(0)=0, erfc (0) =1

1 v t2
o Area beneath the Gaussian P.D.: ®(x) = ﬁj e 2dt =
T J-00

Elliptic Functions
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a) Standard Forms: (valid for 0 < ¢ < g 0<k<l
df
1 — k?sin?

o Of the 2nd kind: E(k J v/ 1 — k2sin? 4df

o In general, if an integrand is a rational expression of z and of v/ P(z) where P(z) is a
polynomial in x of degree 3 or 4, then the integral is said to be elliptic.

@
o Of the 1st kind: F(k,¢) = J

s
e In each case if ¢ = — then the integral is said to be complete and it is denoted by
T

F (k; 5) — K(k) and E (k: g) = B(k).
b) Alternative forms of elliptic functions: (valid for 0 <z <1 A 0<k <1)
e Of the Ist kind: F(k,z) J d“

\/ 1- — k2u?)

1—l€2u2
1 —u?

o Of the 2nd kind: E(k,z) =

In some tables k, x are quoted as sin(f), sin(¢) respectively, thus

0 =sin~' (k) , ¢ =sin"!(¢)

« Riemann Zeta function: ((s) is a function of a complex variable s = ¢ + it that
analytically continues the sum of the Dirichlet series for when the real part of s is greater
than 1. It is equal to the generalization of the harmonic series. It is equal to the following,
with the caveat that o > 1 :

<N S B B | 1
D R (N 38 (R (s

We notice that the Riemann function can be written in a product form over the Prime
numbers. This discovery, attributed to Euler, means that they Riemann Zeta function
encodes information about the prime numbers.

o Lambert-W function:

Also known as the Omega function, is a set of functions namely the branches of the inverse
relation of the function f(z) = ze®, where €* is the exponential function and z is any
complex number:

z = f7(ze") = W(ze?)

By substituting zy = ze® we get the defining equation for the W function (and for the W
relation in general):

20 = W(zo)eW(ZO)
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for any complex number z.
We can approximate the function as follows:

r—(k—=1]"
k!

[l k
gb(x,r):l—l—zx [
k=1

Now consider the following series of approximations, where r is assumed to be sufficiently
large. The first one is:

= 1
Wh(z,7) = —In ¢(z,r)
r
Subsequent approximations are defined recursively by:

Wt (g ) = 1111 [Wﬂ(l hl Wn) o(z, T)]

T T

Example: For x = 2000, even r as low as 80 gives quite accurate results:

W3 (2000, 80) ~ 5.83673149492073 and W(2000, 80) ~ 5.836731494908671
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27 Abstract Algebra

o A linear mapping is a mapping V' — W between two modules (including vector spaces)
that preserves the operations of addition and scalar multiplication.
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28 Recreational

A magic square is a square divided into smaller squares each containing a number, such
that the sum in each row, column and diagonal is a constant. That constant is equal to:
n(n®+1)

2
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29 Physics

29.1 Classic Mechanics

o Awgopd evog peyédoug X = Apyuai T tou yeyévoug - Tehuer Ty tou yeyédoug =
Xocpx - X‘cs)\
o Metwfort| evig yeyédoug X = Tehxn T tou ueyédoug - Apyxr T tou ueyédoug =
X‘cs)\ - Xocpx

AD

o Puldudc yetaforric guouxol peyédoug @ oyetind e tov ypbdvo t = A

o x=U-t: Oéon avtxetévou / ovtétntag and tny apyn onueiov avagopds (m
« AT=AU-At: Metatémon(m) [E.O.K (rectilinear) |
o AT = 2 — Taey (6Tv 1) xATEGDUVOT CUUTITTEL PE TNY XUTEGVUVET] TG PETATOTLONC)

e p= % Muxvétnra (kg/m?)
— A_’
e U= f(m/s) =(= |At ) : Méon taydinto
S = B4 aaﬂqpoc (novo Vetxd), 1) anbdataot,
e p= V A kg/m?) - Méon nuxvotnta (Yo otadepéc ouvifixes tieone xat Yepuoxpaciog)
oA
. AU , m , , , o ,
vk Emtdyuvon (S—2 oty E.O.M. xivnorn. 'Eyet ndvta v Blo xatebuvern ye tny

UETUBOAY TNE TaUTNTOG AU =U — Uy

o AZ=Upt+ §6t2 (m) : Metatomion oty E.O.M. xivnon

e log Néuog Neltwva: Kdde obua, mou Beloxeton péoa o €va adpavelond cloTnua,
owtneel Ty xotdotacy neeplag, 1 euthuypauung ot opakfc xivnong Tou, pocov xauia
szTsme OUVOLW] OEY ETOPA YLl TN UETABOAY TNG, 1} 1) CUVIGTOHEVY] TV DUVAUE®Y tGOUTAL UE
0. ZFEg —0oU-= otoepy)

e 20¢ Nouog Nebtwva: Ileptypdget tn cUUTEQLPORA TOU CWOUAUTOS, OTAY 1) CUVIGTOMEVT] TV
OUVAUERY TOU AoX0VVTAL GE aUTO eV efvon undév. Tote 1 dovoun mov VYo tou aoxnvel Yo

= — m ’ ’ 7 7
eivai: F=m-a (N =kg-— ) (Ioybel yio oopo otodephc wdloc m)
s
e 3og Nouog Neltwva: ‘Otay 800 copota atAANAETOEoLY xaL 10 TpwTo aoxel divoun F oto
0eUTERD, TOTE X T0 BeVTERO aoxel BUVaUT (Brou Yétpou I xon avtideTtng gopdc, dnhady| aoxel
avtideTy dvaun —F oto TpwTo.

o Yuviiun wopporiog: X =0

e W=m-g (N): Bdpoc

e F = —kx : Népog tou Hooke. k= otadepd tou ehatnplou. To apvntind mpdonuo

UTOONAGWYVEL OTL auTA 1) BUVaUT aoxeltan o avtideTn xatebtuvon and Ty xaTeLuvor

TEVTIWONG, 1 cuunieong Tou eAatnplou

« P= Z(Pa = 1Pascal = —2) : Ilieom, mou ebvon 10 pé€tpo TNg ohxrc dUVAUTNC ToU
m

aoxe{ton xdeta oe empdveia epPodol A

157



e Plam = 101,293 Pa : Ilicon wag atpooqouupag oTny EMPAvELd Tng Ydhacoaug

o Apyt tou Pascal: Kdie yetafor| tne nieong oc omoodrnote onueio evog meploplouévou
eeucTol Tou elvor axivnto, Tpoxahel (o ueTafoln T Tleong oe dha Ta orueia ToL.

o P=p-g-h(Pa): Tdpootauxy nicomn, nou eivar n nieon nou aoxel éva peuotd oe
avTiXelpevo 1 emipdvela mou Peloxetar Y€od oduTo. p 1 TUNVOTNTA Tou peucToU, h : Bddog oto
orolo Bploxetar 1o aviixelyevo. Ogelletor 610 Bdpog Tou peLcToU.

o Apyf TV GUYX0VWYOLYTLY doyelwy: ‘Otay avuixelyeva o, 3 diagpopeTtind, Bploxovton ot
(oo Bdog evtdg evag peuctod Va toylet: P, = Pp

o A=p-g-Vu(N): Aveon, mou déyeton odua 6yxou Vs : Pudioyévou oe peuaTo.

*  Dospazoc < Peevoros — A = Wy 1 Buvinnn mhebong

« W=F-AfFcosf (J=N-m): ‘Epyo, 80vaunc F

0 : ywvia Tou oynuatilel 1 SOVoUN UE TNV UETATOTUOT) TOU TROXAAEL

‘Ot ebvan 1 emutory?) yioe o Yprua, efvar To €pyo yiow Tn 00vour e

Unen =W -h=m-g-h (J): (Baputxf)) Auvouxt| evépyela

1
e Fxin= §mU2 (J) : Kwnuxy evépyeta

e Eyn= = Exiy + Uarn (J)
. EﬁPHé = EBT/I%% : Ata‘cf]pnon ¢ Mryavixrc Evépyelag

W E
« P= T =7 (W =J/s) : loylc, npoxtnter 6t P = F - U
E, i
o n=—""__ " Anbddoorn unyavic

Exocwvochoxéusvn

e Q=m-c-A0(J): Noygoc tne depuidopetploc
¢ e Yepudtnta vhixot (J/kg - k) (specific heat capacity), A8 = yetaBols e
Vepuoxpaotac, @ : nocétnta Yepudtntag, 1 Yeppoywpntixdtnta (thermal capacity)
o Al=ly-a A0 (m) : Metafoh uhxoug enipnxouc oopatoc - pdBdou, Aoy yeouuxic
Vepunhc OLoTOANAS, 1) CUGTOMNAS, @; : CUVTEAEOTAC YRUUIXTS DtoTOM G LoV Tng pdfdou, Iy
Doy WO Uhxog g edEoou
e AV =Vy-a,- A0 : Metafohr} Tou dyxou Gypou 1| 6Tepe0l xotd T1) SLUGTOAY, 1) CUCTOAY
Tou, Vo 1 apyixdg 6Y%0g, ay, © GUVTEAECTAC OYXOU UAXOU
o Q =Ly -m(J): Veppdtnra TOU PETOPEPETAL O GTEPES GOU XaTd TNV THXY ToU, Ly :
hovidvouoa VepudtnTo THENG, M @ PAlo COUATOS
o Q=Lg-m(J): Vepudtnta nou PETAPERETAL GE LYPO CWUO XaTd Tov Bpooud, Lp :
hovddvouoa Vepudtnto Bpacuo.
o AUpr = —W < Urga — Uppx = =W : Eyéon tng Uetaforric NG DUV EVEQYELIG
CUCTAUATOS CWUATMY CUYXELTIXG UE TO EPYO TWV CUVINENTIXWY DLVAUEWY XAATAETIDpAOTS.
.« F = kch—gz (N) : Néyoc Coulomb, k =

T TEQ
otadepd =~ 9 - 10°N - m?/Cb?
O vopog woylel Yo QOPTICUEVA GWUATI TV OTO{WY ot BLacTACELS Efvar TOAY wxpEES o GyEaT
ue T petadl Toug amdoTUoT), 1 Yo POPTIOUEVES OPaipeg
cuVohixo QopTtio

otadepd Tou Coulomb / niextpxy

o Apuduée nh fwy =
prifioe TrexTpovioy OTOLYELOOES POPTIOq,
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o I = . (A) : Evtaon tou nhexteixol peduatoc mou dappéet évay aywyo. H oyéon woylel
d C
wovov Otay To pevpa efvar otaldepd, dnAadY| yio anepoerdytoTa poptia: I = ditl (A=—)
s

E J
e €qur = THA (V) (Volt = 5) : Hhextpeyeptny| S0voun tnync

U,
BV = -2 (V), Una, » nA. duvopixy| evEpyela Tou Tedlou Tou €yl To Yoptio q otn Veon M.

q
.« R Zg (2)(Ohm = Z - é 5= ) Mexpoct aviiotaon dimdlov, 1 ayeyos
. I= HI;;HE : Nbpog tou Ohm, Vigras ¢ tédon otoug néhoug e mnyrg
e R= pe/ll (€2) : Avtiotaon tou aywyo, I : ufxog tou aywyol (1), A : euBadsd Swtouhc

T0u ayeyol (m?), py @ e avtiotaor Tou UAxo) Tou ayeyol (- m), wc ouvdptnon Trg
Yeppoxpactog

o T e (0°C,100°C), etvou: pgpo (1 + ab) (2) eduxr avtiotacy Tou aywyol ot
Yepuoxpaocta 9.

Po €W avtiotaon vhixol tou aywyol otoug 0° C, a : Jepuindc cuvteEAEo TG EWOXTC
avtiotaon mou yia T TeptocdTEpa xadopd uétodha et Tiwr a = 1/273° C.

[
e Ryp=Ro(1+ab) () Avtiotaon aywyol oe Veppoxpacio 8° C, Ry = Poy avtiotaor

aywyol ot Yeppoxpaato 0°.
¢ Qu. =I"-R-t (J): Néyoc tou Joule (Joule effect), § Quye. = a- 1> R -t (J),
a = 0.24(cal/J) : nhextpxd oodlvapo tne depudTnrog
o 1 calorie =1 cal = 4.184J
o Ep=V-I-t(J): Hiextpmn evépyeto mou yenotuonotel pta nhextoixry cuoxevy| ot
Yeovo t
o Pp=V-I(W): loylc nou ypnowonotel yia nhexToix’ GUGXELY
. AnBoor; n(%) — — O TOO0 06/
[opeybuevo nocod
o AK =K — Kypy = 3XWp =Wg, 1 AK = Wg,

Oewpnua petoolric xvntinng evépyetog - ©.M.K.E. 1 Jewpnua €pyou - evepyetag.

o Oceovprua Awrthenong Mnyavixrc Evépyetag: ‘Otav o’éva oodya, 1 cUoTHUa 6wUdTwy
OPOLY POVO DLUTNENTIXES DUVANELS, TOTE 1) Unyovixt| EvEpyeLa dlatrpeitot, OnAadn

EAEX — pIEA ITooximtel 6Tt to dlpoloua tne vetaBorrc g KLE. xou g AE. etvon 0 7
AK + AU = 0.

« O.MK.E.: Egoguéletar yia évor o®ua, LoyUeL Tdvid.

« AAM.E.: Egapuéletor yia 600TrUA OWUATWY Xou 1oy UEL UOVOV 6TaV OAES OL DUVAELS
TOU AOX0UVTAL GTO GUCTNUA EVOL CUVTNENTIXES.

 AAE.: Ioybe navtol xou ndvToTe.

o T = - N : Tor ohiodnone (kinetic friction) (N),

i+ ouvtereoTic Teifric ohloUnong, N 1 xdletn SOvaun ye tnv omolo cuumtEovTat o
ETULPAVELES
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o Ty=ps- N (N): Stomxdy 1o, 6Tay 10 00U TAPUUEVEL aXVNTO, [Ls © OUVTEAEGTHC
oTaTiNg TEBNS
. Opiléviia fort: KEVY]GY] OTOV o:(Eovou: : E.O’.K.7 ue x/z Upt
Kivnorn otov dovay : Eieddeon ntdhon
o Apyn aveloptnoiog Twy xwviioewy: Ot 800 xwvioes eite exteholvton aveldptnta, eite

7 IN ’ 7 2h
OL00Y S xou BlaEx o0y YPOVo: t = 4 | —
g
7 S m 4 7 14 7 7 7
—- U= " (—) & Teopuxr, oy dtnta oty ogoy| xuxhixd xivnon, S : 16Zo nou
s
OlorypdpeTon o€ YEOVO t,
—d 9 Tad 4 4 4 4 4 N
-~ W= (—) : Toviaxh taydtyra oty O.K.K., ye Siedduvon xddetr oto eninedo e
s

TEOYLAS %Ol POPY TEQLOTROPNE TOU XWVNTOL TOU GUUTITTEL Ye TNV XU TELVUVOT TV
unohotmwy doxtUlwy (figure

, T
[at=T, evur: w = —

T

TA

- | T
F
!}‘L

§ S

o

Figure 44: Médodoc tou 8e€iol yepot (otn Puoixr)

o U=w-r: Eyéorn yeauxhc xot Ywiaxhc ToyvTnTag
N
.« f= N (IHz = 1 rep / sec): Xuyvotnta tordviwone, N @ aptdudc ToAavIOoEwY oE

Ypovixo owdotnua At.

1
INa N =1, At =T : neplodog tahdvtwone. ‘Apa f = T
o w=27f
U2 m 14 Ié . L] r ’
« Q.= — (—2) I XEVTPOUOAOG ETLTAYUVOT) (centripetal acceleration). "Eyet xatebduvon
r s
TEOC TO XEVIPO TNC XUXAXNG TROYLIC.

U2
e« F.= mv- (N) : Kevtpoudiog divaun. 'Eyet xatebuvorn npog 1o x€vtpo tne xuxhixnig
r
TEOYLAC
e =@ >

G =6.67-10 "Y(N -m?/kg?) : otadepd tne Tayxoomas €MEne. Ioyler povo v owpdtia, Y
OHOYEVY) OQUIEXY CWHATA T 1 ATOCTACT) LETAEY TwY x€VTEwY Toug I 1 d0vaun Baputinhg EAEng
F M N
L ] q = -_—— Gi R
9= m r? (k:g
o H oyéon dev woylel yia < 7, dnhady| 6Tav To eEAxolUevo copa Beloxetar evidg Tou

mimes

(N) : Nouoc e moyxoouag €NEne

) @ "Evtoaon tou Bogutixod nediou ¢ (S xotediuvon pe 1o Bépoc
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cwUaTog Tou “OnuoveYel’ To Paputixd nedio
M m ~
o U=4/G—(—) : Toyltnra nepiotporhc twv dopupdpwy
s
» Ernfonun dwrinwon tou 20u Néuou tou Nedtwvo: H cuviotopévn Ty Suviueny Tou
aoX0UVTAL OE €VOL COUA, Loo0THL UE To puiUd HETUBOAAC TNG OPUHC TOU CWUATOC.

SF = (AP> _or i( ), Onhad: P =mU(kg-m/s) : Opur(Momentum)

At ) 6t dt

o m=— (kg): Abpaveioxt| pdlo
a
o m= W (kg) : Baputt| wdlo
g
n ﬁts)\. - ﬁotpx.
(] F =
At

o Apyh Awtipnone Opuric (A.A.O.): ﬁOAfX = ﬁgf/\
H cuvohux oput| EVOC UEUOVWPEVOU GUCTAUATOS CwUdTLY dlatrpettar otadept.

Néuor Aeplwy

1. Népoc tou Boyle: p-V =k = otad. (1069epun), dtav o aptdudc twv mol n xo 1
Yepuoxpaota T' etvar otadepd.

2. Nopog Charles: V oc T', 6tav n, p otadepd.  (10oBoprc)

3. Néuoc Gay-Lussac: p oc T', btov n, p otadepd. Katahfyouue ot (1, 2, 3 —):
p-V =n-R-T: Kataotauxy| ellowon twv wavixwy agplwy. H eioworn woyler xan yia
aépta uetyparto. Idavixd aéplo elvar autd yia 10 omolo woylel 1 xataoTaTxt, e€lowor
wEIBme, 08 OAEC TIg TEYELS ot VEQUOXPATIES

e Enfong, av widue yia cuyAEXEUWEVO G€QL0, UTOPOUUE AT (1) va molue 6t py - Vi = po- Vs

Ups = N - K : Eowteput| evépyeta ogpiou (ouotaotind Depuxy| evépyeta)

- (k1 + ko + ...+ ky) , L, ,
K = N . HSOY} XLVY]TL){T] SVSQYSLO( E.LOPLO)V

o Q= AU : Tlpocyepduevn Vepudtnto = ALEnor eowtepixric evéyetag agplou

e W=P-AV : FEpyo nou dnuovpyel 1 draotorr acpfou, AV ad&non tou dyxou acplou
XATé TN VEQUAVOT) TOU

e Am6 ta 000 mponyolueva, avayouacte 6o e€Xg: Q = AU + W @ llpocgepbuevn
Vepudtnta = Alinon Eowtepfic Evépyelac agplou 4+ Evépyeio amoutoluevn yio tny avidnon
Tou euPdhou. H mponyoluevn oyéon ovctactxd arotehel Ty A.AE. yio to aéplo.

o Ocpuxt| evépyela = TpowodoTtoluevn ev. - ATODBOUEVT) EV.

e U= X\-f: BOeuehwdne Nopoc tne Kuyatuxrg

; + ;, = jlc , [ 1 amboTaot eotiog - x0puYhc, EOTIAXY| ATOGTAGT), 1 ATOGTACT] TOU
OUYXAIVOUY 0L aVOXAOUEVES axTiveg xou oynuatileta to eldwho (figure
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P’ andotaor elddhou pixous P'Q" and thy xopue.

Figure 45: Avanapdotacn tou Veyehodng VOUOU TNG XUMATIXAG

[ ooupind xadpéntn wyver R = 2f (oxtiva xaunukotnog)

/ P/ /
- (peyéduvon). Av 10 eldwro eivar 0pB6 1 peyéduvor etvon Yetxr, eved

p PQ
av efvon avteoTeopuévo, 1 ueyéduvor efvar apvntixy.
sin(6,)

OO 7 NI A —
— 1 Oelxtng ddhaong, | n = sin(0)

e N =
U 1 taydtnta gwt6¢ 6710 UAXO PECO

A
Enfonc: n = 0= —0, AN YA TNRLOTIXG UALXOU.

sin(0;) ny Uy
. = TN Il (figure 4
sy~ m T bpoc tou Snell ( gure
sin(6,)
= ,8 A
Sin(0s) otadepd

Figure 46: O Noépoc tou Snell f§ Nouog tne duddhaong

o Néuog g Avdxdaong ( tou Nebtwva):
T'wvia npbontwone (0,) = F'wvio avéxhaone (0,)

— 0, optaxt| yovio

e sin(f, = -
oA
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n
o Noéuoc Brewster: tan(6,) = R 0. =vwvia Brewster, 1) ywvia olxfc O woTS.
n

1
YuuPabver 6tav 1 avaxAouevn xon Stdhwpevn ywvia etvar xddeteg petadd Toug.

29.2 Electrostatic Field

. F  |Q| (N,V
E=—=k— [ =/—
q r? (Cnm
gopTtio ¢ and goptio - TNYH Q.
e Us = il (J) : Hhextpury Auvouuxty Evépyeta (electric potential energy); n onola
r

) "Evtoo (oe onpelo) nhextpootatixod nediou, mou déyeto

avixer xon ot 800 optia -avixel oto chotnuoa- xvoUUEVoL popTiou g ot onueio X Tou nedlov,
: anootaon YeTall q xou Q.

« Vo= =k (V) Avvouxd nhextpootatixol nediou ( Coulomb), oe ¥éorn X tou
q r
medlou, 7 : andoTacy) UETAEY Tou onueiou X xou Tou @opTiou () Tou dnuloupYEl To TEdO.

7 ’ 4 Y—P
AvtioTorya woyder 6t Vap =

(V) = Vs — Vp : Awagopd Auvouxot, 1 tdor yetold
0V0 onueiwy X xou P tou nhextpucod tedlou

Q Coulomb

e C=2(F)(Farad = """
™ V ( ) ( CZ//r.a 7 VOlt 7 7 7 7

= BLopoed duVoLXoU PETAEY TWY OTAICUWY Tou TuxveT. Moo mhngogopel yio 1o goptio Tou

umopet vor amodnxeuTel avd povdda téong HETUEY TWY OTAIGUGY TOU.

4 7 ' /
: Xwentxdtnta Tou Tuxvety), (@ = @optio Tuxvwty, V/

e (C=c¢- 607 (F) : EEdptnon ywenuxdtntag eninedou nuxvwtr and oyetix Oinextoix)
otadepd € Tou BinhexTEixol Tou Bploxetal YETALY TwY OTMOPGOY Tou, S & eufadd TAdxaC
TuXVLTY, [ 1 andoToon UETHED TV TAUXGY TOU

1 1 1Q?
U= §CV2 = 5@ Vo= Z%U) : Hhextpinr| Suvaixr) evépyeto Tou TUxveTY
V V Vs 7 7 7 4 /7 ’ ™ 7
e F = T : 'Evtaom ogoyevoig niextpootatixol tediou, doa povo yio eNiREDO TUXVGLTY
m

o Apyh Awrrenong tou Poptiou: ‘Oco goptio diépyeton and xdmotol SlaTour| Tou oaywyYoU
OTT) LOVADA TOU YeOVOU

o Yl = Xl 1 log xavovag Kipocnogg: To ddpoioua Twv eVIdcewy Tov peuudtwy, Tou
“eiogpyoviar’ o’évay x6uPo, 1wolta Ye 10 alpoloud TwY EVIACE®MY TV PEUPATWY, TOU
“elépyovTan’ and avtoy, B X1 = 0 oTo xouPo autd

o X(AV) =0: 20¢ xavévag Kirchoff: Kotd urxoc poag xhetothc Swdpophc oe éva
xOxhwud, To AAYEBEd dpotoua TV dopopay duvauixol eivat.

o Vimr=€e—Ire, (V) ok tdon mnyne, ¥ tdon otoug Téhoug Tng TNYTe, I = pedua
XUXADUATOC, Tes © BEowtepnd| avtiotaon mnyhc, Virar @ téon otoug mohoug g Tnyc.

o E=h-f(j): Evépyeur gwtoviou
e L =mUr: Métpo otpogopuric Tou nAextpoviou

e h= o Mewwuévn otadepd Planck. Aré ta nponyolueva cupmepalvouye 6T 1
T
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OTEOPOPUY) TOU NAEXTEOVIOU UToEEl Vo TdpEL THWES (OEC e T ax€pona TOAATAACLL TNG
rocotntag h. Hhextpdvia ye tny (Do 6tpogopur| xvolvial ot plo and Tig ETTRENOUEVES
Tpoytés, axtivag 7, OM0.: mUr = nh ,n € N. Trnodonioveto €161 1 xBAVIWoT) TN GTPOPORUTC.
o By — Ewo=h-f (J): Evépyeia mou napdyeton 6tav nhextpoévio Yetomndd and uio
ETUTEENOUEVT] TEOYLA O GAAT) UixpOTERTS EVERYELIC.
2 2 Lee?
o FEor=FEx+U+A= k‘;— + —/{:% = —2i : Ohue| evépyeta nAextpoviou Tou
r r
atépoU ToL LBPOYOVOU (010 GUGTIUA NheXTEOVIOU NAEXTEOVIOU - TUETVA).

o 7,=n%7 (M) Axtiva ETITEETOUEVEY TPOYLOV.
2

n € N* 1 x0proc xBoavtinde aprdude. r = i 0.53 - 1071%n = axtiva Bohr
mkq?

o lev=1.6-10" (J) : To nextpovioBért eivor 1) evépyew tou petofiBdleton oe éva
NAEXTEOVIO OTAY AUTO ETLTAYOVETOL UECL Blapopds duvouxo) 1V.

Ey , . . mk?e*
e E,=— (J) : Emtpendyeves twée evépyeuac, By = ~ o = —13.6eV
e FEovopos = L — Ep : llocdtnta evEpYELag TOU amonTelTon Yio TNV amoudxpuvoT Tou
nAextpoviou ext6¢ Tou NhexTE0) TEBlOU TOU TUETVaL.

Ch 7 /7 4 7 z 4
o AyIN = G (m) : Mixpdtepo uhxoc x0patog tng oxToPoAs Tou EXTEURETAL, OTAY 1)

EVEPYELD TOU MAEXTPOVIOU UETATEéNETAL OE EVEPYELD PwTOViou oe Yl pévo xpolon (k. = 0),
V' 1 tdom mou emitay UVEL T1) OEGUY] AEXTPOVIWY

o H aropxd povdda wdloc (atomic mass unit = amu) opileton wg t0 1/120 e udlac tou
atépou Tou dvdpoxa-12 2C, lamu = 1.66 - 10~ **g.

o Myetxd| atouxh udla, B atouxd Bdpog A, héyetar o oprduds mou Bely Vel TOGES POpES
etvan UeYahOTERT 1 udlal TOU aTOUOL TOou oTotyelou and To lamu.

A = ATOU.OV
" 1.66-102"kg

e To mol eivan povdda ntocdtnTag oustag oto S.1. xan opileton wg 1 T0GOTNTA TNG VARG TOU

TEPLEYEL TOOEG GTOLYEWWOEL OVTOTNTES, 000G Ebvan 0 aptluog TWV ATOUWY TOU LTEPYOUY GE

12g Tou dvidpoxa -12 2¢.0 aprduog TWY ATOUWY ToL UTdEYouY oE 12g Tou 2 ovopdleton

aptiuoe Avogadro (IN4) xou utoloylotnxe netpoatixd twg eivat (oog ye: Ny ~ 6.0252 - 102

mol 1. Me o Aoy 1 mol efver v mocodTTa wag ousiog Tou TeptEyet Ny 0vTOTNTEC.

o O apriuoc Avogadro exgpdlet Tov aprlud TV ATOUWY OTOWUDHTOTE GTOLYEIOU TOU

Tepiéyovetal oe Yala TOowy ypauuapiny 600 eival 1 oyetix atopxt| udla tov. Mropolue va

moVue 6Tt 1mol atouwy nepiéyer Ny droua xou Cuyilel A, g.

(lg ~ 1.66 - 107> A,)

e O apipog Avogadro expedlel tov aprdud Twv yopiwy ototyelou yNuxhc EVwons Tou

TepéyovTou o€ udla 160wV yYpauuaplwy 6co elvan 1 oyeTixr atopxt| pdla Toug. Anhadt,

Imol poplwv mepiéyet Naudpra xon Luyiler M, g.

o T'poypouoproxy| pdla M evog otoryetou 1) ulag ynuixnc évwong etvor 1 udlo evég mole

wopiewv tne xau petpéton oto S.I. oe kg / mol. H ypoaupouoptaxy) udlo (molar mass) eivou

M,

1000

1,000 gopéc pxpdtept and tn oyetixh poptoxt| wdlo (Loptaxy Bdpoc) M, : . M =
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o Dpoyyopoproxde, A poplaxde byxog aegiov (V;,) ovoudletar o 6yxoc nou xotohouBdvel
Imol autoV, oe opouévec cuvinxeg mleomng xon Vepuoxpactag. Ye mpdTuTEg CUVITXES TEoTC
(latm) xou Yepuoxpasiog (0°C) - S.T.P., o ypappopoptoxds 6yxoc twv acpiwy Bpédnxe

Telpapotixd Ot ebvan {oog e 22.4L, 5)8.: V,,, = 22.4—l oe STP ouvifxec. (BAS. V o n).
mo
e N, dtoyo <> 1 mol atdpwy <> A,g yéow Tou Yoplaxol TUToU

e Ny yopw <> 1 mol popiwv «» M, g  STP xou uévo yio aépra
e N, oviotnreg aéptag ousiag <> 1 mol aépag ouslag <>V, = 22.4L
, , moa ;o ,
o Apiudc twv mol oustoag: n = A mon : OAxY| pala ouctog
o H uetoforr) oty omoia 1 Yepuoxpacta nopauéver otadeptr; ovoudleta 1ooepun).
o H petafolr| otny omolo 0 dyxog mapouéverl oTalepds ovopdletal LloOyweT).
o H petafBol; otny omola 1 nleone napauével otadeet ovoudleton looBuprc.
C2
1 NmU
° p = §
wala xde poplou, N : mhfidog yopiwv, V' : dyxog doyelov.

: Yyéon wleong e ) uéom Tir TV ToyLTATWY TV Yopiwy Tou acplou, m :

_2
e U=VU = \/31{7 : Yyéon toyomtag (U) pe ) depuoxpacio (T7) (twv wopiwv) tou
m
agplov,
M : 7 yeouuouoptaxt) udla, Uy @ mdavotepn Ty
_2

1
e —mU = ikT . H yéon K.E. twv popiewv tou wavixol agplou etvar avdhoyn ye tny

anoiuty Yeppoxpacio.

e O toydtnreg TV poplwv xdmolag TocoTnTaS agpiou ot Vepuoxpacia T axoroudolv tnv
xatavour; Maxwell-Boltzmann.

+ Enerta ané n ypdvoug vrodimhacioouol (qulwés) (t1/2) padievepyol 1ooténou Eyel

amopeiver: m = (5)" Mg

Mg © TOCOTNTA ARy xY|g, PADIEVERYOUS ouatog

Movédec Padievépyetac:

1. Movddeg mou exgpdlouy To eninedo padievépyelag EVOC UMXOU.
Yuvnéotepn povada eivar to Curie(Ci), mou eivar mocdtrta ovoiag Tou ugioTata
3.7-10% PUDLEVERYES DIUOTAOELC AVa OEUTEQOAETTO.
Yo S.I. povdda padevépyetac eivar to Becquerel (Bq), mou avtiotowyel oe pia
padlevepyd OLdomaoy) avd deutepoienTo, OAD. 1CT = 37 - 10° Bq.
Movddec mou expedlouy TNV amopeoolUEVT] axTVOBoAld arnd Evay 0pYAVIGHO.
[a mocotnt| extiunon Ty anoteleoudtwy g enidpaong tng wxtivoPollag,
Veoniotxec 1o RAD (Radiation Absorbed Dose) nou exgpdlel 860m axtivoBoliag, 1
omola aneieviepmvet 1072 evepyetag avd kg Bdpoug tou copatog Tou TNV AmopEoRd.
Y10 SI povéda etvar to Gray(Gy)
1Gy = 100 RAD

2. Movddec mou exppdlouyv TNy amoppo@oUUeVT axTvoBokio and Evay opYavioud Ge GyYEoT

165



UE TIS PLOAOYIXES ETUNTOOELS TOU TEOXAAOUY.

To REM (Radiation Equivalent Man) efvor ptar yovédo padievépyetag mou dev e€optdton
and 1o gidog TN axTivoPohiug xat ex@edlel TiC BIOAOYINEC XATAGTROPES TOU
TEOXUAOUVTOL GTOV AvIPWTO antd TNY ATR0PEOYNOT) TV BLPOR®Y oxXTVOPOAWY. Anladt
Irem efvar mocdTnTo axtvoBohiog, 1 omola eTPEREL Vol GUYAEXEHIEVO BLOAOYIXO
ATOTEAEGUAL.

Irem = lrad oxtveov X A v. 1Gy axtivoBoriog o mpoxaiel 20 @opég peyoliTep
xataoTR0gT 6Toug avlpmnivoug tototg and 1 Gy axtivoBoilag .

29.3 Thermodynamics

o Ortav o’éva Veppoduvauxd cvotnuo ot Yeppoduvauixéc yetaintée, dnhadt 1 tieon(p),
nuxvotnTo(p) xar 1 Yepuoxpacia (17), mou To meptypdpouy Swatnpoltviar oTadepéc Ue To
Yeovo, ToTE 10 oloTnua Peloxeton oe xatdotaocT Yepuoduvouxnc wopponiog. H xatdotaoy
Yepuod. 100p. Vo cuoThuatog uropel va tapaotodel Youpxd ue éva ornuelo. ‘Eva chotnua
Tou Oev Peloxeton o€ LooppoTio OEV TUPIGTAVETAL YEUPIXJ.

o AW = pAV : ctoiyewdec épyo (AW) tne d0voung mou aoxel to aépto (nieong p) oto
obua (m.y. éuporo) yetatonilovtog 10, xatd 6yxo AV.

e U= §nRT (J) : H eowtepixt| evépyeta optopévne mosdtntac woavixot agpiou eZoptdta
wovo and T Yepuoxpacia Tou.

o log Yepuoduvouxde vopog: Q = AU + W

To mocd Yepudtnroc (@) mou anoppopd 1 anodihet évo Yepuoduvapixnd ahotnua eivat (oo ue
T0 olYePpind dpoloua NG UETUBOAAC TNC ECWTEPIXTC TOU EVEQYELIC X0l TOU €0YOU TTOU
TOEAYEL 1) DUTAVE TO CUCTIUAL.

o Edu ypauuouoplaxt, Yepudtnta agpiov und otadepr nieon (constant pressure specific
heat): C,

Ioyler: Qp = nC,AT : Jepubdna tov anoppopd 10 aépio dtay epuaivetar und otadepd byxo

o Ewdur| yeaupouopton Vepudtnta agplou und otadepd dyxo: C,

Oa woyler: Q, = nC,AT : depudtnra Mo anoppopd 1o wéplo dtav Yepuaivetar utd otadepd Gyxo
* Ané tov lo N.A. npoximtel 6n: Cp, — C, + R

. l,’y>1

Eqgapuoyn tou lou depuoduvauixod vouou

o A) Io6Oepun Avtiotpenty| yetaBoly

‘Eeyo: W =nRTIn (“//fd), apol T' = oto). - Q =W

o Yy wodiepun smé\/:fén 6M0 10 T066 VePUOTNTUS TOU ATOPEOYY TO EELO UETAUTOETETOL
o€ unyovixd €pyo.

+ B) Iobywen Avtiotpenty| yetaBolt

Q = AU : X1y 10oywern Yépuaven 6ho T0 T066 VeQUOTNTAC TOU ATOpeOPNOE TO AEPLO
yenowonotiinxe i Ty adinom NG ECOTEPIXHS TOU EVEPYELCS.

o D) IooBaphc Avtiotpenth] uetaBolt
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Eeyo: W =p (Vien — Vigy), A6 t0v 1o O.N: Q = AU +p(V; — V,).

Yy woPoapt| Vépuavor Eva Ygpog and 10 006 YepUOTNTAS TOU ATOPEOPNOE TO UEQLO OO TO
Tepi3dhhov yenowonofinxe yia TNy adinon Tng oBTEPXNC TOU EVEPYELIS XAl TO UTOAOLTO
amo06UnxE ex VEOU GTO TEPYBAALOY UTG LoP@T £0YOU.

o A) ASwPatixry MetofSory

MetafBolt, xatd Ty onola de cuvteleiton yetagopd YepudTnTog and To TERYBIALOY GTO
o0OTIUAL Xl AVTIGTREOPL.

pV7 = otad.: Néuog tou Poisson mou diEnetl 1 petofSoly).

At tov 10 O N.: 0=AU+W o W = -AU

« E) Kuxdur Avtiotpenty| uetaBols

Kuxhxr) ovoudCoupe Tt yeta3ols) otny omolo 1o oot UETE amd Uiot Slepyacio EmoTREPEL
oty B xatdotaon . Q = W

Trohoyiopde peyedwy xivnone am'to Atorypduuata

o Audypopua ETITAYUVONS - YpOVOoU: To EPadoy and To yedpnua uEyet Tov dfova Tou
YeOVOU Hog Oiver Tr) UETABOAY| TNg Tory O TN TS,

o Audypopua ToybTNToC - YedVoU: 10 EYBuddY amd To Yedpnua YEYEL ToV GEoVa TOU YeOVoU
wog diver T petatémionAx 1 1 xAion g eudelag pag divel TV emTdyUVo

o Aidypapua ¥ong - ypdvou: 1) xhion tng eudeiog yog Sivel TV TariTNTO TOU GOUATOS

Toraviooelc
o To épyo divaun F Beloxeton and o eufaddy tne F' = f(x) uéypt tov opllbvtio dZova .

1 [k
. B o ehet) A fo= 50—
LOGUXVOTY]TO( EAEV SPY]Q T O(VTO)GT]Q fO o m s

m : GO TOU TOAAVTOVETHL, k 1 otadepd ehatrpiou. Mikdue avixd. STny mpoyotixdTnTa 1)
fo Yo ebvon Myo wxpdtepn ool anatelton emmAéov dovourn yia vo dtatrendel wg Eyet.

o T =F-1(N-m): Porf 80vaunc F,l : (xdletn) andotoon uetall d€ova neplotpopic
xou onuetou egapuoyhc tng S0voung. H porr €yel mn diedduvon Tou dlova TeploTpoPc xou 1
popd TNg diveTon amd TOV XxAV6VAL Tou BeEL00 YEPLOU.

o W=T-60(J): Epyo xatd tn otpopixt} xivror mou npoxolelton and otpoguxr duvour
(pon?). T va to unohoyicouue ywpllouye T Ywvio 6 oe ATELOOTE UXEES YWVIES

dfy, dbsy, . .. xan adpoiloupe Ta avticTotya épya. Av 1) pomr) Tng SUvoung mapauével oTadept| To
€pyo diveTaw and Tov Topandve TUTO.

o Tlpowdnon tou mupahou: Ui — Usey = Usy, aepiovlll (%&@;\c)

Usy. aegiov = OYETIXY ToyOTNTA AERiY -

H mpoainon tou otnpileton oty A.A.O., emouévag e tny e€lowor auth|, HEAETAUE TNV
TeoWINCT, TOU 01O BIdoTNUA, daxpld ard xdie PBaputixr €AEY, 6Tou uTopPOUUE €10t Vo
Vewprioouue T0 GOCTNUN LOVWUEVO.

e dawvébuevo Doppler: mnyh = S, napatnentic = A

1. Asxdvnmn mny?| - Axbvntog mapatnentic: fa = fs = (){,
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omou: U, A 1 tayOTNTo X0 TO UAX0G TOU XUUATOS TTOU EXTEUTEL 1) TNYN
2. Axtvrtn Tyt - Kwvoduevog mapatnenthc ue tayvtnta Uy

U+tU
fa= UA

fs, 41 mapaTnenTg amouaxpOVETUL and TNV TNYH Xt -1 6Tay TANGIALEL OF

T

3. Kwolpevn mnyt| pe toydtnta Uy - Axivirog mapatnentic: fa = mfsa +:

ATOUAXPUVETOL 0RO TOV TORATARNTY, EVK -1 TANCIALEL

4. Kwolyevn mpm ME wxumw U, - Kwoupevog ToEUTNENTAC ME Tay vt Uy -

fa=—= fs, — : 6ty TAnotdlouy, I : 6Ty amopaxplvovTaL

UFU -

o e= Q : LUVTEAEG TS AnO00GTS OTOWGONTOTE UMY OVS
h
Qn @ VepudTnTa Ue TNV OOl TPOYOBOTOUUE TN Uy oV

o XNy xuxhixy yetaBoAr| 1o €pYo TOU TUEAYEL TO AEELO LOOUTAL PE TO Xadapd ToGhH
VepuotnTag Tou amoppo®d, o omolo etvar (5o pe To Toch VepudtnTog Tou Tpogodoteiton pelov
T0 000 VePUOTNTG TOY AmOBAAAEL Q.

Q|

@n

o Mnyoavn Carnot: ecapnot = 1 — =
Ty

T. : Yepuoxpacio Yuyehic deauevic

Ty, : Yepuoxpacio Yepunc dedouevic

Aev umopet v umtdplel Vepuunr unyovi| mou vau €yel UEYOADTERY) anddooT) amd Uiol Uy ovy
Carnot 1 onola Aettoupyel avdueca otig dLo Vepuoxpaucies.

e=1-—

o 20¢ Yepuoduvauixog VOUoC

o Eivou adOvoto va xataoxeuaoTel pnyavy| mou va ueTateénel € ohoxhfipou TN VepUdTNTA
OE WPENUO €0YO.

o Etvor adlvato va xataoxeuasTel unyovy) tou va uetagépet Vepudtnta and éva Yuypd
owua o€ Eva VeEpUOTERD, ywelc vo damavdtar EVEQYELXL Yo T1 Aettoupyia Tng.

e AS= - (J/k): H petoforr) e eviponiac (AS) cuotripoatog xatd T Sidpxeld Utog
TOND Uixpric aVTIOTEENTASG PETOBOATC, TO000 WxpYic WOTE 1) VEpUoXpasia TOU CUOTAUATOS Vol
umopet vo Yewpniel otadepr.

‘Otav oe pa avtioteenty| yetaBohr 1o AQ etvon Yetind 6tav 10 oloTrua anoppopd YepudtnTa,
emouévwe 1) evtporio auidvetan. Ioylet xan to avtideTo.

o An6 yaxpooxomxy| drodn 1 adlnor g eviporniac odnyel oe Uelworn TG avOTHTAS TOU
CUCTARATOS VoL TORAYEL WPEAUO €pYO0, EVE amd Uixpooxomxt drolm 1 abénon tng eviponiug
odnyel oe adinomn tng ataglug ToU GUOTARUTOL
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Ilepintwoelg urtohoyiouol UeTIfOAAC TNE EVIpOTiog
o Adfotued avtiotpenty| petaBord: AS =0

o Tobepun avtiotpents| uetoforr: AS = g

o Kuxduh petoBors: ASor =0

o Ekellepn extovwon: AS =nR <VB)
Va

o To épyo otny adofotiny| avTIOTEERTY UETHBORY| elvou:

W = prs)\Vcs)\ - pocvaapx

1—v
o H uyetofor| oty ecwtepnt| evépyeia evog agplou divetar and tn oyéon: AU = nC,AT
o Ocputéc unyavéc ovopdlouye auTES TOU UETATEENOLY TN VepUOTNTA GE Wiy ovixd €pYo.

29.4 Electric Field

Oy = E - Acos(d) (N -m?/C) : HXextpur o) mou Siépyeton and pior eninedy enupdverd,
euPadol A, 1 onola Beloxetan Yéoa oe opoyevég nhextexd edlo éviaong E.
0 : n ywvia mou oynuatilel To xdeto otny empdveia didvuoua A pe 1 diebuvor Twv
OUVOUIXGDY Y QOUUDY
o X7 yevixOTEPY TEplnTWOT OToU 1) emLpdvELa OV efvon enimedn xou Pploxeton pEcu o
AVOUOLOYEVEG NA. TEdi0:

n

Oy = Z E;AA; cos(#;) , 6mou n 10 TAADOC TWY TUACEWY TNC ETLPAVELNC A OE GTOLYELMDELS
i=1
emLpdveleg eninedeg xan otadepnc Eviaong.

o ®p =" Néuoc tou I'rdouc yia to 1. nedio
€

0

H nhextowt| por} Tou dSiépyeton amd Lol XAELGTY| ETLPAVELN 1000TAUL UE TO TNAIXO TOU OALXOU
gopTiou mou mepxhelet 1) empdvela, Teog TN oTalepd €.
o Auvouuxr evépyela 1oobton Ye 10 TNhixo Tou ohxol @opTiou Tou TEPAELEL 1) EmpdvEL,
Tpo¢ TN oTaepd €.
o Auvopxd evépyela TOMGV (£0Twn) GNUEIXOY QopTIOVY

41492 4143 4243 4144 dn—194
U=k + k + k + k + . k=

Tl T2 ] T4 T'n
OAD. 1) evEpyeLa TOU CUGTHUATOS Efval TO dpoloud TV EVERYELDY TOU €YOUY Tol YopTia ovd
Cebym,.

« K= oA > 1 : dunhextpwt| otadepd Tou UAXOD

0
C' 1 ywenTxonTo ToU TUXVLTY Yoelc To OINAEXTEIXO
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29.5 Magnetic Field

—

F
+ §=— (N/kg): "Evtoaon nediov Bapitntac o€ éva tou onuelo, mou tautileto pe Ty
m

EMTAYUVOT a oL Yo amoxTHoEL To cwud, edv agelel ercliepo ot exelvo To onueto, OAD.:

o Vup=Vy—-Vp=
BagltnTog

« g=G— (N/kg): évraon Buputixol nedlou mou mopdyetor and udla M oe onueio mou

Beloxeton ydlo m mou anéyel andoTAon 1 ond To UAIXS onucio

1 2 I4 z 14 7 7, 7 e
e U=-G (J): Auvagix) evépyeio GUGTAPATOC VO UMXGOV onueiwy pe udles mq, mo
r
Tou anéyouv UeTall Toug andotact . To apvnTind TEdoTUo UTOONAGVEL OTL TEETEL Vol
TEOGQEPOUUE EVERYELXL YIA VA XAYOUUE AMERT TNV AmOoTACY TV 000 Ual®V
e Me wavonomtixy) TpocéyYioT), unopolue va Yewpricouue 6Tt yia T I'n, 1 omolodhrote
YEWEWES 0URPAVIO CROUL, Yo Loy UEL:

B r B My
9= Cmne ™V =Y
M
Twh=0:g=G— ~98 (m/s%)

5
i

2GM
e Us= \/; (m/s) : Taybtno dtapuyhc oouatos, and oupdvio odua wdloc M oxtivog
P étav to onueto extolevorng Peloxeton o Glog h and Ty emupdvela.

29.6 Fundamental Constants

e € =2885-107"2 C?/N -m?*: Amdhutn dinhextoixy otadepd Tou xeEvol

e ¢ =16- 107 C Poptio mpwtoviou

e ¢ =-16-10"C": Poptio nhextpoviou

e m,=1.672631-10" kg = 938.27231 MeV/C? : Mdla mpwroviou

e me=9.1093897- 10! kg = 0.51099906 M eV /C* : MdZa nhextpoviou

o m, = 1.6749286 - 107*" kg = 939.56563 MeV /C? : Mdlo vetpoviou

o K =8987552-10° N -m?/C? = 1/4mey : Hhextpuer otadlepd 1) otadepd tou Coulomb
~9.10° Nm?/C

« G=6.67259-10"" 5
g-s

o C =299792458 - 10° m/s ~ 3 - 10°m/s : ToyhTnte ToU PWTOC
e h=41356692-10""" eV -5 =6.63- 107" J - s : otadepd tou Planck
o u=1.6605402-10 *"kg = 931.49432 MeV /C? = la.m.u. : Atoux# povéda udloc

3

~ 6.67 10711 mgl{:g_ls_2 : Yroepd TG mayxdouiag EAETNS
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e N, = 6.0221367 - 1023 2TOTITEC
mol

e 1leV=1.6-10"%7J: HhextpovioPort
e latm = 101.325 Pa : Mio tumxy| atpocgopa
h
e h= or = 1.0545727 - 10734 J - s - Mewwyévrn otadepd Planck
T
e [=e-Ny=96,485.309 C//mol : Ytadepd Faraday = TocOTNTA VEUEALODOUS PopTiou
e~ / avd mol
o ag=529177249- 10" m : Axtiva tou Bohr
e g = 9.80665 m/s2 : Emitdyuvon Bogttnroag e I'ng
o g =4m-1077 ~1.256637- 10 ® N/A* 4 T -m 4 Wb/A-m ): Moyvnux, damepatdtnTa
TOU XEVOU

: Yradepd Avogadro.

171



30 Chemistry

o pH: Métpo 1 oZitnroc evic Sahbpatoc pH = —log[ H™]
[H*] : n ouyxévipwon twv HT oe ypoppotbvto avd Mtpo
uala ynu. otouyeiou 1
uala ynu. ototyetou 2
o Mdla avtidpwviwy = Mdla mpotdvtwy

o T xdde droyo woylber: A=2+ N

e 080 + Bdon — dhag + vepd

« Polyatomic / Compound ions: carbonate: CO3;~
hydroxide: OH ™, sulfate: SO, nitrate: N O3, ammonium: NH

o YloToon yNUXnC Eveong = = otadepo

« 1L = 1dm® = 1,000cm?

o K=C+273 Kelvin <> Celcius » Atouxétnra ebvar o aprduds mou pog debyvel and ndéca
dropo amoteheltar To poELO EVOC GTotyElou

o Ta avépyava oZéa xatd Arrhenius €youv to yevixd tino: HyA omou, A : auétarho, 1
opdda atduwy (pila m.y. SO4), = : 0 opriude oleldwone tou A

o O avépyavee Bdoeig xatd Arrhenius éyouv to yevixd tino: M(OH),, 6mou, M :
uétaado, x : o apiuog oleldworg Tou M.

o Ta nepiocdtepa oleidia €youv o Yevind TOn0: X0, 6T0u, T 0 aprludg oleldworng Tou
oTolyelou X

o To dhato eivon toviixée evidoelg tou meptéyouy xotdy M (uétahho, B detind mohuotouind
v, Ty NH) xon oy A (apétodho extoc O, A apvntind mohuatouxd 1oy, my. CO37).
‘Etot, 0 yevixog toug tonog etvon: My Ay, 6mou x xon ¢ delyvouv tny avoloyio avidvtwy xou
XATLOVIWY AVTIGTOLY A 0TV LOVTIXT| EVWOT)

o Suyxévtpwon, B yoplaxdtrta xat'éyxo (molarity) dioddyatoc: ¢ = — (M = 1 mol/L).

< |3

n : TocdTATA Btakupévng oustag (mol), V' 1 dyxog drakbyatog (L)
o Koatd v apalwon SlaAbuatog 1oy UeL 0 TOTOC! Cugy * Vagy = Cren * Ve
o Koatd v aviueiln d0o, 1| teplocOTepnY Slahuudtwy 1oy Vel 1) oyEo):
Capyl * V:xpxl + Capy2 Vapx? +...+ Capyv * ‘/:xva = Crep - Vcs)\
orou, 1,2, ..., n: mAAHloc apytxmy SloAupdTwy
HOl ‘/TE)\ - Vapxl + Vapx2 + Vapx3 + “ e + ‘/;(va
o Xnuuh avtidpact xadorng alxaviwy (v ™V €vapdn Tng amoutelTal vaﬂf]pozg):
3v+1
CUH2U+2 + 02 - UCOQ + (U + 1)H20
o Xnuuah avtidpact TAHeoug xadong aAXEVIKV:
3v
CUHQU + ?OQ - UCOQ + UHQO
o Xrnuu avtidpact TAYPoUS xoNoTEC XORECUEVWY UOVOGUEVRY AAXOOADV:
3v
CvHQU_HOH + ?OQ - UCOQ + (U + 1)H20

+  Avtidpaon pwtocivieong:
xCOy + Y H0 + nhoxt| evépyeror — Cyp(H20)y + 20,
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e Avtidpuon Tapay YRS TRLPWOPOEXHG AOEVOTIVNG:
ADP + Puyépyove gwogopixs srazat EVERYEIL — ATP

30.1 Useful Chemical Substances

o CsH1206 : Thuxdln

o Ca3(POy)s : Avipoix6 dhac

o CuSO45H50 : 'Evudpo dhag / yahalbrnetpa

e CaSO042H50 : T'Odog

« NH;: Apgpovia

o C3HgO : Owénveuya [/ oawdavoin

o Ci12Hy011 : Zéyopn [ coxyopdln

o« COy: Aeldio tou aviponxa

o Ca3(POy)y : Pwogopxd acBéotio

o HyS04 : Beuxd o0&l / Birpio

e H3PO;: Pwogopixd ol

e HCN : Topoxudvio

o NaCl: Xhwpwolyo vatplo / ohdtt

o HNOj3 : Nixtpixd oZ0 / axovapodpte

« KOH : YTdpokeidio tou xohiou / xauoTtixt| totdoa
« NaOH : Tdpoleido Tou vatplou / AAVOTIXY| GO
e NaHCOj3 : Avipaxixd vétpo / o6da

o Al,O3 : OZeidio tou apythiov / Lageipt

o O : Avipaxag, Aopdvt, Fpagltng

o AlO;: C, : OZeidio apythiou - ypwuiou / povunivt (puBd)
o BegAly(S;05)6 : Luapdyd (epepahd)

o CgH3O7 : Kitpued 00 (ﬁgure

o (CH3)2CO : Acetone / Propanone

-

Figure 47: Xnuxr| e€lowon Kitpicol oléwcg

o CaCO3 : Avipaxixd acBéotio / aoBectoldoc / udpuopo
e CHyN>O : Oupla

o CyH,0y (CH3COOH) : Avdovixd [ 0&ixd o&Y

o CyHsO4 : Axetuhocahxihixb oZl / aompivn
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o CHCI3 : Toywpoyeddvio / Xhwpopdputo

e CaCy : AvipaxacBéotio

o Ca(OH), : AcBeotbvepo

o HCHO : Medoavéhn / Popuardetdn

o 2-udpoZumponavixd 0Zl / Tahoxtind 0f0) (ﬁgure

TN
~

YOl
/ Yotadk

Figure 48: Xnuxy, e€loworn FNahaxtinol oléwg

o CsH;COOH : Bevlowé o0&l / E120(cuvtnentind tpo@iuwy

Figure 49: Xnuixdc tinog KagBoluiixol oZéoc - COOH - Bevlowde doxtiAog

o C4HsOg : Xnuixde tomog Tpuyinol oZéwe (anmavtdtor 6To xpaot & oe avahuxtixd)

(figure

Figure 50: Tpuyixé oZ0 - Kpaot

o CHy0,/HCOOH : Medavixd 0Z0 / Mupunxé o0&l
o Cy4HgO, : Boutovixd / Boutupixd ofl
« Ilupootaguiixd o0 (figure

Figure 51: Tpuyxé oZ0 - Kpaot
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31 Economics

e a,=a(l+7)": Torog Tou avaToXIoPOY Av xartadéoer xdmotog ot tpdmelo uetentd,
HETE and v ypedvia Yo elompdlel a, UeTenTd

4 6 4 4 7, 7
oL }(E(PO()\OLLO, T = . TOXOC TOUC EVOC EUpW O 1 XPOVO

an

100

v ypovia, e emitéxio (%)
€

-~ 1 TOXOC T IOV AmOBIBEL TO XEPANAUO o PE ETUTONLO €
(I+71)¥—1

"= 100

Y=a(l+7) : TOToC TV lowv xatadéoewy

Movddec tou ayadol X nou Yuoidlovtou

o Koéorog euxanpiog tou ayadol Y = og OpOLE TOU

Movédec tou ayadod T mou nopdyovton

ayodol X
/4 AX 4 7, 4 4 z
hWKE, = NG povadeg tou ayadol X mou YuoldoTNHAY VLo TNV ToRaYwY oG ETTAE0Y
povadog tou T
AQ P , , , , .
e Ep= AP O : Ehaotixomnta g {fmong 610 onuelo mou avtiotouyel ot Tl P xow
1
{ntovpevn mocdéTnTA Q1.
A AP
|Ep| >1— QQ‘ > ‘P : Ehaotuer {fnom

A AP
|Ep| <1— ‘QQ < ‘P : Avehaotinr| {finon
Yuvold npoiov(Q)

o Meé 5V(AP) =
€00 mpoi6v(AP) [Mocotnta petoaffAntold cUVTENECTA

. Opioocd tpooy(MP) = MetaBohf cuvolixo) Tpoldvtoc(AQ)

° ° Metof oy} tocdnTac PeTaBANTO) GUVTEAESTHC
Y. Kéotog(FCO)

Hooétnta napaywyhic(Q)

MetafAnt6 x6otoc(VC)

Hoobtnta napaywnyhc(Q)

2UVOALXO %06 TC
e Méoo ouvohixd x6ct0c(ATC) = Hozzzn:zon};(;zf{f\gﬁg(é)

o ATC = AFC + AVC B0 \ (ATC)]
MetaBohy) cuvolxol x6cTouS T
° 4 4 M — —
Opioi6 x6om0c(MC) Metafohf tou mpotdovtoc[AQ]

Metaohq petafintod x6otouc[ACV C]

MetaBorf tou npotévtoc[AQ]
Aciyver to pudud pe tov omoio yetafdhheton 10 GUVOAXO XOGTOC, 6TaY PETUBAANETAL 1) TRy WY
xaTd ot povdda e O mopamdve 5 tOmoL agopolv T Beayuyedvia tepiodo. Katd tn woxpoypodvia

nepioBo Olol ol mapaywyixol cuvtekeotég duvata vo petoBAndoiy

AQ P

E, = A—g . Q—l : Ehaotixdtnta ¢ npoopopds, 6mou: AQ : petoffohy) tpocpepduevng
1

nocotntag, AP : petaohq e, P 1 apy T, Q1 ¢ apyixn tocdTa
o Xuvdptnon {hmone: Qp = f(P) éxer apynux| xhion (1 xaunOin D). Luvdptnon npocpopdc
Qs = f(P) éxer 9enxh xhion (n xaunddn S).
o Total Revenue (TR) = P - @ : Zuvohxd €coda (emuyeipnonc)

o Méoo otadepd xbo10c(AFC) =

e Méoo petaffinté xéotoc(AVC) =
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P : iy, Q : mwhodyevn tocdtnTa
o Average Revenue (AR) = ol : Méoo éc0bo

e Marginal Revenue (MR) = A(IADC;Q) : EmnAéov €0000 and v moANdn wog emnhéoy
TOCOHTNTAC TEOLOVTOG

o K=TR-TC=(AR—-ATC)-Q : Képdoc (# {nuia)

o Kadapn enévduon = Axaddpiotn Wiwtixd emévduor - AnooBéoeig

o AE.IL = ISudtuen xatavdroon + Axaddpiotn wuwtx enévbuvon + Keatun § Anudoia Samdvy
+ (EZaywyéc - Ewoaynyéc)

o Elaywyéc - Ewoaynyés = Kadapd eio6dnua and 10 e€wtepind

o« AEIL = Miwdol + Ilpbécodot neprovaiog + Toxor + Képdrn + Anooféoeg + Eupeool godpot -
Keatixée embothoeic - Todxor Anuociov ypéoug - Kadapd eiob6dnua and 1o e€wtepind

e AE.OGIL = AEIL + Kodogd €o6dnua and 10 e€wtepind

« KE.OIL = AE.O.IL - AnocfBéoeic

o Koabdapol épuuecor pbpol = Euuecol podpol - Embdotroeig

o Edvixé ewobédnua = K.E.O.1L. - Kadapol éupecor popol

o Awdéowo ewoédnuo = Edvixéd eoddnua + MetofiBactixnéc mhnpwpéc + Toxot tou dnudoiou
xegoug - Abtavéunta x€pdr - ‘Auccol pbpot

o Anotaplevon = Awdéowo eioddnua - Katavdlwon

Hpayyotixd A.E.IL

o Koatd xegoriv npaypatxd A.EIL = IDmdvouse
o Ilocooto peuotwy ddeaipwy = Ilocootd yenuatwy nou 1 tedrela datneel arodnxevuévo ota
Tapeio TG Yo xdbe 100 eupdd Quokol cuvakhdyuatog Tou BladéTe

Ovopootixd Ewobdnua 100 (%)

. T ) elobdnpe =
PAYHATIXG ELOOOTLLL Enlnedo Ty

Apudude avépywy 1100 (%)

e Ilocootd avepylog = Epyatind duvopnd
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