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Preface

As an undergraduate, I was offered a reading course on the representation theory of
finite groups. When I learned this basically meant studying homomorphisms from
groups into matrices, I was not impressed. In its place I opted for a reading course
on the much more glamorous sounding topic of multilinear algebra. Ironically, when
I finally took a course on representation theory from B. Kostant in graduate school, I
was immediately captivated.

In broad terms, representation theory is simply the study of symmetry. In prac-
tice, the theory often begins by classifying all the ways in which a group acts on
vector spaces and then moves into questions of decomposition, unitarity, geometric
realizations, and special structures. In general, each of these problems is extremely
difficult. However in the case of compact Lie groups, answers to most of these ques-
tions are well understood. As a result, the theory of compact Lie groups is used
extensively as a stepping stone in the study of noncompact Lie groups.

Regarding prerequisites for this text, the reader must first be familiar with the
definition of a group and basic topology. Secondly, elementary knowledge of differ-
ential geometry is assumed. Students lacking a formal course in manifold theory will
be able to follow most of this book if they are willing to take a few facts on faith.
This mostly consists of accepting the existence of an invariant integral in §1.4.1. Ina
bit more detail, the notion of a submanifold is used in §1.1.3, the theory of covering
spaces is used in §1.2, §1.3, §4.2.3, and §7.3.6, integral curves are used in §4.1.2,
and Frobenius’ theorem on integral submanifolds is used in the proof of Theorem
4.14. A third prerequisite is elementary functional analysis. Again, students lacking
formal course work in this area can follow most of the text if they are willing to
assume a few facts. In particular, the Spectral Theorem for normal bounded opera-
tors is used in the proof of Theorem 3.12, vector-valued integration is introduced in
§3.2.2, and the Spectral Theorem for compact self-adjoint operators is used in the
proof of Lemma 3.13.

The text assumes no prior knowledge of Lie groups or Lie algebras and so all
the necessary theory is developed here. Students already familiar with Lie groups
can quickly skim most of Chapters 1 and 4. Similarly, students familiar with Lie
algebras can quickly skim most of Chapter 6.



xii Preface

The book is organized as follows. Chapter 1 lays out the basic definitions, exam-
ples, and theory of compact Lie groups. Though the construction of the spin groups
in §1.3 is very important to later representation theory and mathematical physics,
this material can be easily omitted on a first reading. Doing so allows for a more
rapid transition to the harmonic analysis in Chapter 3. A similar remark holds for the
construction of the spin representations in §2.1.2.4. Chapter 2 introduces the concept
of a finite-dimensional representation. Examples, Schur’s Lemma, unitarity, and the
canonical decomposition are developed here. Chapter 3 begins with matrix coeffi-
cients and character theory. It culminates in the celebrated Peter—Weyl Theorem and
its corresponding Fourier theory.

Up through Chapter 3, the notion of a Lie algebra is unnecessary. In order to
progress further, Chapter 4 takes up their study. Since this book works with compact
Lie groups, it suffices to consider linear Lie groups which allows for a fair amount
of differential geometry to be bypassed. Chapter 5 examines maximal tori and Car-
tan subalgebras. The Maximal Torus Theorem, Dynkin’s Formula, the Commutator
Theorem, and basic structural results are given. Chapter 6 introduces weights, roots,
the Cartan involution, the Killing form, the standard s((2, C), various lattices, and
the Weyl group. Chapter 7 uses all this technology to prove the Weyl Integration
Formula, the Weyl Character Formula, the Highest Weight Theorem, and the Borel—
Weil Theorem.

Since this work is intended as a textbook, most references are given only in the
bibliography. The interested reader may consult [61] or [34] for brief historical out-
lines of the theory. With that said, there are a number of resources that had a powerful
impact on this work and to which I am greatly indebted. First, the excellent lectures
of B. Kostant and D. Vogan shaped my view of the subject. Notes from those lec-
tures were used extensively in certain sections of this text. Second, any book written
by A. Knapp on Lie theory is a tremendous asset to all students in the field. In par-
ticular, [61] was an extremely valuable resource. Third, although many other works
deserve recommendation, there are four outstanding texts that were especially in-
fluential: [34] by Duistermaat and Kolk, [72] by Rossmann, [70] by Onishchik and
Vinberg, and [52] by Hoffmann and Morris. Many thanks also go to C. Conley who
took up the onerous burden of reading certain parts of the text and making helpful
suggestions. Finally, the author is grateful to the Baylor Sabbatical Committee for its
support during parts of the preparation of this text.

Mark Sepanski
March 2006
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Compact Lie Groups

1.1 Basic Notions

1.1.1 Manifolds

Lie theory is the study of symmetry springing from the intersection of algebra, anal-
ysis, and geometry. Less poetically, Lie groups are simultaneously groups and man-
ifolds. In this section, we recall the definition of a manifold (see [8] or [88] for more
detail). Letn € N.

Definition 1.1. An n-dimensional topological manifold is a second countable (i.e.,
possessing a countable basis for the topology) Hausdorff topological space M that is
locally homeomorphic to an open subset of R”.

This means that for all m € M there exists a homeomorphism ¢ : U — V
for some open neighborhood U of m and an open neighborhood V of R”. Such a
homeomorphism ¢ is called a chart.

Definition 1.2. An n-dimensional smooth manifold is a topological manifold M
along with a collection of charts, {¢, : U, — V,}, called an atlas, so that

a1 M=U,U, and

(2) For all o, B with U, N Ug # 0, the transition map ¢up = ¢p o ¢,
0o Uy NUB) — ¢g(Uy N Upg) is a smooth map on R".

It is an elementary fact that each atlas can be completed to a unique maximal
atlas containing the original. By common convention, a manifold’s atlas will always
be extended to this completion.

Besides R", common examples of manifolds include the n-sphere,

§"={x e R | lIxll =1},
where ||-|| denotes the standard Euclidean norm, and the n-torus,

T"=8'x 8" x..-x S..

n copies




2 1 Compact Lie Groups

Another important manifold is real projective space, P(R"), which is the n-
dimensional compact manifold of all lines in R"*!. It may be alternately realized as
R™+1\ {0} modulo the equivalence relation x ~ Ax for x € R"7'\{0} and A € R\{0},
or as $” modulo the equivalence relation x ~ *x for x € §". More generally, the
Grassmannian, Gr;(R"), consists of all k-planes in R”. It is a compact manifold of
dimension k(n — k) and reduces to P(R*~!) when k = 1.

Write M, ,, (F) for the set of n x m matrices over F where F is either R or C. By
looking at each coordinate, M, ,, (R) may be identified with R*" and M,, ,,(C) with
R?™ _ Since the determinant is continuous on M, ,(IF), we see det™! {0} is a closed
subset. Thus the general linear group

(1.3) GL(n,F) = {g € M, ,(F) | g is invertible}

is an open subset of M, ,(IF) and therefore a manifold. In a similar spirit, for any
finite-dimensional vector space V over I, we write GL(V) for the set of invertible
linear transformations on V.

1.1.2 Lie Groups

Definition 1.4. A Lie group G is a group and a manifold so that
(1) the multiplication map  : G x G — G given by u(g, g') = gg’ is smooth and
(2) the inversemapt: G — G by 1(g) = g~ is smooth.

A trivial example of a Lie group is furnished by R” with its additive group struc-
ture. A slightly fancier example of a Lie group is given by S'. In this case, the group
structure is inherited from multiplication in C\{0} via the identification

S'={zeCllzl =1}

However, the most interesting example of a Lie group so far is GL(n, F). To
verify GL(n, F) is a Lie group, first observe that multiplication is smooth since it
is a polynomial map in the coordinates. Checking that the inverse map is smooth
requires the standard linear algebra formula g~' = adj(g)/ det g, where the adj(g) is
the transpose of the matrix of cofactors. In particular, the coordinates of adj(g) are
polynomial functions in the coordinates of g and det g is a nonvanishing polynomial
on GL(n, F) so the inverse is a smooth map.

Writing down further examples of Lie groups requires a bit more machinery.
In fact, most of our future examples of Lie groups arise naturally as subgroups of
GL(n, F). To this end, we next develop the notion of a Lie subgroup.

1.1.3 Lie Subgroups and Homomorphisms

Recall that an (immersed) submanifold N of M is the image of a manifold N under
an injective immersion ¢ : N’ — M (i.e., a one-to-one smooth map whose differ-
ential has full rank at each point of N’) together with the manifold structure on N
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making ¢ : N’ — N a diffeomorphism. It is a familiar fact from differential ge-
ometry that the resulting topology on N may not coincide with the relative topology
on N as a subset of M. A submanifold N whose topology agrees with the relative
topology is called a regular (or imbedded) submanifold.

Defining the notion of a Lie subgroup is very similar. Essentially the word ho-
momorphism needs to be thrown in.

Definition 1.5. A Lie subgroup H of a Lie group G is the image in G of a Lie group
H' under an injective immersive homomorphism ¢ : H' — G together with the Lie
group structure on H making ¢ : H" — H a diffeomorphism.

The map ¢ in the above definition is required to be smooth. However, we will see
in Exercise 4.13 that it actually suffices to verify that ¢ is continuous.

As with manifolds, a Lie subgroup is not required to be a regular submanifold.
A typical example of this phenomenon is constructed by wrapping a line around the
torus at an irrational angle (Exercise 1.5). However, regular Lie subgroups play a
special role and there happens to be a remarkably simple criterion for determining
when Lie subgroups are regular.

Theorem 1.6. Let G be a Lie group and H < G a subgroup (with no manifold
assumption). Then H is a regular Lie subgroup if and only if H is closed.

The proof of this theorem requires a fair amount of effort. Although some of the
necessary machinery is developed in §4.1.2, the proof lies almost entirely within the
purview of a course on differential geometry. For the sake of clarity of exposition
and since the result is only used to efficiently construct examples of Lie groups in
§1.1.4 and §1.3.2, the proof of this theorem is relegated to Exercise 4.28. While we
are busy putting off work, we record another useful theorem whose proof, for similar
reasons, can also be left to a course on differential geometry (e.g., [8] or [88]). We
note, however, that a proof of this result follows almost immediately once Theorem
4.6 is established.

Theorem 1.7. Let H be a closed subgroup of a Lie group G. Then there is a unique
manifold structure on the quotient space G/ H so the projectionmapw : G — G/H
is smooth, and so there exist local smooth sections of G/ H into G.

Pressing on, an immediate corollary of Theorem 1.6 provides an extremely useful
method of constructing new Lie groups. The corollary requires the well-known fact
that when f : H — M is a smooth map of manifolds with f(H) € N, N a regular
submanifold of M, then f : H — N is also a smooth map (see [8] or [88]).

Corollary 1.8. A closed subgroup of a Lie group is a Lie group in its own right with
respect to the relative topology.

Another common method of constructing Lie groups depends on the Rank The-
orem from differential geometry.
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Definition 1.9. A homomorphism of Lie groups is a smooth homomorphism between
two Lie groups.

Theorem 1.10. If G and G’ are Lie groups and ¢ : G — G’ is a homomorphism of
Lie groups, then ¢ has constant rank and ker ¢ is a (closed) regular Lie subgroup of
G of dimension dim G — 1k ¢ where 1K @ is the rank of the differential of .

Proof. 1t is well known (see [8]) that if a smooth map ¢ has constant rank, then
@~ {e} is a closed regular submanifold of G of dimension dim G —rk ¢. Since ker ¢ is
a subgroup, it suffices to show that ¢ has constant rank. Write [, for left translation by
g- Because ¢ is a homomorphism, ¢ ol, = l,,) 0 ¢, and since I, is a diffeomorphism,
the rank result follows by taking differentials. O

1.1.4 Compact Classical Lie Groups

With the help of Corollary 1.8, it is easy to write down new Lie groups. The first is
the special linear group

SL(n,F)={g € GL(n,F) |detg = 1}.

As SL(n, F) is a closed subgroup of GL(n, ), it follows that it is a Lie group.

Using similar techniques, we next write down four infinite families of compact
Lie groups collectively known as the classical compact Lie groups: SO (2n + 1),
SO(2n), SU(n), and Sp(n).

1.1.4.1 SO(n) The orthogonal group is defined as
O(n)={g € GLn,R) | g'g =1},

where g’ denotes the transpose of g. The orthogonal group is a closed subgroup of
GL(n,R), so Corollary 1.8 implies that O(n) is a Lie group. Since each column of
an orthogonal matrix is a unit vector, we see that topologically O (n) may be thought
of as a closed subset of "' x §"~ ! x ... x §"°! C R” (n copies). In particular,
O (n) is a compact Lie group.

The special orthogonal group (or rotation group) is defined as

SO(n)={ge€ Om)|detg =1}.

This is a closed subgroup of O(n), and so SO (n) is also a compact Lie group.

Although not obvious at the moment, the behavior of SO (n) depends heavily on
the parity of n. This will become pronounced starting in §6.1.4. For this reason, the
special orthogonal groups are considered to embody two separate infinite families:
SO@2n + 1) and SO(2n).
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1.1.4.2 SU(n) The unitary group is defined as
Um) ={geGLn,C)|g'g=1}

where g* denotes the complex conjugate transpose of g. The unitary group is a closed
subgroup of GL(n, C), and so U(n) is a Lie group. As each column of a unitary
matrix is a unit vector, we see that U (n) may be thought of, topologically, as a closed
subset of $217! x §2171 x ... x2=1 C R2” (5 copies). In particular, U (n) is a
compact Lie group.

Likewise, the special unitary group is defined as

SUMn)={geU(n)|detg =1}.

As usual, this is a closed subgroup of U(n), and so SU(n) is also a compact Lie
group. The special case of n = 2 will play an especially important future role. It is
straightforward to check (Exercise 1.8) that

(1.11) SUQ2) = {(2 —;) la,beCand |a]*+ |b? = 1}

so that topologically SU (2) = S3.

1.1.4.3 Sp(n) The final compact classical Lie group, the symplectic group, ought to
be defined as

(1.12) Sp(n) ={g € GL(n,H) | g*g =1},

where H = {a + ib + jc+ kd | a,b,c,d € R} denotes the quaternions and g*
denotes the quaternionic conjugate transpose of g. However, H is a noncommutative
division algebra, so understanding the meaning of G L(n, H) takes a bit more work.
Once this is done, Equation 1.12 will become the honest definition of Sp(n).

To begin, view H" as a right vector space with respect to scalar multiplication and
let M, , (H) denote the set of n xn matrices over H. By using matrix multiplication on
the left, M,, ,,(H) may therefore be identified with the set of H-linear transformations
of H". Thus the old definition of GL(n, F) in Equation 1.3 can be carried over to
define GL(n, H) = {g € M, ,(H) | g is an invertible transformation of H"}.

Verifying that GL(n, H) is a Lie group, unfortunately, requires more work. In
the case of GL(n,F) in §1.1.2, that work was done by the determinant function
which is no longer readily available for GL(n, H). Instead, we embed G L (n, H)
into GL(2n, C) as follows.

Observe that any v € H can be uniquely written as v = a + jb fora,b €
C. Thus there is a well-defined C-linear isomorphism ¢ : H" — C?" given by
P, ..., 0,) = (ai,...,a,,by,...,by) whge v, =a,+ jb,,a,, b, € ((; Use
this to define a C-linear injection of algebras ¢ : M, ,(H) — M, ,(C) by X =
¥ o X o~! for X € M, ,(H) with respect to the usual identification of matrices as
linear maps. It is straightforward to verify (Exercise 1.12) that when X is uniquely
writtenas X = A+ jB for A, B € M, ,(C), then
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(1.13) FA+jB) = (2 _ZB>’

where A denotes complex conjugation of A. Thus ¥ is a C-linear algebra isomor-
phism from M, , (H) to

Mo = (5 ) 148 € MO

An alternate way of checking this is to first let ; denote scalar multiplication
by j on H”, i.e., right multiplication by j. It is easy to verify (Exercise 1.12) that
Brj9 1z = JZ for z € C*" where

0 —1,
o (0hY,
Since ¢ is a C-linear isomorphism, the image of ¥ consists of all ¥ € My, 2, (C)
commuting with 97;9 " so that My, 2,(C)m = {Y € M»,(C) | YJ = JY}.

Finally, observe that X is invertible if and only if #X is invertible. In particular,

M, ,(H) may be thought of as R4’ and, since det od is continuous, G L(n, H) is the
open set in M, , (H) defined by the complement of (det ol?) 140}. Since GL (n, H) is
now clearly a Lie group, Equation 1.12 shows that Sp(n) is a Lie group by Corollary
1.8. As with the previous examples, Sp(n) is compact since each column vector is a
unit vector in H" = R*",

As an aside, Dieudonné developed the notion of determinant suitable for M, ,, (H)
(see [2], 151-158). This quaternionic determinant has most of the nice properties of
the usual determinant and it turns out that elements of Sp(n) always have determin-
ant 1.

There is another useful realization for Sp(n) besides the one given in Equation
1.12. The isomorphism is given by 9 and it remains only to describe the image
of Sp(n) under ¥. First, it is easy to verify (Exercise 1.12) that z?(X ) = (19X)*
for X € M, ,(H), and thus z?Sp(n) U(2n) N M2y 2,(C)r. This answer can be
reshaped further. Define

Sp(n,C) ={g € GL22n,C) | g'Jg =]}
so that U 2n) N My, 2, (C)g = U(2n)NSp(n, C). Hence ¥ realizes the isomorphism:
(1.14) Sp(n) = U(2n) N M2y 2,(C)y
=UQ2n)N Sp(n, C).
1.1.5 Exercises

Exercise 1.1 Show that §” is a manifold that can be equipped with an atlas consist-
ing of only two charts.
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Exercise 1.2 (a) Show that Gr;(R") may be realized as the rank k elements of
M, (R) modulo the equivalence relation X ~ Xg for X € M, (R) of rank k and
g € GL(k, R). Find another realization showing that Gr; (R") is compact.

(b) For § € {1,2,...,n} with [S| = kand X € M, ;(R), let X|s be the k x k
matrix obtained from X by keeping only those rows indexed by an element of S,
let Us = {X € M, (R) | X|s is invertible}, and let g5 : Us — M)k (R) by
0s(X) = [X(X|s) "|se. Use these definitions to show that Gr,(R") is a k(n — k)
dimensional manifold.

Exercise 1.3 (a) Show that conditions (1) and (2) in Definition 1.4 may be replaced
by the single condition that the map (g1, g2) — g18&; Uis smooth.
(b) In fact, show that condition (1) in Definition 1.4 implies condition (2).

Exercise 1.4 If U is an open set containing e in a Lie group G, show there exists an
open set V C U containing e, so Vvl cU,where VV~lis {vw™ | v, w e V).

Exercise 1.5 Fix a, b € R\{0} and consider the subgroup of T? defined by R, , =
{(EZm'at’ eZm’bt) | t e R}

(a) Suppose 7 € Q and ; = g for relatively prime p, g € Z. As ¢t varies, show that
the first component of R, , wraps around S' exactly p-times, while the second com-
ponent wraps around g-times. Conclude that R, ; is closed and therefore a regular
Lie subgroup diffeomorphic to S'.

(b) Suppose 3 ¢ Q. Show that R, ;, wraps around infinitely often without repeating.
Conclude that R, ; is a Lie subgroup diffeomorphic to R, but not a regular Lie sub-
group (c.f. Exercise 5.%).

(¢) What happens if a or b is 0?

Exercise 1.6 (a) Use Theorem 1.10 and the map det : GL(n, R) — R to give an
alternate proof that SL(n, R) is a Lie group and has dimension n? — 1.

(b) Show the map X — XX’ from GL(n,R) to {X € M, ,(R) | X" = X} has
constant rank w Use the proof of Theorem 1.10 to give an alternate proof that
O (n) is a Lie group and has dimension @

(¢) Use the map X — XX* on GL(n, C) to give an alternate proof that U (n) is a
Lie group and has dimension n>.

(d) Use the map X — XX* on GL(n, H) to give an alternate proof that Sp(n) is a
Lie group and has dimension 21> + n.

Exercise 1.7 For a Lie group G, write Z(G) = {z € G | zg = gz, all g € G} for
the center of G. Show

(@) Z(U ) = S'and Z(SU (n)) = Z/nZ forn > 2,

(b) Z(0(2n)) = Z/27., Z(SO(2n)) = Z/27 forn > 2, and Z(SO(2)) = SO(2),
© Z(0OR2n+1)=27Z/2Zforn > 1,and Z(SOR2n + 1)) = {I} forn > 1,

d) Z(Sp(n)) = Z/27.

Exercise 1.8 Verify directly Equation 1.11.
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Exercise 1.9 (a) Let A € GL(n,R) be the subgroup of diagonal matrices with
positive elements on the diagonal and let N € G L(n, R) be the subgroup of upper
triangular matrices with 1°s on the diagonal. Using Gram-Schmidt orthogonalization,
show multiplication induces a diffeomorphism of O (n) x A x N onto G L(n, R). This
is called the Iwasawa or K AN decomposition for GL(n, R). As topological spaces,
show that GL(n, R) = O(n) x R*5, Similarly, as topological spaces, show that
SL(n,R) = SO(n) x R,

(b) Let A € GL(n,C) be the subgroup of diagonal matrices with positive real el-
ements on the diagonal and let N € GL(n, C) be the subgroup of upper triangular
matrices with 1’s on the diagonal. Show that multiplication induces a diffeomor-
phism of U (n) x A x N onto GL(n,C). As topological spaces, show GL(n, C) =
U(n) x R™. Similarly, as topological spaces, show that SL(n, C) = SU (n) x R-L

Exercise 1.10 Let N € G L(n, C) be the subgroup of upper triangular matrices with
1’s on the diagonal, let N € GL(n, C) be the subgroup of lower triangular matrices
with 1’s on the diagonal, and let W be the subgroup of permutation matrices (i.e.,
matrices with a single one in each row and each column and zeros elsewhere). Use
Gaussian elimination to show GL(n, C) = L, cwNwN. This is called the Bruhat
decomposition for GL(n, C).

Exercise 1.11 (a) Let P € GL(n, R) be the set of positive definite symmetric ma-
trices. Show that multiplication gives a bijection from P x O(n) to GL(n, R).

(b) Let H € GL(n, C) be the set of positive definite Hermitian matrices. Show that
multiplication gives a bijection from H x U (n) to GL(n, C).

Exercise 1.12 (a) Show that ¥ is given by the formula in Equation 1.13.
(b) Show 9r;0 'z = JZ forz € C*.
(c) Show that ¥ (X*) = (W X)* for X € M, ,(H).

Exercise 1.13 For v, u € H", let (v, u) = Z;zl Vpllp.

(a) Show that (Xv, u) = (v, X*u) for X € M, ,(H).
(b) Show that Sp(n) = {g € M,,(H) | (gv, gu) = (v, u), all v, u € H"}.

1.2 Basic Topology

1.2.1 Connectedness

Recall that a topological space is connected if it is not the disjoint union of two
nonempty open sets. A space is path connected if any two points can be joined by a
continuous path. While in general these two notions are distinct, they are equivalent
for manifolds. In fact, it is even possible to replace continuous paths with smooth
paths.

The first theorem is a technical tool that will be used often.

Theorem 1.15. Let G be a connected Lie group and U a neighborhood of e. Then U
generates G, i.e., G = U2 U" where U" consists of all n-fold products of elements
of U.
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Proof. We may assume U is open without loss of generality. Let V. = UNU~! C U
where U~! is the set of all inverses of elements in U. This is an open set since
the inverse map is continuous. Let H = U2, V", By construction, H is an open
subgroup containing e. For g € G, write gH = {gh | h € H}. The set gH contains
g and is open since left multiplication by g~' is continuous. Thus G is the union of
all the open sets g H. If we pick a representative g, H for each coset in G/H, then
G = L, (g, H). Hence the connectedness of G implies that G/H contains exactly
one coset, i.e., eH = G, which is sufficient to finish the proof. O

We still lack general methods for determining when a Lie group G is connected.
This shortcoming is remedied next.

Definition 1.16. If G is a Lie group, write G° for the connected component of G
containing e.

Lemma 1.17. Let G be a Lie group. The connected component G° is a regular Lie
subgroup of G. If G' is any connected component of G with g, € G, then G' =
81 GO.

Proof. We prove the second statement of the lemma first. Since left multiplication
by g is a homeomorphism, it follows easily that g; G is a connected component of
G. But since e € G, this means that g, € g,G° so g;G° N G' # @. Since both are
connected components, G' = g1 G? and the second statement is finished.

Returning to the first statement of the lemma, it clearly suffices to show that
G is a subgroup. The inverse map is a homeomorphism, so (G°)~! is a connected
component of G. As above, (G°)~! = G since both components contain e. Finally,
if g1 € G, then the components g;G° and G° both contain g since ¢, g;' € G.
Thus g,G° = G°, and so G is a subgroup, as desired. o

Theorem 1.18. If G is a Lie group and H a connected Lie subgroup so that G/ H is
also connected, then G is connected.

Proof. Since H is connected and contains e, H C G", so there is a continuous map
m : G/H — G/G° defined by n(gH) = gG°. It is trivial that G/G° has the
discrete topology with respect to the quotient topology. The assumption that G/H is
connected forces w(G/H) to be connected, and so 7(G/H) = eG". However, 7 is
a surjective map so G/G° = ¢G°, which means G = G°. o

Definition 1.19. Let be G a Lie group and M a manifold.
(1) An action of G on M is a smooth map from G x M — M, denoted by (g, m) —
g-mforg e Gandm € M, so that:

(i)e-m=m,allm € M and

(ii) g1 - (g2 -m) = (g1g2) -mforall g, g, € Gandm € M.
(2) The action is called transitive if foreachm,n € M, thereisag € G,so g-m = n.
(3) The stabilizer of m €e MisG" ={ge G| g-m = m}.

If G has a transitive action on M and my € M, then it is clear (Theorem 1.7) that
the action of G on m induces a diffeomorphism from G/G™° onto M.
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Theorem 1.20. The compact classical groups, SO (n), SU(n), and Sp(n), are con-
nected.

Proof. Start with SO (n) and proceed by induction on n. As SO (1) = {1}, the case
n = 1 is trivial. Next, observe that SO (n) has a transitive action on §"~! in R" by
matrix multiplication. For n > 2, the stabilizer of the north pole, N = (1,0, ... ,0),
is easily seen to be isomorphic to SO (n — 1) which is connected by the induction
hypothesis. From the transitive action, it follows that SO (n)/S O (n)¥ = §"~! which
is also connected. Thus Theorem 1.18 finishes the proof.

For SU (n), repeat the above argument with R” replaced by C" and start the
induction with the fact that SU (1) = S'. For Sp(n), repeat the same argument with
R" replaced by H" and start the induction with Sp(1) = {v e H | [v| = 1} = $3. o

1.2.2 Simply Connected Cover

For a connected Lie group G, recall that the fundamental group, m,(G), is the ho-
motopy class of all loops at a fixed base point. The Lie group G is called simply
connected if 1 (G) is trivial.

Standard covering theory from topology and differential geometry (see [69] and
[8] or [88] for more detail) says that there exists a unique (up to isomorphisrr~1) simply
connected cover G of G, ie., a %)nnected, simply connected manifold G with a
covering (or projection) map 7 : G — G. Recall that being a covering map means
7 is a smooth surjective map with the property that each g € G has a connected
neighborhood U of g in G so that the restriction of 7 to each connected component
of 7~ 1(U) is a diffeomorphism onto U.

Lemma 1.21. If H is a discrete normal subgroup of a connected Lie group G, then
H is contained in the center of G.

Proof. Foreach h € H, consider C;, = {ghg™"' | g € G}. Since C}, is the continuous
image of the connected set G, Cj, is connected. Normality of H implies C;, € H.
Discreteness of H and connectedness of C;, imply that Cj, is a single point. As & is
clearly in Cy, this shows that C;, = {h}, and so A is central. O

Theorem 1.22. Let G be a connected Lie group.

(1) The connected simply connected cover G is a Lie e group.

(2) If m is the covering map and Z = kern, then Z is a discrete central subgroup
of G. o

(3) 7 induces a diffeomorphic isomorphism G = G/ Z.

) m(G)=Z

Proof. Because coverings satisfy the lifting property (e.g., for any smooth map f of
a connected simply connected maniﬁold M to (i withmg € M ar}g goem! (~f (my)),
there exists a unique smooth map f : M — G satisfying 7 o f = f and f(mo) =
go), the Lie group structure on G lifts to a Lie group structure on G, making 7 a
homomorphism. To see this, consider the map s : G x G — G by f(g,h) =
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n(g)n(h) ! and fix some ¢ € 7! (e). Then there is a unique i lifts : G x G — G SO
that 77 o5 = . To define the group structure G, let 1! = =5, h)and gh = 5@, i V).
It is straightforward to verify that this structure makes G into a Lie group and 7 into
a homomorphism (Exercise 1.21). -
Hence we have constructed a connected simply connected Lie group G and a
covering homomorphism 7 : G — G. Since 7 _is a covering and a homomor-
phism, Z = kerm isa dlscrete normal subgroup of G and so central by Lemma 1.21.
Hence 7 induces a diffeomorphic isomorphism from G / Z to G. The statement re-
garding 71 (G) is a standard result from the covering theory of deck transformations
(see [8]). m]

Lemma 1.23. Sp(1) and SU (2) are simply connected and isomorphic to each other.
Either group is the simply connected cover of SO (3), i.e., SO (3) is isomorphic to
Sp(1)/{£1} or SUQ2)/{£I}.

Proof. The isomorphism from Sp(1) to SU (2) is given by # in §1.1.4.3. Since either
group is topologically S3, the first statement follows.

For the second statement, write (-, -) for the real inner product on H given by
(u, v) = Re(uv) for u, v € H. By choosing an orthonormal basis {1, 7, j, k}, we may
identify H with R* and (-, -) with the standard Euclidean dot product on R*. Then

L ={veH| (,v) = 0} is the set of imaginary (or pure) quaternions, Im(H),
spanned over R by {i, j, k}. In particular, we may identify O(3) with O (Im(H)) =
{R-linear maps T : Im(H) — Im(H) | (Tu, Tv) = (1, v) all u, v € Im(H)} and the
connected component O (Im(H))® with SO(3).

Define a smooth homomorphism Ad : Sp(1) — O(Im(H))? by (Ad(g))(u) =
gug for g € Sp(1) and u € Im(H). To see this is well defined, first view Ad(g) as an
R-linear transformation on H. Using the fact that gg = 1 for g € Sp(1), it follows
immediately that Ad(g) leaves (-, -) invariant. As Ad(g) fixes 1, Ad(g) preserves
Im(H). Thus Ad(g) € O(Im(H))° since Sp(1) is connected.

It is well known that SO (3) consists of all rotations (Exercise 1.22). To show
Ad is surjective, it therefore suffices to show that each rotation lies in the image of
Ad. Let v € Im(H) be a unit vector. Then v can be completed to a basis {v, u, w}
of Im(H) sharing the same properties as the {i, j, k} basis. It is a simple calculation
to show that Ad(cosf + vsin6) fixes v and is a rotation through an angel of 26
in the uw plane (Exercise 1.23). Hence Ad is surjective. The same calculation also
shows that ker Ad = {£1}. Since the simply connected cover is unique, the proof is
finished. m]

In §6.3.3 we develop a direct method for calculating 7;(G). For now we com-
pute the fundamental group for the classical compact Lie groups by use of a higher
homotopy exact sequence.

Theorem 1.24. (1) 7, (SO (2)) = Z and 7, (SO (n)) = Z/27Z for n > 3.
(2) SU (n) is simply connected for n > 2.
(3) Sp(n) is simply connected for n > 1.
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Proof. Start with SO (n). As SO(2) = S', 1,(SO(2)) = Z. Recall from the proof of
Theorem 1.20 that SO (n) has a transitive action on $"~! with stabilizer isomorphic
to SO(n — 1). From the resulting exact sequence, {1} - SOn —1) - SO(n) —
§"=! — {1}, there is a long exact sequence of higher homotopy groups (e.g., see
[51] p. 296)

e (ST 5> (SO = 1) > 7 (SO0() - T (ST > -
For n > 3, ; (8" 1) is trivial, so there is an exact sequence
(8" > 71(S0(n — 1)) > 11 (SO (n)) — {1}.

Since m,(S"!) is trivial for n > 4, induction on the exact sequence implies
T (SO(n)) = m(SO(3)) for n > 4. It only remains to show that 7;(SO(3)) =
Z./27., but this follows from Lemma 1.23 and Theorem 1.22.

For SU (n), as in the proof of Theorem 1.20, there is an exact sequence {1} —
SUn—1) - SU@n) — S ! — {1}. Since m; (§**~ 1) and 7, (S*"~!) are trivial for
n > 3 (actually for n = 2 as well, though not useful here), the long exact sequence
of higher homotopy groups implies that 7;(SU(n)) = m;(SU(2)) for n > 2. By
Lemma 1.23, 7;(SU (2)) is trivial.

For Sp(n), the corresponding exact sequence is {1} — Sp(n — 1) — Sp(n) —
S§4=1"— {1}. Since 7 (S*~") and mo(S*~!) are trivial for n > 2 (actually for
n = 1 as well), the resulting long exact sequence implies 7, (Sp(n)) = m;(Sp(1))
forn > 1. By Lemma 1.23, 7 (Sp(1)) is trivial. O

As an immediate corollary of Theorems 1.22 and 1.24, there is a connected sim-
ply connected double cover of SO (n), n > 3. That simply connected Lie group is
called Spin, (R) and it fits in the following exact sequence:

(1.25) {1} - Z/2Z — Spin,(R) - SO(n) — {I}.

Lemma 1.23 shows Spin;(R) = SU(2) = Sp(1). For larger n, an explicit construc-
tion of Spin, (R) is given in §1.3.2.

1.2.3 Exercises

Exercise 1.14 For a connected Lie group G, show that even if the second countable
hypothesis is omitted from the definition of manifold, G is still second countable.

Exercise 1.15 Show that an open subgroup of a Lie group is closed.
Exercise 1.16 Show that GL(n, C) and SL(n, C) are connected.

Exercise 1.17 Show that GL(n, R) has two connected components: G L(n, R)Y =
{g € GL(n,R) | detg > O} and {g € GL(n,R) | detg < 0}. Prove SL(n, R) is
connected.
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Exercise 1.18 Show O(2n + 1) = SO(2n + 1) x (Z/27) as both a manifold and a
group. In particular, O (2n + 1) has two connected components with O (2n + 1)° =
SOQ@2n +1).

Exercise 1.19 (a) Show O(2n) = SO(2n) x (Z/27Z) as a manifold. In particular,
O (2n) has two connected components with o2n)° = S0@2n).

(b) Show that O(2n) is not isomorphic to SO (2n) x (Z/27) as a group. Instead
show that O (2n) is isomorphic to a semidirect product SO (2n) x (Z/27Z). Describe
explicitly the multiplication structure on SO (2n) x (Z/27) under its isomorphism
with O (2n).

Exercise 1.20 Show U (n) = (SU (n) x S')/(Z/nZ) as both a manifold and a group.
In particular, U (n) is connected.

Exercise 1.21 Check the details in the proof of Theorem 1.22 to carefully show that
the Lie group structure on G lifts to a Lie group structure on G, making the covering
map 7 : G — G a homomorphism.

Exercise 1.22 Let R3 € GL(3,R) be the set of rotations in R about the origin.

Show that R3 = SO(3).

Exercise 1.23 (a) Let v € Im(H) be a unit vector. Show that v can be completed to
a basis {v, u, w} of Im(H), sharing the same properties as the {i, j, k} basis.

(b) Show Ad(cos6 + vsin@) from the proof of Lemma 1.23 fixes v and acts by a
rotation through an angle 26 on the R-span of {u, w}.

ix
b
for X, Y € su(2). Define (Adg)X = gXg~' for g € SU(2) and X € su(2). Modify

the proof of Lemma 1.23 to directly show that the map Ad : SU(22) — SO(3) is
well defined and realizes the simply connected cover of SO (3) as SU(2).

Exercise 1.24 Let su(2) = {( j;) |beC, xe R} and (X, Y) = 1 tr(XY*)

1.3 The Double Cover of SO(n)

At the end of §1.2.2 we saw that SO (n), n > 3, has a simply connected double cover
called Spin, (R). The proof of Lemma 1.23 gave an explicit construction of Spin; (R)
as Sp(1) or SU(2). The key idea was to first view SO (3) as the set of rotations in
R? and then use the structure of the quaternion algebra, H, along with a conjugation
action to realize each rotation uniquely up to a +--sign.

This section gives a general construction of Spin, (R). The algebra that takes the
place of H is called the Clifford algebra, C,(R), and instead of simply construct-
ing rotations, it is more advantageous to use a conjugation action that constructs all
reflections.
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1.3.1 Clifford Algebras

Alhough the entire theory of Clifford algebras easily generalizes (Exercise 1.30),
it is sufficient for our purposes here to work over R" equipped with the standard
Euclidean dot product (-, -). Recall that the fensor algebra over R" is T,(R) =
PBreo R"@R"®- - -QR" (k copies) with a basis {1}U{x; ®x;,®- - -Qx;, | 1 < iy < n},
where {x, x2, ..., x,} is a basis of R”.

Definition 1.26. The Clifford algebra is
C(R) =7,(R)/T
where 7 is the ideal of 7,(R) generated by
(r®x+ x| x eR").

By way of notation for Clifford multiplication, write

X1X -+ Xk

for the element x| @ X, @ - - - @ xx + L € C,(R), where x1, x5, ..., x, € R".
In particular,

(1.27) x?=—|x|?

in C,(R) for x € R". Starting with the equality xy + yx = (x + y)> — x> — y? for
x,y € R", it follows that Equation 1.27 is equivalent to

(1.28) xy +yx =—=2(x,y)

in C,(R) for x, y € R".
It is a straightforward exercise (Exercise 1.25) to show that

CoR) =R, Ci(R) = C, and Cr(R) = H.

More generally, define the standard basis for R" to be {er, e, ... ,e,}, where
ex = (0,...,0,1,0,...,0) with the 1 appearing in the kth entry. Clearly {1} U
{eiei,---ei, | k> 0,1 < iy <n}spans C,(R), but this is overkill. First, observe that
Cn(R) inherits a filtration from 7,(R) by degree. Up to lower degree terms, Equa-
tion 1.28 can be used to commute adjacent e;; and Equation 1.27 can be used to
remove multiple copies of ¢;; within a product e; e;, - - - ¢;,.. An inductive argument
on filtration degree therefore shows that

(1.29) (1} U{eies, e | 1 <iy <ip<...ix <n}

spans C, (R), so dimC,(R) < 2". In fact, we will shortly see Equation 1.29 provides
a basis for C,(R) and so dim C, (R) = 2". This will be done by constructing a linear
isomorphism ¥ : C,(R) — AR”", where AR" = P;_, AFR" is the exterior
algebra of R".

To begin, we recall some multilinear algebra.
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Definition 1.30. (1) For x € R”", let exterior multiplication be the map e(x) :
AR > A*T'R” given by

(€N =xAy
fory e \*R".
(2) For x € R", let interior multiplication be the map 1(x) : A\*R" — AR~
given by

k ; ~
DAY A A =Y (D@ WM AR A ATIA A
for y; € R", where y; means to omit the term.

It is straightforward (Exercise 1.26) from multilinear algebra that ¢(x) is the ad-
joint of € (x) with respect to the natural form on A\ R”". In particular, €(x)? = ¢(x)* =
0 for x € R". It is also straightforward (Exercise 1.26) that

(1.31) €(xX)L(x) + t(x)e(x) = mp,
where m,, 2 is the operator that multiplies by |x .

Definition 1.32. (1) For x € R”, let L, : A\ R" — A R" be given by L, = €(x) —
t(x).
(2) Let @ : 7,(R) — End(/\ R") be the natural map of algebras determined by
setting ®(x) = L, for x € R".

Observe that Equation 1.31 implies that L2 + m2 = 0 so that ®(Z) = 0. In
particular, ® descends to C, (R).

Definition 1.33. (1) Abusing notation, let ® : C,(R) — End(/\ R") be the map
induced on C, (R) by the original map @ : 7,(R) — End(/\ R").
@) Let ¥ :C,(R) > AR" by ¥ (v) = (@(v))(1).

Explicitly, for x; € R”, W(x;) = (e(x1) — t(x1)) 1 = x1, and
W(x1x2) = (e(x1) —t(xp)) (€(x2) —t(x2)) 1
= (e(x1) —t(x1)) x2 = x1 Ax2 — (x1, X2).

In general,
. k=2i .
(1.34) W(xixy- X)) = X1 AXag A+ AXp + termsin @izl/\ R".

Equation 1.34 is easily established (Exercise 1.27) by induction on k. Also by induc-
tion on degree, it is an immediate corollary of Equation 1.34 that W is surjective. A
dimension count therefore shows that W is a linear isomorphism. In summary:

Theorem 1.35. The map ¥ : C,(R) — AR”" is a linear isomorphism of vector
spaces, and so dim C,,(R) = 2" and Equation 1.29 provides a basis for C,(R).

Thus, with respect to the standard basis (or any orthonormal basis for that matter),
C,(R) has a particularly simple algebra structure. Namely, C, (R) is the R-span of the
basis {1} U {ej,ei, - --e;, | 1 < iy <ip < --- < iy < n} with the algebraic relations
generated by el.2 = —land ¢;je; = —eje; wheni # j.



16 1 Compact Lie Groups
1.3.2 Spin, (R) and Pin, (R)

For the next definition, observe that 7, (R) breaks into a direct sum of the subalgebra
generated by the tensor product of any even number of elements of R” and the sub-
space generated the tensor product of any odd number of elements of R”. Since 7 is
generated by elements of even degree, it follows that this decomposition descends to
C,(R).

Definition 1.36. (1) Let C;(R) be the subalgebra of C,(R) spanned by all products
of an even number of elements of R”.

(2) Let C, (R) be the subspace of C,(R) spanned by all products of an odd number
of elements of R” so C,(R) = CH(R) @ C; (R) as a vector space.

(3) Let the automorphism «, called the main involution, of C, (R) act as multiplication
by 1 on CE(R).

(4) Conjugation, an anti-involution on C, (R), is defined by

(x1xz - - x0)* = (= DF xp -+ 20y
for x; € R”".

The next definition makes sense for n > 1. However, because of Equation 1.25,
we are really only interested in the case of n > 3 (see Exercise 1.34 for details when
n=12).

Definition 1.37. (1) Let Spin,(R) = {g € C/(R) | gg* = 1 and gxg* € R" for all
x € R"}.

(2) Let Pin,(R) = {g € C,(R) | gg* = 1 and a(g)xg* € R" for all x € R"}. Note
Spin, (R) € Pin, (R).

(3) For g € Pin,(R) and x € R”", define the homomorphism A : Pin,(R) —
GL(n,R) by (Ag)x = a(g)xg*. Note (Ag) x = gxg™ when g € Spin, (R).

Viewing left multiplication by v € C,(R) as an element of End(C, (R)), use of the
determinant shows that the set of invertible elements of C, (R) is an open subgroup
of C,(R). It follows fairly easily that the set of invertible elements is a Lie group.
As both Spin, (R) and Pin, (R) are closed subgroups of this Lie group, Corollary 1.8
implies that Spin, (R) and Pin, (R) are Lie groups as well.

Lemma 1.38. A is a covering map of Pin,(R) onto O(n) with ker A = {%1}, so
there is an exact sequence

{1} = {£1} - Pin,(R) 5 O(n) — {I}.
Proof. A maps Pin, (R) into O(n): Let g € Pin,(R) and x € R". Using Equation
1.27 and the fact that conjugation on R” is multiplication by —1, we calculate
* 2 *
[(A)xI* = — (a(g)xg")” = — (x(g)xg") (a(g)xg") = a(g)xg* (a(g)xg")"
= a(g)xg"gx*a(9)" = a(g)xx*a(g)" = —a(g)x’a(g)" = |xI> a(gg")

2
= |x|°.
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Thus Ag € O(n).

A maps Pin, (R) onto O (n): Itis well known (Exercise 1.32) that each orthogonal
matrix is a product of reflections. Thus it suffices to show that each reflection lies
in the image of A. Let x € S"~! be any unit vector in R" and write r, for the
reflection across the plane perpendicular to x. Observe xx* = —x? = |x|* = L.
Thus a(x)xx* = —xxx* = —x. If y € R" and (x, y) = 0, then Equation 1.28 says
xy = —yx so that a(x)yx* = xyx = —x%y = y. Hence x € Pin,(R) and Ax = r,.

ker A = {£1}: Since R N Pin,(R) = {£1} and both elements are clearly in
ker A, it suffices to show that ker A € R. So suppose g € Pin, (R) with Ag = I.
As g* = g7, a(g)x = xg for all x € R". Expanding g with respect to the standard
basis from Equation 1.29, we may uniquely write g = eja + b, where a, b are linear
combinations of 1 and monomials in ey, e3, ... , e,. Looking at the special case of
x = ey, wehave a(eja+b)e; = e (eya + b) so that —e a(a)e+a(b)e; = —a+eb.
Since a and b contain no e;’s, a(a)e; = eja and a(b)e; = e1b. Thus a + e;b; =
—a + e1b which implies that a = 0 so that g contains no e;. Induction similarly
shows that g contains no ¢, 1 <k <n,andso g € R.

A is a covering map: From Theorem 1.10, v has constant rank with N =tk =
dim Pin, (R) since kerm = {#£1}. For any g € Pin,(R), the Rank Theorem from
differential geometry ([8]) says there exists cubical charts (U, ¢) of g and (V, i) of
m(g)sothatyomoo ' (xy,...,xy) = (x1,...,x5,0,...,0) withdimO(n) — N
zeros. Using the second countability of Pin, (R) and the Baire category theorem,
surjectivity of & implies dim O(n) = N. In particular, 7w restricted to U is a dif-
feomorphism onto V. Since ker 7 = {%1}, 7 is also a diffeomorphism of —U onto
V. Finally, injectivity of w on U implies that (—=U) N U = ¢ so that the connected
components of 7' (V) are U and —U. O

Lemma 1.39. Pin, (R) and Spin, (R) are compact Lie groups with

Pin,(R) = {x;---x¢ | xi € 8" for 1 <k <2n)
Spin,, (R) = {xyx2 - xox | x; € "' for 2 < 2k < 2n)

and Spin, (R) = A~1(SO(n)).

Proof. We know from the proof of Lemma 1.38 that Ax = r, for each x € N
Pin, (R). Since elements of O(n) are products of at most 2n reflections and A is
surjective with kernel {1}, this implies that Pin,(R) = {x; ---xx | x; € S"! for
1 < k < 2n}. The equality Spin, (R) = Pin,(R) N C;(R) then implies Spin, (R) =
{x1x2---x9 | x; € §""! for 2 < 2k < 2n}. In particular, Pin, (R) and Spin, (R)
are compact. Moreover because detr, = —1, the last equality is equivalent to the
equality Spin, (R) = A~ (SO (n)). ]

Theorem 1.40. (1) Pin, (R) has two connected (n > 2) components with Spin, (R) =
Pin, (R)°.

(2) Spin, (R) is the connected (n > 2) simply connected (n > 3) two-fold cover of
SO (n). The covering homomorphism is given by A with ker A = {£1}, i.e., there is
an exact sequence
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{1} — {£1} — Spin,(R) 3 SOn) — {I}.

Proof. For n > 2, consider the path t — y(tf) = cost + ejepsint. Since
y(t) = ej(—ejcost + eysint), it follows that y () € Spin,(R) and so {£1} are
path connected in Spin, (R). From Lemmas 1.38 and 1.39, we know that Spin,, (R) is
a double cover of SO (n) and so Spin, (R) is connected. Thus, for n > 3, Theorem
1.24 and the uniqueness of connected simply connected coverings implies Spin,, (R)
is the connected simply connected cover of SO (n).

Finally, let xo € S"~!. Clearly Pin,(R) = xo Spin, (R) LI Spin, (R). We know
that A4 is a continuous map of Pin, (R) onto O(n). Since O(n) is not connected but
xo Spin, (R) and Spin, (R) are connected, x¢ Spin, (R) LI Spin, (R) cannot be con-
nected. Thus x( Spin,(R) and Spin,(R) are the connected components of
Pin, (R). O

1.3.3 Exercises
Exercise 1.25 Show Cp(R) = R, C;(R) = C, and C,(R) = H.

Exercise 1.26 (a) Show ((x) = e(x)* with respect to the inner product on A R”
induced by defining (x; Axy A -+ AXk, Y1 AYa A--- Ay tobe O when k # [ and
to be det(x;, y;) when k = [.

(b) Show €(x)¢(x) + t(x)e(x) = m, for any x € R".

Exercise 1.27 (a) Prove Equation 1.34.
(b) Prove Theorem 1.35.

Exercise 1.28 For u, v € C,(R), show that uv = 1 if and only if vu = 1.

Exercise 1.29 Forn > 3, show that the polynomial x? + - - - 4 x? is irreducible over
C. However, show that xl2 + -4 x,% is a product of linear factors over C, (R).

Exercise 1.30 Let (-, -) be any symmetric bilinear form on R” or C". Generalize the
notion of Clifford algebra in Definition 1.26 by replacing x ®x +|x|> by x®x — (x, x)
in the definition of Z. Prove the analogue of Theorem 1.35 still holds. If (-, -) has
signature p, g on R", the resulting Clifford algebra is denoted C,, ,(R) (so C,(R) =
Co.»(R)) and if (-, -) is the negative dot product on C”, the resulting Clifford algebra
is denoted by C, (C).

Exercise 1.31 Show that there is an algebra isomorphism C,_;(R) = CF(R) in-
duced by mapping a + b, a € C;_|(R) and b € C,_,(R) to a + be,. Conclude that
dimC,(R) = 2"

Exercise 1.32 Use induction on n to show that any g € O(n) may be written as a
product of at most 2n reflections. Hint: If g € O (n) and ge; # e;, show that there is
areflection r; so that r;ge; = e;. Now use orthogonality and induction.

cos2t —sin2t 0
Exercise 1.33 Show that A(cost + eje;sint) = | sin2t cos2t 0
0 0 I, >



1.4 Integration 19

Exercise 1.34 (a) Under the isomorphism C;(R) = C induced by e; — i, show that
Pin(1) = {£1, £i} and Spin(1) = {£1} with A(£1) = I and A(%i) = —I on Ri.
(b) Under the isomorphism C(R) = H induced by ¢; — i, ¢; — j, and eje; — Kk,
show that Pin(2) = {cos 6 +k sinf, i sinf + j cos 6} and Spin(2) = {cos O +k sin 6}
with A(cos 6 + k cos ) acting as rotation by 20 in the i j-plane.

Exercise 1.35 (a) For n odd, show that the center of Spin, (R) is {£1}.
(b) For n even, show that the center of Spin, (R) is {£1, £eje; - - - e,}.

Exercise 1.36 (a) Replace R by C in Definitions 1.36 and 1.37 to define Spin, (C)
(c.f. Exercise 1.30). Modify the proof of Theorem 1.40 to show A realizes Spin,, (C)
as a connected double cover of SO(n, C) = {g € SL(n,C) | (gx, gy) = (x, y) for
all x, y € C"}, where (-, -) is the negative dot product on C".

(b) Replace C,,(R) by C,, ,(R) (Exercise 1.30) in Definitions 1.36 and 1.37 to define
Spin - (R). Modify the proof of Theorem 1.40 to show that A realizes Spin - (R) as
a double cover of SO (p, q)°, where SO(p, q) = {g € SL(n,R) | (gx, gy) = (x, y)
for all x, y € C"} and (-, -) has signature p, g on R".

(c) For p, g > 0 but not both 1, show that Spinp.q (R) is connected. For p = ¢ = 1,
show that Spin; ; (R) has two connected components.

Exercise 1.37 (a) Letso(n) = {X € M,,,(R) | X' = —X}andq = Zi# Reje; C
C,(R). Show that so(n) and q are closed under the bracket (Lie) algebra structure
given by [x, y] = xy — yx.

(b) Show that there is a (Lie) bracket algebra isomorphism from so(n) to q induced
by the map E; ; — E;; — %e,-ej where {E; ;} is the set of standard basis elements
for M, ,(R).

1.4 Integration

1.4.1 Volume Forms

If ® : M — N is a smooth map of manifolds, write d® : T,(M) — Tg,)(N)
for the differential of ® where T,(M) is the tangent space of M at p. Write ®* :
Tg(p)(N ) — TIf(M ) for the pullback of & where T;‘(M ) is the cotangent space
of M at p. As usual, extend the definition of the pullback to the exterior algebra,
o* . /\Tg(p)(N) — /\T;(M), as a map of algebras.

If M is an n-dimensional manifold, M is said to be orientable if there exists a
nonvanishing element wy, € /(M) where )\’ (M) is the exterior n-bundle of the
cotangent bundle of M. When this happens, w,; determines an orientation on M that
permits integration of n-forms on M.

Suppose wy (wy) is a nonvanishing n-form providing an orientation on M (N). If
® is a diffeomorphism, ® : M — N, then ®*wy = cwy where c is a nonvanishing
function on M. When ¢ > 0, ® is called orientation preserving and when ¢ < 0,
@ is called orientation reversing. Similarly, a chart (U, ¢) of M is said to be an
orientation preserving chart if U is open and if ¢ is orientation preserving with
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respect to the orientations provided by w|y, i.e., @ restricted to U, and by the standard
volume form on ¢(U) C R*,i.e.,dx; Adxo A -+ ANdx,|pw)-

If w is a continuous n-form compactly supported in U where (U, ¢) is an orien-
tation preserving chart, recall the integral of @ with respect to the orientation on M

induced by wy, is defined as
f w= f (¢ ) w.
M o)

As usual (see [8] or [88] for more detail), the requirement that w be supported in
U is removed by covering M with orientation preserving charts, multiplying w by a
partition of unity subordinate to that cover, and summing over the partition using the
above definition on each chart.

The change of variables formula from differential geometry is well known. If
® : M — N is a diffeomorphism of oriented manifolds and ' is any continuous
compactly supported n-form on N, then

(1.41) /a/::l:/ d*a
N M

with the sign being a + when @ is orientation preserving and a — when ® is ori-
entation reversing. A simple generalization of Equation 1.41 applicable to covering
maps is also useful. Namely, if ¥ : M — N is an m-fold covering map of oriented
manifolds and @’ is any continuous compactly supported n-form on N, then

(1.42) m/ a/::l:/ |\ Y
N M

with the sign determined by whether W is orientation preserving or orientation re-
versing. The proof follows immediately from Equation 1.41 by using a partition of
unity argument and the definition of a covering (Exercise 1.39).

Finally, functions on M can be integrated by fixing a volume form on M. A vol-
ume form is simply a fixed choice of a nonvanishing n-form, @, defining the orien-
tation on M. If f is a continuous compactly supported function on M, integration is
defined with respect to this volume form by

=L

It is easy to see (Exercise 1.40) that switching the volume form wy, to cwy,, for some
¢ € R\{0}, multiplies the value of f u J by lc| (for negative c, the orientation is
switched as well as the form against which f is integrated). In particular, the value
of [, w J depends only on the choice of volume form modulo +wj,.

1.4.2 Invariant Integration

Let G be a Lie group of dimension 7.
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Definition 1.43. (1) Write [, and r, for left and right translation by g € G, i.e.,
lg(h) = ghandr,(h) = hg forh € G.

(2) A volume form, wg, on G is called left invariant if l;,"a)G = wg and right invariant
if ryog = wg forall g € G.

Lemma 1.44. (1) Up to multiplication by a nonzero scalar, there is a unique left
invariant volume form on G.

(2) If G is compact, up to multiplication by +1, there is a unique left invariant volume
form, wg, on G, so |, ¢ 1 = 1 with respect to wg.

Proof. Since dim /\’(G), = 1, up to multiplication by a nonzero scalar, there is a
unique choice of w, € /\}(G),. This choice uniquely extends to a left invariant n-
form, w, by defining w, = l;_l w,. For part (2), recall that replacing the volume form
o by co multiplies the value of the resulting integral by |c|. Because G is compact,
/. ¢ 1 is finite with respect to the volume form w. Thus there is a unique c, up to
multiplication by %1, so that |, c 1 = 1 with respect to the volume form cow. O

Definition 1.45. For compact G, let wg be a left invariant volume form on G nor-
malized so fG 1 = 1 with respect to w¢. For any f € C(G), define

/Gf(g)dngcfzfcfwc

with respect to the orientation given by wg. By using the Riesz Representation The-
orem, dg is also used to denote its completion to a Borel measure on G called Haar
measure (see [37] or [73] for details).

If G has a suitably nice parametrization, it is possible to use the relation w, =
l;,l w, to pull the volume form back to an explicit integral over Euclidean space (see
Exercise 1.44).

Theorem 1.46. Let G be compact. The measure dg is left invariant, right invariant,
and invariant under inversion, i.e.,

/f(hg)dg=ff(gh)dg=/f(g_l)dg=/f(g)dg
G G G G

for h € G and f a Borel integrable function on G.

Proof. Tt suffices to work with continuous f. Left invariance follows from the left
invariance of wg and the change of variables formula in Equation 1.41 (I is clearly
orientation preserving):

/ f(hg)dg =f(f01h)wc Z/(fOlh)(lZwG)
G G G

:/1;;(wa)=/ waZ/ f(g)dg.
G G G
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To address right invariance, first observe that [/, and r, commute. Thus the n-
form r;a)G is still left invariant. By Lemma 1.44, this means r;a)G = ¢(g) 'wg
for some c(g) € R\{0}. Because r, o 7, = 7y, it follows that the modular function
¢ : G — R\{0} is a homomorphism. The compactness of G clearly forces |c(g)| = 1
(Exercise 1.41).

Since r, is orientation preserving if and only if c¢(g) > 0, the definitions and
Equation 1.41 imply that

/ Fgh)dg = / (f o rwe = c(h) / (f o) (rwe)
G G G

= e [ rito) = cisenten) [ foo = [ rigrde.
G G G
Invariance of the measure under the transformation g — g~ is handled similarly
(Exercise 1.42). O

We already know that w¢ is the unique (up to £1) left invariant normalized vol-
ume form on G. More generally, the corresponding measure dg is the unique left
invariant normalized Borel measure on G.

Theorem 1.47. For compact G, the measure dg is the unique left invariant Borel
measure on G normalized so G has measure 1.

Proof. Suppose dh is a left invariant Borel measure on G normalized so G has mea-
sure 1. Then for nonnegative measurable f, definitions and the Fubini—Tonelli The-
orem show that

/ F(g)dg = / / f(g)dgdh = / [ F(gh)dgdh
G GJG GJG
=/ / f(gh)dhdg=/ff<h>dhdg=/ F(hydh,
GJG GJG G

which is sufficient to establish dg = dh. O

1.4.3 Fubini’s Theorem

Part of the point of Fubini’s Theorem is to reduce integration in multiple variables
to more simple iterated integrals. Here we examine a variant that is appropriate for
compact Lie groups. In the special case where the H; are compact Lie groups and
G = H, x H,, Fubini’s Theorem will simply say that

/ fg)dg Z/ ( f(hih2) dhz) dh
Hyx H  \JH,

for integrable f on G.

More generally, let G be a Lie group and H a closed subgroup of G, so (Theorem
1.7) G/ H is a manifold. In general, G/ H may not be orientable (Exercise 1.38). The
next theorem tells us when G/H is orientable and how its corresponding measure
relates to dg and dh, the invariant measures on G and H. Abusing notation, continue
to write [, for left translationby ¢ € G on G/H.
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Theorem 1.48. Let G be a compact Lie group and H a closed subgroup of G. If I
is the identity map on /\;kop(G/H)EH for all h € H (which is always true when H
is connected), then, up to scalar, G/H possesses a unique left G-invariant volume
form, wg,u, and a corresponding left invariant Borel measure, d(gH). Up to £1,
wg/H can be uniquely normalized, so

/ F=/FO7T,
G/H G

where T : G — G/ H is the canonical projection and F is an integrable function on
G/H. In this case,

/ fg)dg = / ( / f(gh)dh) d(gH),
G 6/H \Ju

where f is an integrable function on G.

Proof. Consider first the question of the existence of a left invariant volume form on
G/H. As in the proof of Lemma 1.44, let w.y € /\fOP(G/H)eH. If it makes sense
to define the form w by setting w,y = l;,]we H, then o is clearly left invariant and
unique up to scalar multiplication. However, this process is well defined if and only
if l;,. = lz‘gh),l on /\TOP(G/H)GH forallh € H and g € G. Since lgy = [z 01, it
follows that ¢,y exists if and only if /;; is the identity map on /\fop(G /H).y for all
heH.

Since /\:‘Op(G/H)eH is one-dimensional, [;w.z = c¢(h)w.y for h € H and some
c(h) € R\{0}. The equality I,y = Ij, o l;y shows that ¢ : H — R\{0} is a homomor-
phism. The compactness of G shows that c(h) € {£1}. If H is connected, the image
of H under ¢ must be connected and so c(h) = 1, which shows that wg,/y exists.

Suppose that wg,y exists. Since dh is invariant, the function g — || u f(gh)dh
may be viewed as a function on G/H. Working with characteristic functions, the as-
signment f — |, G/H ( / y f(gh) dh) d(g H) defines a normalized left invariant Borel
measure on G. By Theorem 1.47, this measure must be dg and so the second dis-
played formula of this theorem is established. To see that the first displayed equation
holds, let f = F o . O

1.4.4 Exercises

Exercise 1.38 (a) Show that the antipode map, x — —x, on S2 is orientation re-
versing.

(b) Show P(R?") is not orientable.

(¢) Find a compact Lie group G with a closed subgroup H, so G/H = P(R>").

Exercise 1.39 If ¥ : M — N is an m-fold covering map of oriented manifolds and
@' is any continuous compactly supported n-form on N, show that

mfa)’::tf U*e/
N M
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with the sign determined by whether W is orientation preserving or orientation re-
versing.

Exercise 1.40 If f is a continuous compactly supported function on an orientable
manifold M, show that switching the volume form from w), to cwy,, for some ¢ €
R\ {0}, multiplies the value of [, f by |c|.

Exercise 1.41 If G is a compact Lie group and ¢ : G — R\ {0} is a homomorphism,
show that c(g) € {1} for all g € G and that c¢(g) = 1 if G is connected.

Exercise 1.42 (a) For f a continuous function on a compact Lie group G, show that

Jo f(&ghdg = [; f(g)dg.
(b) If ¢ is a smooth automorphism of G, show that [, fop = [, f.

Exercise 1.43 Let G be the Lie group {(g { ) | x,y € Rand x > 0}. Show that
the left invariant measure is x “2dxdy but the right invariant measure is x ~'dxdy.

Exercise 1.44 Let G be aLie groupand¢ : U — V € R" achartof G withe € U,
0 € V,and ¢(e) = 0. Suppose f is any integrable function on G supported in U.
(a) For x € V, write g = g(x) = ¢~ (x) € U. Show the function [, = g oly-1 09~
is well defined on a neighborhood of x.

(b) Write ‘3—1; |x‘ for the absolute value of the determinant of the Jacobian matrix of

1

I, evaluated at x, i.e.,

aly); . . .
Jij = %h- Pull back the relation w, = l;‘_lwe to show that the left invariant

measure dg can be scaled so that

/Gfdg=/v(fo<p")(x)

(c) Show that changing [, tor, = @ org-1 09~
the right invariant measure.

(d) Write {(637’_| y)}7_, for the standard basis of of 7, (R"). Show that the Jacobian
matrix J is the change of basis matrix for the bases {d(/,-1 o ga’l)(a%u)}l"‘:l and
{dw’l(a%lo)},'-‘zl of T,(G), ie.,d(lg-1 0 w’l)(a%lx) =2 J;,jdﬁv’l(a%jlo)-

(e) Fix a basis {v;}}_, of T,(G). Let C be the change of basis matrix for the bases
{d(g1 o (p”)(%h)}?zl and {v}]_,, i.e., d(l;-1 o ¢71)(%|x) = ZJ- Ci jv;. After
rescaling dg, conclude that

%|x| = |det J|, where the Jacobian matrix J is given by

ol,
— x| dxy...dx,.
ox

!in part (b) gives an expression for

f fdg = / (F 0o~ )(x) 1det C| dxt - - - dxo.
G \%

(f) Let H be a closed subgroup of a compact Lie group G and now suppose ¢ :
U— V C R"achart of G/H witheH € U,0 € V, and ¢(e) = 0. Suppose [
is the identity map on /\:‘OP(G /H).g for all h € H (which is always true when H
is connected) and F' is any integrable function on G/H supported in U. Fix a basis
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{vi}!_, of T,z (G/H) and define C as in part (). Show that that d(g H) can be scaled
so that

/ Fd(gH):/(FO(p’l)(x) |det C| dx; - - - dx,.
G/H 1%

Exercise 1.45 (a) View GL(n,R) as an open dense set in M, ,(R) and identify
functions on G L(n, R) with functions on M, ,(R) that vanish on the complement of
GL(n, R). Show that the left and right invariant measure on G L (n, R) is given by

/ f(g)dgz/ F(X)|det X|™" dX,
GL(n,R) M, (R)

where d X is the standard Euclidean measure on M, ,(R) = R". In particular, the

invariant measure for the multiplicative group R* = R\{0} is %
(b) Show that the invariant measure for the multiplicative group C* is dxdy

T with

respect to the usual embedding of C* into C = R2,

() Show that the invariant measure for the multiplicative group H* js —4xdvdudv

with respect to the usual embedding of H* into H = R*.

Exercise 1.46 (a) On S2, show that the S O (3) normalized invariant measure is given
by the integral ﬁ fon 02” F(cos @ sin¢, sinf sin ¢, cos ¢) sin ¢ dOd¢.

(b) Let f be the function on SO (3) that maps a matrix to the determinant of the
lower right 2 x 2 submatrix. Evaluate [, YL

Exercise 1.47 Let

cosf —sinf 0 1 0 0
@)= sinf cosf® 0 |,B8(@O) =] 0 cosf —sinb |,
0 0 1 0 sinf cos6

cos® 0 —sin6
and y(0) = 0 1 0
sinf 0 cos®

(a) Verify that (cos 6 sin¢, sin6 sin¢, cos ¢) = o (0)B(¢)e; where ez = (0,0, 1).
Use the isomorphism S?> = S0O(3)/S0O(2) to show that each element g € SO(3)
can be written as g = @ (0)B(¢p)a(¥) for0 < 0,y < 2w and 0 < ¢ < 7 and that
@, ¢, V) is unique when ¢ # 0, . The coordinates (6, ¢, ¥) for SO(3) are called
the Euler angles.

(b) Viewing the map (9, ¢, V) — g = a(0)B(¢)x () as amap into M3 3(R) = RO,
show that

_lg_‘; = ,3/(0) Sin¢COS W + )//(0) Sinqﬁsinw + Ol/(O) COS¢
_lg_i = B'(0)siny — y'(0) cos
-1 8g

W =a'(0).
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For 0 < 6,y < 2m and 0 < ¢ < m, conclude that the inverse of the map
@, ¢,¥) = a(@)B(d)x(y) is a chart for an open dense subset of SO (3).
(c) Use Exercise 1.44 to show that the invariant integral on SO (3) is given by

1 2 T 2
/ fg)dg = p/ / f(a(0)B(@)a(y)) sinp dOdpdyr
S0(3) 7= Jo 0o Jo

for integrable f on SO(3).
Exercise 1.48 Let

g £ _gint
a(9)=(80 %) andﬁ(9)=<0053 S‘“ﬁ)-
e 'z

Sin 2 COS 2

As in Exercise 1.47, show that the invariant integral on SU (2) is given by

1 2 T 2
| twis=os [ [ [ re@p@ewsingdoasay
SUQ) = Jo 0o Jo

for integrable f on SU (2).
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Representations

Lie groups are often the abstract embodiment of symmetry. However, most fre-
quently they manifest themselves through an action on a vector space which will
be called a representation. In this chapter we confine ourselves to the study of finite-
dimensional representations.

2.1 Basic Notions

2.1.1 Definitions

Definition 2.1. A representation of a Lie group G on a finite-dimensional complex
vector space V is a homomorphism of Lie groups 7 : G — GL(V). The dimension
of a representation is dim V.

Technically, a representation should be denoted by the pair (;r, V). When no
ambiguity exists, it is customary to relax this requirement by referring to a repre-
sentation (7r, V) as simply 7 or as V. Some synonyms for expressing the fact that
(7, V) is a representation of G include the phrases V is a G-module or G acts on V.
As evidence of further laziness, when a representation 7 is clearly understood it is
common to write

gvorg-v inplace of (w(g))(v)

forge GandveV.

Although smoothness is part of the definition of a homomorphism (Definition
1.9), in fact we will see that continuity of 7 is sufficient to imply smoothness (Ex-
ercise 4.13). We will also eventually need to deal with infinite-dimensional vector
spaces. The additional complexity of infinite-dimensional spaces will require a slight
tweaking of our definition (Definition 3.11), although the changes will not affect the
finite-dimensional case.

Two representations will be called equivalent if they are the same up to, basically,
a change of basis. Recall that Hom(V, V') is the set of all linear maps from V to V.
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Definition 2.2. Let (77, V) and (5r/, V') be finite-dimensional representations of a Lie
group G.

(1) T € Hom(V, V') is called an intertwining operator or G-mapif Tomr =n'oT.
(2) The set of all G-maps is denoted by Homg (V, V).

(3) The representations V and V' are equivalent, V = V', if there exists a bijective
G-map from V to V',

2.1.2 Examples

Let G be a Lie group. A representation of G on a finite-dimensional vector space V
smoothly assigns to each g € G an invertible linear transformation of V satisfying

n(g)n(g) =m(gg)

forall g, g’ € G. Although surprisingly important at times, the most boring example
of a representation is furnished by the map 7 : G — GL(1, C) = C\{0} given by
m(g) = 1. This one-dimensional representation is called the trivial representation.
More generally, the action of G on a vector space is called frivial if each g € G acts
as the identity operator.

2.1.2.1 Standard Representations Let G be GL(n,F), SL(n,F), Un), SU(n),
O(n), or SO (n). The standard representation of G is the representation on C" where
m(g) is given by matrix multiplication on the left by the matrix g € G. Itis clear that
this defines a representation.

2.1.2.2 SU(2) This example illustrates a general strategy for constructing new rep-
resentations. Namely, if a group G acts on a space M, then G can be made to act on
the space of functions on M (or various generalizations of functions).

Begin with the standard two-dimensional representation of SU(2) on C? where
gn is simply left multiplication of matrices for g € SU(2) and n € C?. Let

V,(C?

be the vector space of holomorphic polynomials on C? that are homogeneous of
degree n. A basis for V,(C?) is given by {z’l‘z;_k | 0 < k < n}, sodim V,(C?) =
n+ 1.

Define an action of SU(2) on V,(C?) by setting

(g-P)) =P 'n)
for g € SU(2), P € V,(C?), and n € C2. To verify that this is indeed a representa-
tion, calculate that
(g1 (g2- P)I(n) = (g2- P)(gy'm) = P(g; ' &7 'm) = P((g182)”'m)
= [(g182) - P1(n)

so that g; - (g2 - P) = (g182) - P. Since smoothness and invertibility are clear, this
action yields an n + 1-dimensional representation of SU (2) on V, (C?).
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Although these representations are fairly simple, they turn out to play an ex-
tremely important role as a building blocks in representation theory. With this in

“ __b) € SU(2), then
b a

mind, we write them out in all their glory. If g = (
_ ab _ _ T
¢ = (_b a>, so that g~'n = (@ny + bna, —bny + anz) where n = (1, ).
In particular, if P = zXz3 7, then (g - P)(n) = (an; +bn2)*(—=bni +any)"*, so that
a —b

(2.3) (b = ) . (z’fzg_k) = (az1 + bz2)" (—=bzi +az)"*.

Let us now consider another family of representations of SU (2). Define

V/

n

to be the vector space of holomorphic functions in one variable of degree less than
or equal to n. As such, V, has a basis consisting of {z" | 0 <k < n},soV, is also
n + 1-dimensional. In this case, define an action of SU(2) on V, by

au+b
2.4) (g Q) () = (—bu+a)" Q (%)

for g = (Z _ab) € SU2), Q0 € V/,and u € C.Itis easy to see that (Exercise 2.1)
this yields a representation of SU (2).

In fact, this apparently new representation is old news since it turns out that
V! = V,(C?). To see this, we need to construct a bijective intertwining operator
from V,(C*) to V). Let T : V,(C* — V. be given by (T P)(u) = P(u, 1) for
P € V,(C? and u € C. This map is clearly bijective. To see that T is a G-map, use
the definitions to calculate that

[T (g-P)] )= (g-P)u,1)= P(@u+b, —bu +a)
— (—bu+a)"P (%, 1)
= (=bu+a)" (TP) () =[g - (TP)](u),
s0T (g- P) =g (TP) as desired.
2.1.2.3 O(n) and Harmonic Polynomials Let
Via R™)

be the vector space of complex-valued polynomials on R” that are homogeneous
of degree m. Since V,,(R") has a basis consisting of {x{“x];2 - x,’; | k; € N and
ki +ky+---+k, =m},dimV,,(R") = (m+”':_1) (Exercise 2.4). Define an action of
O(n) on V,,(R") by
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(g P)(x) = P(g"'x)

forg € O(n), P € V,,(R"), and x € R". Asin §2.1.2.2, this defines a representation.
As fine and natural as this representation is, it actually contains a smaller, even nicer,
representation.

Write A = 97 +--- 4 9} for the Laplacian on R". It is a well-known corollary
of the chain rule and the definition of O(n) that A commutes with this action, i.e.,
A(g - P) =g - (AP) (Exercise 2.5).

Definition 2.5. Let H,, (R") be the subspace of all harmonic polynomials of degree
m,ie., H,R") ={P e V,(R") | AP =0}.

IfPeH,(R")and g € O(n),then A(g-P) =g-(AP)=0sothatg- P €
‘H,, (R™). In particular, the action of O(n) on V,,(R") descends to a representation of
O (n) (or SO(n), of course) on H,, (R"). It will turn out that these representations do
not break into any smaller pieces.

2.1.2.4 Spin and Half-Spin Representations Any representation (7, V) of SO (n)
automatically yields a representation of Spin,, (R) by looking at (7 o A, V) where A
is the covering map from Spin, (R) to SO (n). The set of representations of Spin,, (R)
constructed this way is exactly the set of representations in which —1 e Spin, (R)
acts as the identity operator. In this section we construct an important representation,
called the spin representation, of Spin,(R) that is genuine, i.e., one that does not
originate from a representation of SO (n) in this manner.

Let (-, -) be the symmetric bilinear form on C”" given by the dot product. Write
n = 2m when n is even and write n = 2m + 1 when n is odd. Recall a subspace
W C C" is called isotropic if (-, -) vanishes on W. It is well known that C" can be
written as a direct sum

2.6)

o — WaeW  neven
Tl We W @Cey nodd

for W, W' maximal isotropic subspaces (of dimension m) and ey a vector that is
perpendicular to W @ W' and satisfies (eg, ¢g) = 1 . Thus, when n is even, take W =

{(le--- s Zma L2015 oo 5 02m) | 2k € (C} and W' = {(Zlv"' s ZTms —1Z0y oo s —1Zm) |
7zt € C}. For n odd, take W = {(z1, ... ,Zm 021, ... ,iZn,0) | zx € C}, W =
{@1, ooy zms —iz1, .o, —izZm, 0) | zx € Cl,and ¢g = (0, ..., 0, 1).

Compared to our previous representations, the action of the spin representation
is fairly complicated. We state the necessary definition below, although it will take
some work to provide appropriate motivation and to show that everything is well
defined. Recall (Lemma 1.39) that one realization of Spin,, (R) is {xjx2 - - - x2¢ | X; €
§"~! for 2 < 2k < 2n}.

Definition 2.7. (1) The elements of S = AW are called spinors and Spin, (R) has a
representation on S called the spin representation.

(2) For n even, the action for the spin representation of Spin, (R) on S is induced by
the map
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x = e(w) — 2t(w),

where x € §"~! is uniquely written as x = w + w’ according to the decomposition
RECcC'=WeoW.

@) Let ST = ATW = QAFW and S- = AW = @, N T'W. As vector
spaces S = ST @ S™.

(4) For n even, the spin representation action of Spin, (R) on S preserves the sub-
spaces ST and S™. These two spaces are therefore representations of Spin, (R) in
their own right and called the half-spin representations.

(5) For n odd, the action for the spin representation of Spin, (R) on S is induced by
the map

x = e(w) — 2u(w') + (—1)%e Mic,

where x € §"! is uniquely written as x = w + w’ + ey according to the decom-
position R" € C" = W @ W’ @ Cep, (—1)%¢ is the linear operator acting by £1 on
AFW, and m;, is multiplication by i¢.

To start making proper sense of this definition, let C,(C) = C,(R) ®gr C.
From the definition of C,(R), it is easy to see that C,(C) is simply 7 (C") mod-
ulo the ideal generated by either {(z ® z+ (z,z)) | z € C"} or equivalently by
{(z1 ® 22+ 22 Q21 +2(z1, 22) | zi € C"} (c.f. Exercise 1.30).

Since Spin,(R) € C,(C), C,(C) itself becomes a representation for Spin, (R)
under left multiplication. Under this action, —1 € Spin, (R) acts as m_;, and so
this representation is genuine. However, the spin representations turn out to be much
smaller than C,(C). One way to find these smaller representations is to restrict left
multiplication of Spin, (R) to certain left ideals in C,(C). While this method works
(e.g., Exercise 2.12), we take an equivalent path that realizes C,(C) as a certain en-
domorphism ring.

Theorem 2.8. As algebras,

C.(C) = End AW n even
"7 | (End AW) @ (End AW) n odd.

Proof. n even: Forz = w + w’ € C", define & : C" — End AW by
D(2) = e(w) — 2 (w).

As an algebra map, extend dtod : 7,(C) — End AW. A simple calculation
(Exercise 2.6) shows ®(2)> = M_sw.u) = M—(;z so that ® descends to a map
®:C,(C) - End A\W.

To see that ® is an isomorphism, it suffices to check that d is surjective since
C,(C) and End A\ W both have dimension 2". Pick a basis {wy, ... , w,} of W and
let {w/, ..., w),} be the dual basis for W, i.., (w;, w}) is O wheni # j and 1
when i = j. With respect to this basis, ® acts in a particularly simple fashion. If

1 <i; <--- < iy <m,then ®(w; -~-wikwlfl ~--wlfk) kills A”W for p < k, maps
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/\k W onto Cw;, A --- A w;,, and preserves /\p W for p > k. An inductive argument
on n — k therefore shows that the image of ¢ contains each EI'O]CCUOH of A\ W onto
Cw;, A--- Awj,. Successive use of the operators <I>(w ) and CD(w ) can then be used

to map w;, A- - - Awj, to any other wj, A---Awj,. This implies that P is surjective (in
familiar matrix notation, this shows that the image of ® contains all endomorphisms
corresponding to each matrix basis element E; ;).

n odd: Forz = w + w' + tey € C", let ®* : C" — End AW by

D (2) = e(w) — 2u(w') £ (—=1)%2 my,.

As an algebra map, extend d* to d* : 7,(C) — End A\W. A simple calculation
(Exercise 2.6) shows that o (2)? = m_ (z,7) S0 that ®* descends to a map ot
C,(C) — End/\W Thus the map & : C,(C) — (End AW) & (End AW) given
by CT)(v) (CIDJr (v) o (v)) is well defined.

To see that ® is an isomorphism, it suffices to verify that d is surjective since
Cy(C) and (End AW) @ (End /AW ) both have dimension 2". The argument is sim-
ilar to the one given for the even case and left as an exercise (Exercise 2.7). O

Theorem 2.9. As algebras,

~ | End A"W) @ (End A™W) n even
HOE { ( (Er)ld /\(W) ) n odd.

Proof. n even: From Nt/he definition of ® in the proof of Theorem 2.8, it ii clear
that the operators in ®(C; (C)) preserve /\iW. Thus restricted to C;7(C), ® may
be viewed as a map to (End \*W) D (End A\~ W). Since this map is already
known to be injective, it suffices to show that dim [ (End A"W) @ (End AN W)=
dimC}(C). In fact, it is a simple task (Exercise 2.9) to see that both dimensions
are 2"~!. For instance, Equation 1.34 and Theorem 1.35 show dimC;(C) = 2"~
Alternatively, use Exercise 1.3.1 to show that C,_; (R) = C (R).

n odd: In this case, operators | in CI>(C+((C)) no longer have to preserve /\ w.
However, restriction of the map d* to CH(C) yields a map of C;(C) to End AW
(alternatively, @~ could have been used). By construction, this map is known to be
surjective. Thus to see that the map is an isomorphism, it again suffices to show that
dim (End AW) = dimC;f (C). As before, it is simple (Exercise 2.9) to see that both
dimensions are 2", |

At long last, the origin of the spin representations can be untangled. Since
Spin, (R) € C(C), Definition 2.7 uses the homomorphism ® from Theorem 2.9
for n even and the homomorphism @+ for n odd and restricts the action to Spin,, (R).
In the case of n even, ® can be further restricted to either End /\ W to construct
the two half-spin representations. Finally, —1 € Spin, (R) acts by m_;, so the spin
representations are genuine as claimed.

2.1.3 Exercises

Exercise 2.1 Show that Equation 2.4 defines a representation of SU(2) on V.
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Exercise 2.2 (a) Find the joint eigenspaces for the action of {diag(e’?,e~%) |
0 € R} € SU(Q) on V,(C?. That is, find all nonzero P e V,(C?), so that
(diag(e', e7')) - P = Ay P for all & € R and some Ay € C.

(b) Find the joint eigenspaces for the action of SO (2) on V,, (R?) and on H,, (R?).
(c) Find the joint eigenspaces for the action of

{(cos B + ejey sinby) (cos by + ezeq sinby) | 6; € R} C Spin(4)
on the half-spin representations S*.
Exercise 2.3 Define a Hermitian inner product on V, (C?) by

(Z azki*, Zbkz’fzg_k) = Zk!(n — k) apby.
%

k

For g € SU(2), show that (gP, gP’) = (P, P')for P, P’ € V,(C?).

Exercise 2.4 Show that | {x}'x5.

(m+n71).
Exercise 2.5 For g € O(n) and f a smooth function on R", show that A(f ol,) =
(Af) ol, where [o(x) = gx.

coxk |k e Nandky + ko + -+ + k, = m} |=

Exercise 2.6 (a) For n even and 5(z) =e(w) — 2t(w’) for z = w + w’ € C" with
we Wandw' € VZ/, show (I)(Z)2 =m_ow,w) =M_(zz).

(b) For n odd and ®(z) = e(w) — 2t(w’) £ (:1)deg mic forz =w+w' +¢ep € C"
withw € W, w’ € W, and ¢ € C, show that ®(2)* = m_yu)—c2 = M_(z2)-

Exercise 2.7 In the proof of Theorem 2.8, show that the map dis surjective when n
is odd.

Exercise 2.8 Use Theorem 2.8 to compute the center of C, (C).

Exercise 2.9 From Theorem 2.9, show directly that dim C;F (C) and

dim [ (End A" W) @D (End A\ w)]
are both 2"~ for n even, and dim (End /\W) = 2"~! for n odd.

Exercise 2.10 Up to equivalence, show that the spin and half-spin representations
are independent of the choice of the maximal isotropic decomposition for C" (as in
Equation 2.6).

Exercise 2.11 For n odd, ®* was used to define the spin representation of Spin,, (R)
on AW. Show that an equivalent representation is constructed by using @~ in place
of ®F.



34 2 Representations

Exercise 2.12 (a) Use the same notation as in the proof of Theorem 2.8. For n even,
let wy = w) ---w), € C,(C), let J be the left ideal of C,(C) generated by wy,, and
let T : AW — J be the linear map satisfying T(w;, A --- A w;,) = wj, RTINS
Show that T is a well-defined and Spin, (R)-intertwining isomorphism with respect
to the spin action on /\ W and left Clifford multiplication on 7.

(b) For n odd, let wy = (1—iep)w) - - - w),. Show that there is an analogous Spin,, (R)-
intertwining isomorphism with respect to the spin action on AW and left Clifford
multiplication on the appropriate left ideal of C, (C).

Exercise 2.13 (a) Define a nondegenerate bilinear form (-,-) on AW by setting
(/\k W, /\I W) = 0 when k+1 # m and requiring a(u*) Av = (U, V) WA+ AWy

foru € \*Wandv € A" FW (see §1.3.2 for notation). Show that the form is
symmetric when m = 0, 3 mod(4) and that it is skew-symmetric when m = 1, 2,
mod(4).

(b) With respect to the spin representation action, show that (g - u, g - v) = (u, v) for
u,v e S= /AW and g € Spin, (R).

(¢) For n even, show that (-, -) restricts to a nondegenerate form on S* = /\iW
when m is even, but restricts to zero when m is odd.

2.2 Operations on Representations

2.2.1 Constructing New Representations

Given one or two representations, it is possible to form many new representations
using standard constructions from linear algebra. For instance, if V and W are vector
spaces, one can form new vector spaces via the direct sum, V@ W, the tensor product,
V ® W, or the set of linear maps from V to W, Hom(V, W). The tensor product leads

to the construction of the tensor algebra, 7(V) = B2, (@k V) and its quotients,

the exterior algebra, \(V) = dlmV/\ V, and the symmetric algebra, S(V) =

@,fio Sk (V). Further constructions include the dual (or contragradient) space, V* =
Hom(V, C), and the conjugate space, V, which has the same underlying additive
structure as V, but is equipped with a new scalar multiplication structure, -/, given
by z-' v =7Zv forz € Cand v € V. Each of these new vector spaces also carries a
representation as defined below.

Definition 2.10. Let V and W be finite-dimensional representations of a Lie group
G.

(I)Gactson V& W by g(v, w) = (gv, gw).

Q)GactsonVQWbygd viQw, =) gy ®gwj

(3) G acts on Hom(V, W) by (¢T) (v) = g [T ( )]

(4) G acts 0n® Vbygd> v, ® - ®v, = (gvi,) @ R (gv;,)-
(5) Gactson A"V by g v A--- A v,A =Y (gvi)) A~ (gv,k)
(6) G acts on S*(V) by g Y vi, vy, = X (8vi,) - (gvzk)
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(7)Gactson V*by (gT)(v) =T (g’lv).
8) Gactson V by the same action as it does on V.

It needs to be verified that each of these actions define a representation. All are
simple. We check numbers (3) and (5) and leave the rest for Exercise 2.14. For num-
ber (3), smoothness and invertibility are clear. It remains to verify the homomorphism
property so we calculate

(g1 (2211 (v) = g1 [(227) (87 'v)] = 2182 [T (g5 ' g7 'v)] = [(g182)T1 (v)

for g; € G, T € Hom(V, W), and v € V. For number (5), recall that /\kV is simply
®k V modulo 7, where Z is ®k V intersect the ideal generated by {v®uv | v € V}.
Since number (4) is a representation, it therefore suffices to show that the action of
G on ®k V preserves Z,—but this is clear.

Some special notes are in order. For number (1) dealing with V @ W, choose
in the obvious way a basis for V @& W that is constructed from a basis for V and a
basis for W. With respect to this basis, the action of G can be realized on V & W by
multiplication by a matrix of the form < ;; 2 ) where the upper left block is given
by the action of G on V and the lower right block is given by the action of G on W.

For number (7) dealing with V*, fix a basis B = {v;}_, for V and let B* =
{vf}’_, be the dual basis for V*,i.e., v} (v;) is 1 wheni = j and is O when i # j.
Using these bases, identify V and V* with C" by the coordinate maps [Zl Ci vi] 5=
(c1s...nen)and [Y2; ¢vf] 5. = (1 ..., ¢,). With respect to these bases, realize the
action of g on V and V* by a matrices M, and Mg, so that [g - v]lg = M, [v]g and

[§ Tl = My [T forv e VandT € V* In particular, [M,], ; = vf (g - v;)
and [M;’,]i’j = (g . vj) (v;). Thus [M;’,]i’j =vi(g™ - v) = [Mg—l]j’i so that M, =
M, I In other words, once appropriate bases are chosen and the G action is realized
by matrix multiplication, the action of G on V* is obtained from the action of G on
V simply by taking the inverse transpose of the matrix.

For number (8) dealing with V, fix a basis for V and realize the action of g
by a matrix M, as above. To examine the action of g on v € V, recall that scalar
multiplication is the conjugate of the original scalar multiplication in V. In particular,
in V, g - v is therefore realized by the matrix Vg In other words, once a basis is
chosen and the G action is realized by matrix multiplication, the action of G on V is
obtained from the action of G on V simply by taking the conjugate of the matrix.

It should also be noted that few of these constructions are independent of each
other. For instance, the action in number (7) on V* is just the special case of the
action in number (3) on Hom(V, W) in which W = C is the trivial representation.
Also the actions in (4), (5), and (6) really only make repeated use of number (2).
Moreover, as representations, it is the case that V* @ W = Hom(V, W) (Exercise
2.15) and, for compact G, V* = V (Corollary 2.20).
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2.2.2 Irreducibility and Schur’s Lemma

Now that we have many ways to glue representations together, it makes sense to seek
some sort of classification. For this to be successful, it is necessary to examine the
smallest possible building blocks.

Definition 2.11. Let G be a Lie group and V a finite-dimensional representation of
G.

(1) A subspace U C V is G-invariant (also called a submodule or a subrepresenta-
tion) if gU C U for g € G. Thus U is a representation of G in its own right.

(2) A nonzero representation V is irreducible if the only G-invariant subspaces are
{0} and V. A nonzero representation is called reducible if there is a proper (i.e.,
neither zero nor all of V) G-invariant subspace of V.

It follows that a nonzero finite-dimensional representation V is irreducible if and
only if

V = spanc{gv | g € G)

for each nonzero v € V, since this property is equivalent to excluding proper G-
invariant subspaces. For example, it is well known from linear algebra that this con-
dition is satisfied for each of the standard representations in §2.1.2.1 and so each is
irreducible.

For more general representations, this approach is often impossible to carry out.
In those cases, other tools are needed. One important tool is based on the next result.

Theorem 2.12 (Schur’s Lemma). Let V and W be finite-dimensional representa-
tions of a Lie group G. If V and W are irreducible, then

1 ifvEw

dim Homg (V, W) = { 0 ifV W

Proof. If nonzero T € Homg(V, W), then ker T is not all of V and G-invariant
so irreducibility implies 7T is injective. Similarly, the image of T is nonzero and
G-invariant, so irreducibility implies T is surjective and therefore a bijection. Thus
there exists a nonzero T € Homg(V, W) if and only if V = W.

In the case V = W, fix a bijective Ty € Homg (V, W).If also T € Homg (V, W),
then T o T(f1 € Homg(V, V). Since V is a finite-dimensional vector space over C,
there exists an eigenvalue A for T o To_l. As ker(T o TO_1 — M) is nonzero and G-
invariant, irreducibility implies T o TO_l — Al =0, and so Homg(V, W) =CTy,. O

Note Schur’s Lemma implies that
(2.13) Homg(V, V) =CI

for irreducible V.
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2.2.3 Unitarity

Definition 2.14. (1) Let V be a representation of a Lie group G. A form (-, -) :
V x V — Cis called G-invariant if (gv, gv') = (v,v) forg €e Gandv,v € V.
(2) A representation V of a Lie group G is called unitary if there exists a G-invariant
(Hermitian) inner product on V.

Noncompact groups abound with nonunitary representations (Exercise 2.18).
However, compact groups are much more nicely behaved.

Theorem 2.15. Every representation of a compact Lie group is unitary.

Proof. Begin with any inner product (-, -) on V and define
w,v) = f (gv. gv') dg.
G

This is well defined since G is compact and g — (gv, gl/) is continuous. The new
form is clearly Hermitian and it is G-invariant since dg is right invariant. It remains
only to see it is definite, but by definition, (v, v) = [, c (&v, gv) dg which is positive
for v # 0 since (gv, gv) > 0. O

Theorem 2.15 provides the underpinning for much of the representation theory
of compact Lie groups. It also says a representation (7, V) of a compact Lie group is
better than a homomorphism 7 : G — GL(V); it is a homomorphism to the unitary
group on V with respect to the G-invariant inner product (Exercise 2.20).

Definition 2.16. A finite-dimensional representation of a Lie group is called com-
pletely reducible if it is a direct sum of irreducible submodules.

Reducible but not completely reducible representations show up frequently for
noncompact groups (Exercise 2.18), but again, compact groups are much simpler.
We note that an analogous result will hold even in the infinite-dimensional setting of
unitary representations of compact groups (Corollary 3.15).

Corollary 2.17. Finite-dimensional representations of compact Lie groups are com-
pletely reducible.

Proof. Suppose V is a representation of a compact Lie group G that is reducible.
Let (-, -) be a G-invariant inner product. If W C V is a proper G-invariant subspace,

then V.= W @ W+. Moreover, W+ is also a proper G-invariant subspace since
(gw’, w) = (w', g"'w) = 0 for w’ € W+ and w € W. By the finite dimensionality
of V and induction, the proof is finished. O

As aresult, any representation V of a compact Lie group G may be written as

(2.18) v v
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where {V; | 1 <i < N} is a collection of inequivalent irreducible representations of
Gandn;V; =V, ®---@®YV; (n; copies). To study any representation of G, it therefore
suffices to understand each irreducible representation and to know how to compute
the n;. In §2.2.4 we will find a formula for ;.

Understanding the set of irreducible representations will take much more work.
The bulk of the remaining text is, in one way or another, devoted to answering this
question. In §3.3 we will derive a large amount of information on the set of all ir-
reducible representations by studying functions on G. However, we will not be able
to classify and construct all irreducible representations individually until §7.3.5 and
§?? where we study highest weights and associated structures.

Corollary 2.19. If V is a finite-dimensional representation of a compact Lie group
G, V is irreducible if and only if dim Homg(V, V) = 1.

Proof. If V is irreducible, then Schur’s Lemma (Theorem 2.12) implies that
dim Homg (V, V) = 1. On the other hand, if V is reducible, then V = W @ W’ for
proper submodules W, W’ of V. In particular, this shows that dim Homg (V, V) > 2
since it contains the projection onto either summand. Hence dim Homg (V, V) = 1
implies that V is irreducible. O

The above result also has a corresponding version that holds even in the infinite-
dimensional setting of unitary representations of compact groups (Theorem 3.12).

Corollary 2.20. (1) If V is a finite-dimensional representation of a compact Lie
group G, then V.= V*,

(2) If V is irreducible, then the G-invariant inner product is unique up to scalar
multiplication by a positive real number.

Proof. For part (1), let (-, -) be a G-invariant inner product on V. Define the bijective
linearmap T : V — V*by Tv = (-, v) forv € V. To see that it is a G-map, calculate
that g(Tv) = (g7, v) = (-, gv) = T(gv).

For part (2), assume V is irreducible. If (-, -)’ is another G-invariant inner prod-
uct on V, define a second bijective linear map 7" : V. — V* by T'v = (-, v).
Schur’s Lemma (Theorem 2.12) shows that dim Homg(V, V*) = 1. Since T, T €
Homg(V, V*), there exists ¢ € C, so T’ = ¢T. Thus (-, v)’ = ¢(-,v) forallv € V.
It is clear that ¢ must be in R and positive. O

Corollary 2.21. Let V be a finite-dimensional representation of a compact Lie group
G with a G-invariant inner product (-, -). If V|, V, are inequivalent irreducible sub-
modules of V, then V| L V,, i.e., (Vi, V,) =0.

Proof. Consider W = {v; € Vi | (v, V2) = 0}. Since (-, -) is G-invariant, W
is a submodule of V,. If (V|, V;) # 0, i.e., W # Vi, then irreducibility implies
that W = {0} and (-, -) yields a nondegenerate pairing of V; and V,. Thus the map
vy — (-, vp) exhibits an equivalencevl = V;. This implies that V; = Vz* =V, 0O
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2.2.4 Canonical Decomposition

Definition 2.22. (1) Let G be a compact Lie group. Denote the set of equivalence
classes of irreducible (unitary) representations of G by G. When needed, choose a
representative representation (7, E,) for each [r] € G. R

(2) Let V be a finite-dimensional representation of G. For [7] € G, let V|, be the
largest subspace of V that is a direct sum of irreducible submodules equivalent to
E . The submodule V|, is called the w-isotypic component of V.

.. . . dimVj,
(3) The multiplicity of 7 in V, m, is d‘;:l‘gnl s

i.e., V[;-[J = mﬂEn.

First, we verify that V[, is well defined. The following lemma does that as well
as showing that V| is the sum of all submodules of V equivalent to E.

Lemma 2.23. If Vi, V, are direct sums of irreducible submodules isomorphic to E,
then so is Vi + V,.

Proof. By finite dimensionality, it suffices to check the following: if {W;} are G-
submodules of a representation and W is irreducible satisfying W gZ W, d---®&W,,
then WiN(W, @ --- & W,)) = {0}. However, W N (W, & --- & W,) is a G-invariant
submodule of Wi, so the initial hypothesis and irreducibility finish the argument. O

If V, W are representations of a Lie group G and V = W @ W, note this decom-
position is not canonical. For example, if ¢ € C\{0}, then W' = {(w, cw) | w € W}
and W = {(w, —cw) | w € W} are two other submodules both equivalent to W and
satisfying V = W’ @ W”. The following result gives a uniform method of handling
this ambiguity as well as giving a formula for the n; in Equation 2.18.

Theorem 2.24 (Canonical Decomposition). Let V be a finite-dimensional repre-
sentation of a compact Lie group G.
(1) There is a G-intertwining isomorphism t,

Homg (Ex, V) ® Ey — Vi)

induced by mapping T ®v — T (v) for T € Homg(E,, V) andv € V. In particular,
the multiplicity of 7w is

m,; = dimHomg (E,, V).

(2) There is a G-intertwining isomorphism

@ Homg(E,, V) ® E, Sv= @ Viz)-
(21eC [71eG

Proof. For part (1), let T € Homg(E,, V) be nonzero. Then ker T = {0} by the
irreducibility of E;. Thus T is an equivalence of E,; with T(E), and so T(E;) C
Viz)- Thus ¢, is well defined. Next, by the definition of the G-action on Hom(E,, V)
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and the definition of Homg (E;, V), it follows that G acts trivially on Homg (E, V).
Thus g(T @ v) =T ® (gv), 50 1 (g(T ®v)) = T(gv) = gT(v) = g (T ® v),
and so (,, is a G-map. To see that ¢, is surjective, let V; = E, be a direct summand
in Vi) with equivalence given by T : E; — V;. Then T € Homg(E,, V) and V;
clearly lies in the image of ¢, . Finally, make use of a dimension count to show that
lr 18 injective. Write Vi1 = Vi @ --- @ V,,, with V; = E;. Then

dimHomg (E;, V) = dimHomg(E;, Vi) = dimHomg(E, Vi @ -+ @ V)
= ZdimHom(;(En, Vi) =my
i=1

by Schur’s Lemma (Theorem 2.12). Thus dim Homg (E;, V) ® E; = m, dim E,, =
dim V[n].

For part (2), it only remains to show that V = @[n] <& Vim1- By Equation 2.18,
V =3 11e¢ Vim and by Corollary 2.21 the sum is direct. O

See Theorem 3.19 for the generalization to the infinite-dimensional setting of
unitary representations of compact groups.

2.2.5 Exercises

Exercise 2.14 Verify that the actions given in Definition 2.10 are representations.

Exercise 2.15 (a) Let V and W be finite-dimensional representations of a Lie group
G. Show that V* ® W is equivalent to Hom(V, W) by mapping T ® w to the linear
map wT (-).

(b) Show, as representations, that V Q V = S2(V) @ /\2(V).

Exercise 2.16 If V is an irreducible finite-dimensional representation of a Lie group
G, show that V* is also irreducible.

Exercise 2.17 This exercise considers a natural generalization of V,(C?). Let W be
a representation of a Lie group G. Define V,(W) to be the space of holomorphic
polynomials on W that are homogeneous of degree n and let (gP) () = P(g~'n).
Show that there is an equivalence of representations S*(W*) = V(W) induced by
viewing Ty - - - T,,, T; € W*, as a function on W.

Exercise 2.18 (a) Show that the map 7 : r — ((1) i ) produces a representation of

R on C2.

(b) Show that this representation is not unitary.

(c) Find all invariant submodules.

(b) Show that the representation is reducible and yet not completely reducible.

Exercise 2.19 Use Schur’s Lemma (Theorem 2.12) to quickly calculate the centers
of the groups having standard representations listed in §2.1.2.1.
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Exercise 2.20 Let (-,-) be an inner product on C". Show that U(n) = {g €
GL(n,C) | (gv, gv') = (v, V) forv, v’ € C"}.

Exercise 2.21 (a) Use Equation 2.13 to show that all irreducible finite-dimensional
representations of an Abelian Lie group are 1-dimensional (c.f. Exercise 3.18).

(b) Classify all irreducible representations of S! and show that S! = Z.

(¢) Find the irreducible summands of the representation of S' on C? generated by
the isomorphism S' = S0O(2).

(d) Show that a smooth homomorphism ¢ : R — C satisfies the differential equation
¢ = [(p’(O)] ¢. Use this to show that the set of irreducible representations of R is
indexed by C and that the unitary ones are indexed by iR.

(e) Use part (d) to show that the set of irreducible representations of R* under its
multiplicative structure is indexed by C and that the unitary ones are indexed by iR.
(f) Classify all irreducible representations of C = R? under its additive structure and
of C\{0} under its multiplicative structure.

Exercise 2.22 Let V be a finite-dimensional representation of a compact Lie group
G. Show the set of G-invariant inner products on G is isomorphic to Homg (V*, V*).

Exercise 2.23 (a) Let r; : V; — U(n) be two (unitary) equivalent irreducible rep-
resentations of a compact Lie group G. Use Corollary 2.20 to show that there exists
a unitary transformation intertwining ; and 5.

(b) Repeat part (a) without the hypothesis of irreducibility.

Exercise 2.24 Let V be a finite-dimensional representation of a compact Lie group
G and let W C V be a subrepresentation. Show that W) C Vi for [7] € G.

Exercise 2.25 Suppose V is a finite-dimensional representation of a compact Lie
group G. Show that the set of G-intertwining automorphisms of V is isomorphic to
H[rr] <& GL(my, C) where m;, is the multiplicity of the isotypic component V.

2.3 Examples of Irreducibility

2.3.1 SU(2) and V,(C?)

In this section we show that the representation V,(C?) from §2.1.2.2 of SU(2) is
irreducible. In fact, we will later see (Theorem 3.32) these are, up to equivalence,
the only irreducible representations of SU (2). The trick employed here points to-
wards the powerful techniques that will be developed in §4 where derivatives, i.e.,
the tangent space of G, are studied systematically (c.f. Lemma 6.6).

Let H C V,(C?) be a nonzero invariant subspace. From Equation 2.3,
(2.25) diag(e®, e™"%) - (z}z57F) = /"7 25 E
As the joint eigenvalues e/""~2% are distinct and since H is preserved by
{diag(e’?, e~')}, H is spanned by some of the joint eigenvectors z<z3 %, In par-
ticular, there is a kg, SO zfoz;7k° € H.
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cost isint
isint cost

cost —sint
Let K, = (sint cost ) € SU(2) and let , = ( ) e SUQ2).

Since H is SU(2) invariant, 1 (K, £in,) 2°Z57" € H. Thus, when the limits ex-

ist, % [% (K; £iny) Z’l‘uzg—ko] l;=o € H. Using Equation 2.3, a simple calculation
(Exercise 2.26) shows that
ko z]]“)_lz;_k”"Ll for +

ko+1 _n—ko—1
(ko —n)z*" zy 7 for —.

1d

@26) o [Kein) ] oo = {

Induction therefore implies that V,,(C) € H, and so V,(C) is irreducible.

2.3.2 SO(n) and Harmonic Polynomials

In this section we show that the representation of SO (n) on the harmonic polyno-
mials H,,,(R") C V,,(R") is irreducible (see §2.1.2.3 for notation). Let D,,(R") be
the space of complex constant coefficient differential operators on R” of degree m.
Recall that the algebra isomorphism from @, V,,(R") to @,, D, (R") is generated
by mapping x; — 9y,. In general, if ¢ € ,, V,» (R"), write 9, for the corresponding
element of @, D, (R").

Define (-, -) a Hermitian form on V,,(R") by (p,q) = 95(p) € Cfor p,q €
V. (R™). Since {x{“xé‘z .. .x,’,‘" | ki € Nand ky + ky + - - - + k,, = m} turns out to be
an orthogonal basis for V,,(R"), it is easy to see that (-, -) is an inner product. In fact,
(-, -) is actually O (n)-invariant (Exercise 2.27), although we will not need this fact.

Lemma 2.27. With respect to the inner product {-,-) on V,(R"), Hn,R")*
1x|? Vyu_n (R™) where |x|* = > xi2 € Vo(R"). As O(n)-modules,

Vm(RH) = Hm(Rn) D Hm—Z(Rn) > Hm—4(Rn) @D---.

Proof. Let p € V,,(R") and g € V,,,_»(R"). Then (p, |x|2q> = Oj,pqP = 05Ap
(Ap, q). Thus [|)c|2 Vm,z(R")]L = H,,(R") so that

(2.28) Vi R") = Hp(R") @ |x|* Voo (R").

Induction therefore shows that

Vi (R") = Hpy (R") @ |x> Hpp2(R") @ |x[* Hppa(R) B - -

The last statement of the lemma follows by observing that O (n) fixes |x |2k, O

By direct calculation, dim H,, (RY = 0 for m > 2. Forn > 2, however, it is clear
that dim V,,,(R") > dim V,,,_; (R") so that dim H,,, (R") > 1.

Lemma 2.29. If G is a compact Lie group with finite-dimensional representations
U,V, W satisfyingU @V Z2U & W, then V = W.
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Proof. Using Equation 2.18, decompose U = @[ﬂea myE,, V= @[n]e@ m, Ey,
and W = D, My Ex- The condition U @ V = U @ W therefore implies that
my +m,, =my +ml sothatm/, =m) and V=W. o

Definition 2.30. If H is a Lie subgroup of a Lie group G and V is a representation
of G, write V|g for the representation of H on V given by restricting the action of
GtoH.

For the remainder of this section, view O(n — 1) as a Lie subgroup of O(n) via

the embedding g — ((1) 2)
Lemma 2.31.

H R op-1) = Ha R @ Hp y(R"™H @ -+ - @ Ho(R™™).

m

Proof. Any p € V,(R") may be uniquely written as p = » ;_, x{(Pk with p; €
Vyu_i(R"1) where R” is viewed as R x R""!. Since O(n — 1) acts trivially on x{‘,

(2.32) VR o1y = @D, Vi R,

Applying Equation 2.28 first (restricted to O (n — 1)) and then Equation 2.32, we get

~ n m=2 n—
Ve R o1 = Hn R 0(r—1) & €D, V2 #R"™).

Applying Equation 2.32 first and then Equation 2.28 yields

ViR om-1) = @::O [Hm_k(Rnfl) ® Vm—z—k(R”il)]
= B s ® D] @ [ B Vs ® ]

k=0
The proof is now finished by Lemma 2.29. O

Theorem 2.33. H,,(R") is an irreducible O (n)-module and, in fact, is irreducible
under SO (n) forn > 3.

Proof. See Exercise 2.31 for the case of n = 2. In this proof assume n > 3.

Hy(R™)|s0m—1y contains, up to scalar multiplication, a unique SO(n — 1)-
invariant function: If f € H,,(R") is nonzero and SO (n)-invariant, then it is con-
stant on each sphere in R” and thus a function of the radius. Homogeneity implies
that f(x) = C |x|™ for some nonzero constant. It is trivial to check the condition that
Af = 0 now forces m = 0. Thus only Hy(R") contains a nonzero SO (n)-invariant
function. The desired result now follows from the previous observation and Lemma
2.31.

If V is a finite-dimensional S O (n)-invariant subspace of continuous functions on
§"=1 then V contains a nonzero SO (n — 1)-invariant function: Here the action of
SO(n) onV is, as usual, given by (gf)(s) = f(g’ls). Since SO (n) acts transitively
on $"! and V is nonzero invariant, there exists f e V,so f(1,0,...,0) # 0.
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Define f(s) = fSO(n D f(gs)dg. If { f;} is a basis of V, then f(gs) = ( ’1f) (s)
and so may be written as f (gs) = >, ci(g) fi(s) for some smooth functlons c;. By
integrating, it follows that f € V. From the definition, it is clear that f is SO(n—1)-
invariant. It is nonzero since f (1,0,...,0)= f(1,0,...,0).

H,,(R") is an irreducible S O(n)-module: Suppose H,R") = Vi & V, for
proper S O (n)-invariant subspaces. By homogeneity, restricting functions in V; from
R" to $"~! is injective. Hence, both V; and V, contain independent SO(n — 1)-
invariant functions. But this contradicts the fact that H,, (R") has only one indepen-
dent SO (n — 1)-invariant function. O

A relatively small dose of functional analysis (Exercise 3.14) can be used
to further show that L2(S"™') = @y Hm(R")|s:-1 (Hilbert space direct sum)
and that H,, (R")|g.—1 is the eigenspace of the Laplacian on "' with eigenvalue
—m(n+m —2).

2.3.3 Spin and Half-Spin Representations

The spin representation S = /\ W of Spin,(R) for n odd and the half-spin rep-
resentations S* = /\i W for n even were constructed in §2.1.2.4, where W is a
maximal isotropic subspace of C". This section shows that these representations are
irreducible.

For n even withn = 2m, let W = {(z1, .- , Zm,» 021, --- ,iZm) | 2k € C} and
W =A{(z1s--- s Zm>»—i21, ... » —izZm) | zx € C}. Identify W with C™ by projecting
onto the first m coordinates. For x = (x1,...,x,)and y = (y1, ..., y») in R™”, let
(x,y) = (X1, .+« s Xmy Y1y -+ » Ym) € R". In particular, (x,y) = %(x —iy,i(x —
iy)) + %(x +1iy, —i(x +iy)). Using Definition 2.7, the identification of C" with W,
and noting ((a, —ia), (b, ib)) = 2(a, b), the spin action of Spin,,, (R) on /\i Crn =
S# is induced by having (x, y) act as

(2.34) %e(x —iy) — 2t(x +iy).

For n odd withn =2m + 1,take W = {(z1, ... , Zm, iZ1s--- , 12Zm, 0) | zx € C},
W' = {(z1,...,Zm> =020 .- »—12m,0) | zx € C}, and ¢¢ = (0,...,0,1).
As above, identify W with C" by projecting onto the first m coordinates. For
x = (x,...,xp)and y = (y1,...,yn) in R" and u € R, let (x,y,u) =
(X1 e e s Xms Y1y e oo » Ym» u) € R". In particular, (x, y, u) = %(x—iy, i(x—iy),0)+
%(x +iy, —i(x+iy), 0)+(0, 0, u). Using Definition 2.7 and the identification of C™"
with W, the spin action of Spin,,, ;(R) on /\ C" = § is induced by having (x, y, u)
act as

(2.35) %e(x —iy) = 2t(x +iy) + (=D)%*Em;,

Theorem 2.36. For n even, the half-spin representations S* of Spin, (R) are irre-
ducible. For n odd, the spin representation S of Spin, (R) is irreducible.
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n

Proof. Using the standard basis {e;};_,, calculate

(ej Liejym)ex Lierym) = ejer Liejerim + €jimer) — €jamCiim

for1 < j,k < m.Since ejex, €jexim, €jymex, and e, exyym lie in Spin, (R), Equa-
tions 2.34 and 2.35 imply that the operators €(e;)e(ex) and t(e;)t(ex) on A C™ are
achieved by linear combinations of the action of elements of Spin, (R) on A C™.
For n even, let W be a nonzero Spin,, (R)-invariant subspace contained in either
St = /\+ C™ or S~ = /\” C™. The operators €(e;)e(ex) can be used to show that
W contains a nonzero element in either A" C™ or /\m*1 C™, depending on the parity
of m. In the first case, since dim /\" C™ = 1, the operators ¢(e;)t(ex) can be used to
generate all of /\i C™. In the second case, the operators ¢(e;)t(ex) and €(ej)e(ex)
can be used to generate all of /\m_l C™ after which the operators t(e;)t(ex) can be
used to generate all of S*. Thus both half-spin representation are irreducible.
Similarly, for n odd, examination of the element (e; &= ie;,,)e, shows that the
operators €(e;)(— 1)4¢ and ¢ (e (= 1)%2 are obtainable as linear combinations of the
action of elements of Spin,(R) on /\ C". Hence any nonzero Spin, (R)-invariant
subspace W of A\ C™ contains /\" C™ by use of the operators € (e j)(—l)deg. Fi-
nally,the operators t(e;)(— 1)9¢2 can then be used to show that W = A C" so that S
is irreducible. O

2.3.4 Exercises

Exercise 2.26 Verify Equation 2.26.

Exercise 2.27 (a) For g € O(n), use the chain rule to show that d,.,, f = g (8)6[ f )
for smooth f on R”.

(b) For g € O(n), show that d,.,, f = g (9, f) for p € V,,(R").

(¢) Show that (-, -) is O (n)-invariant on V,, (R").

Exercise 2.28 For p € V,,(R") show that there exists a unique & € @, Hn—x (R"),
SO p|sn—1 = h|sn—l.

Exercise 2.29 Show that A is an O (n)-map from V,,(R") onto V,,_»(R").

Exercise 2.30 Show that dim Ho(R") = 1, dim M, (R") = n, and dim H,,(R") =
Q2m+n—2)(m+n—3)! for m > 2.

m!(n—2)!
Exercise 2.31 Show that 7,,(R?) is O(2)-irreducible but not SO (2)-irreducible
when m > 2.

Exercise 2.32 Exercises 2.32 through 2.34 outline an alternate method of proving
irreducibility of H,, (R") using reproducing kernels ([6]). Let H be a Hilbert space
of functions on a space X that is closed under conjugation and such that evaluation
at any x € X is a continuous operator on H. Write (-, -) for the inner product on H.
Then for x € X, there exists a unique ¢, € H, so f(x) = (f, ¢.) for f € H. The
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function & : X x X — C, given by (x, y) — (¢, ¢,), is called the reproducing
kernel.

(a) Show that ®(x, y) = ¢,(x) forx, y € X and f(x) = (f, ®(-,x)) for f € H.
(b) Show that span{¢, | x € X} is dense in H.

(¢) If {eq }we 4 is an orthonormal basis of H, then ®(x, y) = >, ea(x) ea_(y).

(d) If there exists a measure 1 on X such that  is a closed subspace in L2(X, d 1),

then f(x) = [, ®(y,x) f () du(y).

Exercise 2.33 Suppose there is a Lie group G acting transitively on X. Fix xo € X
so that X = G/H where H = G*. Let G act on functions by (gf) (x) = f(g"'x)
for g € G and x € X. Assume this action preserves H, is unitary, and that H =
{f e H|hf = f for h € H} is one dimensional.

(a) Show that g¢, = ¢, and ®(gx, gy) = ®(x,y)forge Gandx, y € X.

(b) Let W be a nonzero closed G-invariant subspace of H and write ®y for its
reproducing kernel. Show that the function x — ®y (x, xo) lies in H*.

(¢) Show that G acts irreducibly on H.

Exercise 2.34 Let H = H,,(R") € V,,(R"), where V,,(R") is viewed as sitting in
L?(S"~1) by restriction to $"~!. Let py = (1,0, ..., 0).
(a) Show that V,,(R")?®~D consists of all functions of the form

1]
x = Y (=1Vej(x, x) (x, po)t

Jj=0

for constants c; € C.

(b) Find a linear recurrence formula on the c; to show that dim H,, (RMHO0=D =1,
(c) Show that H,, (R") is irreducible under O (n).

(d) Show that H,,, (R") is still irreducible under restriction to SO (n) for n > 3.

Exercise 2.35 Let G = U(n), V,,(C") be the set of complex polynomials ho-
mogeneous of degree p in zy, ..., z, and homogeneous of degree ¢ in Z7, ... ,Z,
equipped with the typical actionof G, A, , = > 0,0z, and H, 4 (C") = V), o (C)N
ker A, ;. Use restriction to $**~! and techniques similar to those found in Exercises
2.32 through 2.34 to demonstrate the following.

(a) Show that A, , is a G-map from V), ,(C") onto V,,_; ,_1(C").

(b) Show H,, (R?") = @[H-q:m Hp e (CH).

(c) Show that H,, ,(C") is U (n)-irreducible.

(d) Show that H, ,(C") is still irreducible under restriction to SU (n).

Exercise 2.36 Show that ST and S~ are inequivalent representations of Spin,, (R)
for n even.
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Harmonic Analysis

Throughout this chapter let G be a compact Lie group. This chapter studies a number
of function spaces on G such as the set of continuous functions on G, C(G), or the
set of square integrable functions on G, L?(G), with respect to the Haar measure dg.
These function spaces are examined in the light of their behavior under left and right
translation by G.

3.1 Matrix Coefficients

3.1.1 Schur Orthogonality

Let (7, V) be a finite-dimensional unitary representation of a compact Lie group G
with G-invariant inner product (-, -). If {v;} is a basis for V, let {v}'} be the dual basis
for V,ie., (v;, v;‘) = §; j where §; ; is 1 wheni = j and O when i # j. With respect
to this basis, the linear transformation 7(g) : V — V, g € G, can be realized as
matrix multiplication by the matrix whose entry in the (i, j)™ position is

(gvj, v}).

The function g — (gv;, v}) is a smooth complex-valued function on G. The study
of linear combinations of such functions turns out to be quite profitable.

Definition 3.1. Any function on a compact Lie group G of the form fu‘fu (g) =
(gu, v) for a finite-dimensional unitary representation V of G with u,v € V and
G-invariant inner product (-, -) is called a matrix coefficient of G. The collection of
all matrix coefficients is denoted M C(G).

Lemma 3.2. MC(G) is a subalgebra of the set of smooth functions on G and
contains the constant functions. If {vI'}™, is a basis for E;, [n] € G, then

{fF lnleGand 1 < i, j < ng} span MC(G).



48 3 Harmonic Analysis

Proof. By definition, a matrix coefficient is clearly a smooth functionon G. If V, V’
are unitary representations of G with G-invariant inner products (-, -)y and (-, -)y/,
then U @ V is unitary with respect to the inner product ((u, v), (i, V"))
(u,u’)y + (v, v)y, and V ® V' is unitary with respect to the inner product

(Z u; ® v, Zu; ® v?) = Z(ui, u)v (i, V) yr
J

i vev:  bJ

vev: —

(Exercise 3.1). Thus cf) , + UVU = f(veav’ so MC(G) is a subspace and

u,u' cu,v), (' ,v')’
u
achieved as matrix coefficients of the trivial representation.

To verify the final statement of the lemma, first decompose V into irreducible mu-
tually perpendicular summands (Exercise 3.2) as V = @, V; where each V; = E,.
Any v,v" € V can be written v = ), v; and v = ), v with v;,v, € V;
so that fv"/v/ =y fv‘lfu;. If T; : Vi - E, is an intertwining isomorphism,

VoV vev’ : : :
wiSow = Jugvawgws S0 MC(G) is an algebra. The constant functions are easily

then (Z;v;, T;v)) E, = (v;, v})y defines a unitary structure on E,, so that fv‘fv, =
Ex . . . .
Zi S .- Expanding T;v; and T; v} in terms of the basis for E, finishes the proof.

m}

The next theorem calculates the L? inner product of the matrix coefficients cor-
responding to irreducible representations.

Theorem 3.3 (Schur Orthogonality Relations). Ler U,V be irreducible finite-
dimensional unitary representations of a compact Lie group G with G-invariant
inner products (-, )y and (-, -)y. If u; € U and v; € V,

0 ifU v
_dmllv (uy, v)y (U2, v2)y ifU =V.

Proof. Foru € U andv € V,define7,, : U — V by T, ,(-) = v (-, u)y. For
the sake of clarity, initially write the action of each representation as (7y, U) and
(ry, V). Then the function g — 7wy (g)o T,y 0 n;l(g), g € G, can be viewed, after
choosing bases, as a matrix valued function. Integrating on each coordinate of the
matrix (c.f. vector-valued integration in §3.2.2), define 7, , : U — V by

/(gul,uz)U (gvi, v2)ydg = {
G

Tuw = / my(g) o Tuy oy, ' (g) dg.
G

For h € G, the invariance of the measure implies that

mmwim=f

G
=1y © JTv(h),

ny(hg) o Ty omy ' (g)dg = / my(g) o Tuyomy (h'g)dg
G

SO thelt TM € Homg (U, V). Irreducibility and Schur’s Lemma (Theorem 2.12) show
that 7, , = c¢I where ¢ = c(u,v) € C with ¢ = 0 when U % V. Unwinding the
definitions and using the change of variables g — g~!, calculate
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c (ulﬂ vl)V = (Tuz,vzu17 vl)v = [(gnlz,v2g71u17 Ul)Vdg
G
=/((8_]M1,M2)U g2, v1)v dg =/ (gui, u2)y (¢~ 'va, v1)v dg
G G

=/ (gui, uz)y (v2, gui)y dg=/ (gui, uz)y (gui, v2)y dg.
G G

Thus the theorem is finished when U 2 V.then U = V, it remains to calculate c.
For this, take the trace of the identity c/ = Ty, ,, to get

cdimV =trT,,,, = / tr[goT,wmog '] dg
G

=/‘tI‘Tu2_v2dg=trTllzvv2'
G

To quickly calculate tr 7, ,, for nonzero u,, choose a basis for U = V with v,
as the first element. Since T, ,,(:) = v2(:, u2)v, tr Ty, o, = (V2, u2)y, so that ¢ =
ﬁ (u2, v2)y which finishes the proof. O

U =VandT : U — V is a G-intertwining isomorphism, Theorem 2.20
implies there is a positive constant ¢ € R, so that (uy, uy)y = c¢(Tuy, Tuy)y. In this
case, the Schur orthogonality relation becomes

[ c -
f (gui, u2)y (gui, 1)y dg = —— (Tuy, vi)y (Tuz, v2)y.
G dlmV

Of course, T can be scaled so that ¢ = 1 by replacing T with /cT.

3.1.2 Characters

Definition 3.4. The character of a finite-dimensional representation (7, V) of a
compact Lie group G is the function on G defined by xy(g) = trw(g).

It turns out that character theory provides a powerful tool for studying represen-
tations. In fact, we will see in Theorem 3.7 below that, up to equivalence, a character
completely determines the representation. Note for dim V > 1, a character in the
above sense is usually not a homomorphism.

Theorem 3.5. Let V,V; be finite-dimensional representations of a compact Lie
group G.

(1) xv € MC(G).

(2) xv(e) =dimV.

(3) If Vi = Vy, then xy, = Xv,.

(4) xv(hgh™) = xv(g) forg.h € G.

(5) xview, = Xvi + Xv-

(6) Xviev, = Xvi Xvs-

(7) xv+(®) = xv(g) = xv(®) = xv(g™H.

(8) xc(g) = 1 for the trivial representation C.
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Proof. Each statement of the theorem is straightforward to prove. We prove parts
(1), (4), (5), and (7) and leave the rest as an exercise (Exercise 3.3). For part (1), let
{v;} be an orthonormal basis for V with respect to a G-invariant inner product (-, -).
Then xv(g) = Y_,;(gv:, v;) so that xy € MC(G). For part (4), calculate

xv(hgh™") =[x (@)~ ] = rm(g) = xv(g).
For part (5), §2.2.1 shows that the action of G on V| @ V, can be realized by a matrix

of the form ( Ek) 2 ) where the upper left block is given by the action of G on V; and
the lower right block is given by the action of G on V,. Taking traces finishes the
assertion. For part (7), the equivalence V* = V shows xv=(g) = xy(g). From the
discussion in §2.2.1 on V, the matrix realizing the action of g on V is the conjugate
of the matrix realizing the action of g on V. Taking traces shows xy(g) = xv(g).
Similarly, from the discussion in §2.2.1 on V*, the matrix realizing the action of g
on V* is the inverse transpose of the matrix realizing the action of g on V. Taking
traces shows xy«(g) = Xv(g’l). O

Definition 3.6. If V is a finite-dimensional representation of a Lie group G, let V¢ =
{veV |gv=vforg e G},ie., VY is the isotypic component of V corresponding
to the trivial representation.

The next theorem calculates the L? inner product of characters corresponding to
irreducible representations.

Theorem 3.7. (1) Let V, W be finite-dimensional representations of a compact Lie
group G. Then

/ xv(g) xw(g)dg = dimHomg (V, W).
G

In particular, fG xv(g)dg = dim VY and if V, W are irreducible, then

— oV ZW
/G)(v(@:))(w(g)a’g—{1 ifU=V.

(2) Up to equivalence, V is completely determined by its character, i.e., xy = xw if
and only if V.= W. In particular, if V; are representations of G, then V = D, n; V;
ifand only if xy =Y, nixv,.

(3) V isirreducible if and only iffG I)(V(g)l2 dg =1.

Proof. Begin with the assumption that V, W are irreducible. Let {v;} and {w;} be an
orthonormal bases for V and W with respect to the G-invariant inner products (-, -)y
and (-, -)w. Then

xv(g) xw(g) = Z(gvi, vy (wj, wj)y,
i,j
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so Schur orthogonality (Theorem 3.3) implies that fG xv(g) xw(g)dg is 0 when
VZW.WhenU =V, xyw = xv, so Schur orthogonality implies that

/XV(g)xV(g)dg——Zl(v,,v,)v =

For arbitrary V, W, decompose V and W into irreducible summands as V =
@[n]eé My Ez and W = @[ﬂ]eg ny E;. Hence

/ W@ @dg= Y mane f xe. (@) X2, @) dg

BN
= Z My, = Z myny, dimHomg (E,, E;/)

[71eG [x1.l7'1eG
= dim Homg (@D myxEx. €D 1z Ex) = dimHomg (V, W).
(x1eG [71eG

The remaining statements follow easily from this result and the calculation of
multiplicity in Theorem 2.24. In particular since V¢ is the isotypic component of
V corresponding to the trivial representation, dim Homg (C, V) = dim V¢ and thus
dim VY = [. xc(g) xv(g)dg = [, xv(g)dg. Since dim V7 is a real number, the
integrand may be conjugated with impunity and part (1) follows.

For part (2), V is completely determined by the multiplicities m, =
dimHomg(E,, V), [r] € G. As this number is calculated by fG XEe.(8) xv(g)dg,
the representation is completely determined by yy. For part (3), V is irreducible if
and only if dim Homg(V, V) = 1 by Corollary 2.19. In turn, this this is equivalent

to [, xv(g) xv(g)dg = 1. !

As an application of the power of character theory, we prove a theorem classi-
fying irreducible representations of the direct product of two compact Lie groups,
G x G,, in terms of the irreducible representations of G and G,. This allows us to
eventually focus our study on compact Lie groups that are as small as possible.

Definition 3.8. If V; is a finite-dimensional representation of a Lie group G;, Vi ® V,
is a representation of G; x G, with action given by (g1,82) ) ,;v;, Q@ vi, =

> (glvil) ® (gzvi2)~

Theorem 3.9. For compact Lie groups G;, a finite-dimensional representation W of
G| x Gy is irreducible if and only if W = V| ® V, for finite-dimensional irreducible
representations V; of G;.

Proof. 1f V; are irreducible representations of G;, then |, G | XV, (g)|2 dg = 1. Since
Xviev, (81, 82) = xv,(81) Xxv,(g2) (Exercise 3.3) and since Haar measure on G; x G,
is given by dg; dg, by uniqueness,



52 3 Harmonic Analysis

2
/ | Xoxvov, (81> 82)| dg1dgn
G1 XGZ

(3.10)

(/ n (gD dgl) (/ v (g2 dgz)
Gy G
1’

so that V| ® V, is G| x G,-irreducible.
Conversely, suppose W is G| x G,-irreducible. Identifying G| with G| x {e} and
G, with {e} x G,, decompose W with respect to G, as

5 Homg,(E. W) ® E

(71€Ga

under the G,-map ® induced by (7 ® v) = T (v). Recall that G, acts trivially
on Homg, (E,, W) and view Homg, (E,;, W) as a representation of G; by setting
(&1T) (v) = (g1, e)T (v). Thus @[n]eé} Homg, (E;, W) ® E, is arepresentation of
G| x Gy and, in fact, ® is now a G| x G,-intertwining isomorphism to W since

(81, 82)P(T ®v) = (g1,e)(e, g2)P(T ®v) = (g1,e)P(T ® grv)
= (g1, )T (g2v) = (g1T)(g2v) = (g1 T) ® (g2v)) .

As W is irreducible, there exists exactly one [r] € (/3\2 so that
W = Homg, (Ex, W) ® E.

Since E; is G,-irreducible, a calculation as in Equation 3.10 shows Homg, (E;, W)
is G-irreducible as well. O

12

e As A corollary of Theorem 3.9 (Exercise 3.10), it easily follows that G1/>-<\G2
G1 X Gg.

3.1.3 Exercises

Exercise 3.1 If V, V' are finite-dimensional unitary representations of a Lie group
G with G-invariant inner products (-, -) and (-, -)’, show the form ((u, u'), (v, v’)) =
(u,v) + (', V') on V @ V'is a G-invariant inner product and the form

(Z u ® u, Zv_; ® v;> - Z(“i’ vj) g, v3)'
i J iJ

on V ® V' is a G-invariant inner product.

Exercise 3.2 Show that any finite-dimensional unitary representation V of a com-
pact Lie group G can be written as a direct sum of irreducible summands that are
mutually perpendicular.
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Exercise 3.3 Prove the remaining parts of Theorem 3.5. Also, if V; are finite-
dimensional representations of a compact Lie group G;, show that xv,gv, (81, &2) =

xv,(81) xv,(g2).

Exercise 3.4 Let G be a finite group acting on a finite set M. Define a representation
of Gon C(M) = {f : M — C} by (gf)(m) = f(g~'m). Show that xcu(g) =
|M8| for g € G where M$ = {m € M | gm = m}.

Exercise 3.5 (a) For the representation V,(C?) of SU(2) from §2.1.2.2, calculate
Xv, 2 (g) for g € SU(2) in terms of the eigenvalues of g.
(b) Use a character computation to establish the Clebsch—Gordan formula:

min{n,m}

Vi@ @ Vu(C) = @D Vigm2; (€.
j=0

Exercise 3.6 (a) For the representations V,,(R*) and H,,(R*) of SO(3) from
§2.1.2.3, calculate xy, r3)(g) and x4, r%)(g) for g € SO(3) of the form

m

1 0 0
0 cos® —sin6
0 sinf cosé

(b) For the half-spin representations ST of Spin(4) from §2.1.2.4, calculate xs=(g)
for g € Spin(4) of the form (cos 6, + eje; sin6) (cos 6 + eszeq Sin 65).

Exercise 3.7 Let V be a finite-dimensional representation of G. Show x A2 v(g) =

1 (xv(@* = xv(g?) and xsoy = 3(xv(g)* + xv(g?). Use this to show that
VRV ZSVe /\2 V (c.f., Exercise 2.15).

Exercise 3.8 A finite-dimensional representation (77, V') of a compact Lie group G
is said to be of real type if there is a real vector space Vy on which G acts that gives
rise to the action on V by extension of scalars, i.e., by V = Vy Qg C. It is said to
be of quaternionic type if there is a quaternionic vector space on which G acts that
gives rise to the action on V by restriction of scalars. It is said to be of complex type
if it is neither real nor quaternionic type.

(a) Show that V is of real type if and only if V possesses an invariant nondegenerate
symmetric bilinear form. Show that V' is of quaternionic type if and only if V pos-
sesses an invariant nondegenerate skew-symmetric bilinear form.

(b) Show that the set of G-invariant bilinear forms on V are given by
Homg(V ® V,C) = Homg (V, V*) (c.f., Exercise 2.15).

(c) For the remainder of the problem, let V be irreducible. Show that V' is of complex
type if and only if V 2 V*. When V = V*, use Exercise 3.7 to conclude that V is
of real or quaternionic type, but not both.

(d) Using Theorem 3.7 and the character formulas in Exercise 3.7, show that

1 if V is of real type

/ xv(ghdg =1 0 ifV is of complex type
G —1 if V is of quaternionic type.
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(e) If xy is real valued, show that V is of real or quaternionic type.

Exercise 3.9 Let (7, V) be a finite-dimensional representation of a compact Lie
group G. Use unitarity and an eigenspace decomposition to show [xy(g)| < dimV
with equality if and only if 7 (g) is multiplication by a scalar.

Exercise 3.10 Let [7;] € a for compact Lie groups G;. Now show that the map
(Ex,, Ex,) = E; ® E,, induces an isomorphism G| x G, = G x G,.

3.2 Infinite-Dimensional Representations

In many applications it is important to remove the finite-dimensional restriction from
the definition of a representation. As infinite-dimensional spaces are a bit more tricky
than finite-dimensional ones, this requires a slight reworking of a few definitions.
None of these modifications affect the finite-dimensional setting. Once these ad-
justments are made, it is perhaps a bit disappointing that the infinite-representation
theory for compact Lie groups reduces to the finite-dimensional theory.

3.2.1 Basic Definitions and Schur’s Lemma

Recall that a topological vector space is a vector space equipped with a topology so
that vector addition and scalar multiplication are continuous. If V and V’ are topolog-
ical vector spaces, write Hom(V, V) for the set of continuous linear transformations
from V to V'’ and write GL (V) for the set of invertible elements of Hom(V, V).

The following definition (c.f. Definitions 2.1, 2.2, and 2.11) provides the nec-
essary modifications to allow the study of infinite-dimensional representations. As
usual in infinite dimensional settings, the main additions consist of explicitly requir-
ing the action of the Lie group to be continuous in both variables and liberal use of
the adjectives continuous and closed.

Definition 3.11. (1) A representation of a Lie group G on a topological vector space
V is a pair (w, V), where 7 : G — GL(V) is a homomorphism and the map
G x V — V given by (g, v) — m(g)v is continuous.

(2) If (7, V) and (', V') are representations on topological vector spaces, T €
Hom(V, V') is called an intertwining operator or G-map if T omr =7’ o T.

(3) The set of all G-maps is denoted by Homg (V, V).

(4) The representations V and V' are equivalent, V = V', if there exists a bijective
G-map from V to V',

(5) A subspace U C V is G-invariant if gU < U for g € G. Thus when U is
closed, U is a representation of G in its own right and is also called a submodule or
a subrepresentation.

(6) A nonzero representation V is irreducible if the only closed G-invariant sub-
spaces are {0} and V. A nonzero representation is called reducible if there is a proper
closed G-invariant subspace of V.
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For the most part, the interesting topological vector space representations we
will examine will be unitary representations on Hilbert spaces, i.e., representations
on complete inner product spaces where the inner product is invariant under the Lie
group (Definition 2.14). More generally, many of the results are applicable to Haus-
dorff locally convex topological spaces and especially to Fréchet spaces (see [37]).
Recall that locally convex topological spaces are topological vector spaces whose
topology is defined by a family of seminorms. A Fréchet space is a complete lo-
cally convex Hausdorff topological spaces whose topology is defined by a countable
family of seminorms.

As a first example of an infinite-dimensional unitary representation on a Hilbert
space, consider the action of ' on L?(S') given by (w(e?) f) (¢) = f(e'@™?)
for ¢!’ € S' and f e L?(S"). We will soon see (Lemma 3.20) that this example
generalizes to any compact Lie group.

Next we upgrade Schur’s Lemma (Theorem 2.12) to handle unitary representa-
tions on Hilbert spaces.

Theorem 3.12 (Schur’s Lemma). Let V and W be unitary representations of a Lie
group G on Hilbert spaces. If V.and W are irreducible, then

1 ifV=w

dim Homg (V, W) = { 0V W

In general, the representation V' is irreducible if and only if Homg(V, V) = CI.

Proof. Start with V and W irreducible. If T € Homg (V, W) is nonzero, then ker 7 is
closed, not all of V, and G-invariant, so irreducibility implies ker 7 = {0}. Similarly,
the image of T is nonzero and G-invariant, so continuity and irreducibility imply that
range T = W.

Using the definition of the adjoint map of 7, T* : W — V, it immediately
follows that T* € Homg(W, V) and that T* is nonzero, injective, and has dense
range (Exercise 3.11). Let S = T* o T € Homg(V, V) so that S* = S. In the
finite-dimensional case, we used the existence of an eigenvalue to finish the proof.
In the infinite-dimensional setting however, eigenvalues (point spectrum) need not
generally exist. To clear this hurdle, we invoke a standard theorem from a functional
analysis course.

The Spectral Theorem for normal bounded operators (see [74] or [30] for de-
tails) says that there exists a projection valued measure E so that § = fa s ME,
where o (S) is the spectrum of S. It has the nice property that the only bounded en-
domorphisms of V commuting with § are the ones commuting with each self-adjoint
projection E(A), A a Borel subset of ¢ (S). In terms of understanding the notation
fa( sy dE, The Spectral Theorem also says that § is the limit, in the operator norm,
of operators of the form Zi A E(A;) where {A;} is a partition of o (S) and A; € A;.

Since S € Homg(V, V), m(g) commutes with E(A) for each g € G, so
that E(A) € Homg(V, V). It has already been shown that nonzero elements of
Homg (V, V) are injective. As E(A) is a projection, it must therefore be 0 or 7. Thus
> i ME(A;) = kI for some (possibly zero) constant k. In particular, S is a multiple
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of the identity. Since S is injective, S is a nonzero multiple of the identity. It follows
that 7 is invertible and that V = W.

Now suppose T; € Homg (V, W) are nonzero. Let S = Tz’1 oT; € Homg(V, V)
and write § = % [(S+S*) —i(iS —iS*)]. Using the same argument as above ap-
plied to the self-adjoint intertwining operators S + S* and i S — i §¥, it follows that S
is a multiple of the identity. This proves the first statement of the theorem.

To prove the second statement, it only remains to show dim Homg(V, V) > 2
when V is not irreducible. If U C V is a proper closed G-invariant subspace, then so
is U~ by unitarity. The two orthogonal projections onto U and U+ do the trick. 0O

3.2.2 G-Finite Vectors

Throughout the rest of the book there will be numerous occasions where vector-
valued integration on compact sets is required. In a finite-dimensional vector space,
a basis can be chosen and then integration can be done coordinate-by-coordinate.
For instance, vector-valued integration in this setting was already used in the proof
of Theorem 3.7 for the definition of T, ,. Obvious generalizations can be made to
Hilbert spaces by tossing in limits. In any case, functional analysis provides a general
framework for this type of operation which we recall now (see [74] for details).
Remember that G is still a compact Lie group throughout this chapter.

Let V be a Hausdorff locally convex topological space and F : G — V a con-
tinuous function. Then there exists a unique element in V, called

/ flg)dg,
G

so that T (f,; f(g)dg) = [, T (f(g)) dg for each T € Hom(V,C). If V is a
Fréchet space, |, ¢ f(g) dg is the limit of elements of the form

> Fgndg(a,
i=1

where {A;}7_, is a finite Borel partition of G, g; € A;, and dg(4;) is the measure of
A; with respect to the invariant measure.

Recall that a linear map T on V is positive if (Tv,v) > 0 for all v € V and
strictly greater than zero for some v. The linear map T is compact if the closure
of the image of the unit ball under 7 is compact. It is a standard fact from func-
tional analysis that the set of compact operators is a closed left and right ideal under
composition within the set of bounded operators (e.g., [74] or [30]).

We now turn our attention to finding a canonical decomposition (Theorem 2.24)
suitable for unitary representations on Hilbert spaces. The hardest part is getting
started. In fact, the heart of the matter is really contained in Lemma 3.13 below.

Lemma 3.13. Let (i, V) be a unitary representation of a compact Lie group G on
a Hilbert space. There exists a nonzero finite-dimensional G-invariant (closed) sub-
space of V.
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Proof. Begin with any self-adjoint positive compact operator 7o € Hom(V, V),
e.g., any nonzero finite rank projection will work. Using vector-valued integration
in Hom(V, V), define

T:/n(g)oToon(g)_ldg.
G

Since T is the limit in norm of operators of the form ) ; dg(A;) w(g;) o Ty o w(g)™!
with g; € A; € G, T is still a compact operator. 7 is G-invarignt since dg is
left invariant (e.g., see the proof of Theorem 3.7 and the operator 7, ,). Using the
positivity of Ty, T is seen to be nonzero by calculating

(Tv,v) = / (n(9)Tom(9) v, v)dg = f (Tow () 'v, m(g) 'v)dg,
G G

where (-, -) is the invariant inner product on V. Since V is unitary, the adjoint of
m(g) is m(g)~". Using the fact that Ty is self-adjoint, it therefore follows that T is
also self-adjoint.

An additional bit of functional analysis is needed to finish the proof. Use the
Spectral Theorem for compact self-adjoint operators (see [74] or [30] for details)
to see that 7' possesses a nonzero eigenvalue A whose corresponding (nonzero)
eigenspace is finite dimensional. This eigenspace, i.e., ker(T — AI), is the desired
nonzero finite-dimensional G-invariant subspace of V. O

If {V4}aeca are Hilbert spaces with inner products (-, ), recall that the Hilbert
space direct sum is

DV = () | va € Vo and 3 Jlug]12 < 00).
acA acA

@a V, is a Hilbert space with inner product ((va) , (v;)) =Y ,(Wa, V,)s and con-
tains P, V. as a dense subspace with V,, L Vj for distinct o, B € A.

Definition 3.14. If V is a representation of a Lie group G on a topological vector
space, the set of G-finite vectors is the set of all v € V so that Gv generates a
finite-dimensional subspace, i.e.,

VG-fin = {v € V | dim (span{gv | g € G}) < 00}.

The next corollary shows that we do not really get anything new by allowing
infinite-dimensional unitary Hilbert space representations.

Corollary 3.15. Let (7, V) be a unitary representation of a compact Lie group G on
a Hilbert space. There exists finite-dimensional irreducible G-submodules V, C 'V

so that
V =V

In particular, the irreducible unitary representations of G are all finite dimensional.
Moreover, the set of G-finite vectors is dense in V.
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Proof. Zorn’s Lemma says that any partially ordered set has a maximal element if
every linearly ordered subset has an upper bound. With this in mind, consider the
collection of all sets {V, | « € A} satisfying the properties: (1) each V, is finite-
dimensional, G-invariant, and irreducible; and (2) V,, L Vj for distinct o, 8 € A.
Partially order this collection by inclusion. By taking a union, every linearly ordered
subset clearly has an upper bound. Let {V, | @ € A} be a maximal element. If

— — 1
@a Vo #£ V, then (@a Va> is closed, nonempty, and G-invariant, and so a uni-

tary Hilbert space representation in its own right. In particular, Lemma 3.13 and
Corollary 2.17 imply that there exists a finite dimensional, G-invariant, irreducible

— 1
submodule V, € (EBa VD,) . This, however, violates maximality and the corollary
is finished. O

As was the case in §2.2.4, the above decomposition is not canonical. This situa-
tion will be remedied next in §3.2.3 below.

3.2.3 Canonical Decomposition

First, we update the notion of isotypic component from Definition 2.22 in order to
handle infinite-dimensional unitary representations. The only real change replaces
direct sums with Hilbert space direct sums.

Definition 3.16. Let V be a unitary representation of a compact Lie group G on a
Hilbert space. For [] € G, let Vix) be the largest subspace of V that is a Hilbert
space direct sum of irreducible submodules equivalent to E. The submodule Vi is
called the w-isotypic component of V.

As in the finite-dimensional case, the above definition of the isotypic component
Vi) 1s well defined and Vi is the closure of the sum of all submodules of V equiva-
lent
to E, These statements are verified using Zorn’s Lemma in a fashion similar to the
proof of Corollary 3.15 (Exercise 3.12).

Lemma 3.17. Let V be a unitary representation of a compact Lie group G on a
Hilbert space with invariant inner product (-, -)y and let E, [7] € 6, be an irre-
ducible representation of G with invariant inner product (-,-)g,. Then
Homg (E, V) is a Hilbert space with a G-invariant inner product (-, -)gom defined
by (T1, To))uom! = T; o T. It satisfies

(3.18) (T1, T)Hom (x1, X2)E, = (T1x1, Taxa)y

for T; e Homg(E,, V) and x; € E;. Moreover, ||T ||gom IS the same as the operator
norm of T.

Proof. The adjoint of 75, T, € Hom(V, E), is still a G-map since
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(T3 (gv), V), = (gv, Tox)y = (0, > (g7'x))v = (Tyv, g ')k,
= (gTz*v’x)En

forx € E; and v € V. Thus T o T} € Hom(E,, E). Schur’s Lemma implies that
there is a scalar (T, T>)uom € C, so that (T, To)uom! = T, o T.
By definition, (-, -)gom is clearly a Hermitian form on Homg (E, V) and

(T\x1, Thxa)y = (T5 (Tix1), x2) g, = ((T1, T2)Hom X1, X2) E,,

= (T1, T2)Hom (X1, X2)E, -

In particular, for 7 € Homg (Ex, V), |IT [lgom is the quotient of || Tx|ly and [|x|| g,
for any nonzero x € E,. Thus ||T|gm 1S the same as the operator norm of T
viewed as an element of Hom(E,, V). Hence (-, -)gom 1S an inner product making
Homg (E,, V) into a Hilbert space. ]

Note Equation 3.18 is independent of the choice of invariant inner product
on E;. To see this directly, observe that scaling (-, -)g, scales 7., and therefore
(*» )Homg (E,. V), DY the inverse scalar so that the product of (-, -)g_ and (-, *)Homg(E, . v)
remains unchanged.

If V; are Hilbert spaces with inner products (-, -);, recall that the Hilbert space
tensor product, V, ® Vs, is the completion of V| ®V, with respect to the inner product
generated by (v; ® va, V] @ v5) = (v, v}) (v2, v5) (c.f. Exercise 3.1).

Theorem 3.19 (Canonical Decomposition). Let V be a unitary representation of a
compact Lie group G on a Hilbert space.
(1) There is a G-intertwining unitary isomorphism i

Homg(Ex, V) ® Ex = Vin

induced by 1, (T @ v) = T(v) for T € Homg(E,,V)andv € V.
(2) There is a G-intertwining unitary isomorphism

P Homg(Ex, VIB Ex > V = €D Via.
[r1eG [r1eG

Proof. As in the proof of Theorem 2.24, i, is a well-defined G-map from
Homg(E,, V) ® E; to Vi) with dense range (since V|, is a Hilbert space direct
sum of irreducible submodules instead of finite direct sum as in Theorem 2.24). As
Lemma 3.17 implies ¢, is unitary on Homg (E,, V) ® E, it follows that ¢, is in-
jective and uniquely extends by continuity to a G-intertwining unitary isomorphism
from Homg (E;, V) ® Ex to Viy). Finally, V is the closure of 2 tx1e6 Vin) by Corol-
lary 3.15 and the sum is orthogonal by Corollary 2.21. O

3.2.4 Exercises

Exercise 3.11 Let V and W be unitary representations of a compact Lie group G on
Hilbert spaces and let T € Homg(V, W) be injective with dense range. Show that
T* € Homg (W, V), T* is injective, and that 7* has dense range.
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Exercise 3.12 Let V be a unitary representation of a compact Lie group G on a
Hilbert space and let [7] € G.

(a) Consider the collection of all sets {V,, | « € A} satisfying the properties: (1) each
Vy is a submodule of V isomorphic to E, and (2) V, L Vj for distinct o, 8 € A.
Partially order this collection by inclusion and use Zorn’s Lemma to show that there
is a maximal element.

(b) Write {V,, | & € A} for the maximal element. Show that the orthogonal projection

i

P:V > (@QEAVQ) isa G-map. If V,, C V is any submodule equivalent to E,
use irreducibility and maximality to show that PV, = {0}.

(c) Show that the definition of the isotypic component V[, in Definition 3.16 is well
defined and that V[ is the closure of the sum of all submodules of V equivalent to
E,.

Exercise 3.13 Recall that S! = 7 via the one-dimensional representations 7, (/) =
e for n e Z (Exercise 2.21). View L2(S!) as a unitary representation of S! under
the action (¢’ - f)(e'®) = (&) for f € L*(S"). Calculate Homg (77, L*(S"))
and conclude that L>(S') = @, _,Ce™.

nez

Exercise 3.14 Use Exercise 2.28 and Theorem 2.33 to show that
(" H =P, Hn®lg, n=2,

is the canonical decomposition of L2(S"~") under O (n) (or SO (n) for n > 3) with
respect to usual action (gf) (v) = f(g~'v).

Exercise 3.15 Recall that the irreducible unitary representations of R are given by
the one-dimensional representations ,(x) = e for r € R (Exercise 2.21) and
consider the unitary representation of R on L?>(R) under the action (x - f)(y) =
f(x—y)for f € L>(R). Show L*(R) # @rE]RLz(]R)m by showing L?(R),, = {0}.

3.3 The Peter—Weyl Theorem

Let G be a compact Lie group. In this section we decompose L?(G) under left and
right translation of functions. The canonical decomposition reduces the work to cal-
culating Homg (E, L?(G)). Instead of attacking this problem directly, it turns out
to be easy (Lemma 3.23) to calculate that Homg (E, C(G)g-fin). Using the Stone—
Weierstrass Theorem (Theorem 3.25), it is shown that C(G)g.qn is dense in L2(G).
In turn, this density result allows the calculation of Homg (E;, L*(G)).

3.3.1 The Left and Right Regular Representation

The set of continuous functions on a compact Lie group G, C(G), is a Banach
space with respect to the norm || f{l¢(g) = supyeq |f(g)] and the set of square in-
tegrable functions, L?(G), is a Hilbert space with respect to the norm || f || 12G) =
fG | f(g)|*> dg. Both spaces carry a left and right action lg and r, of G given by
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(I f) (h) = f(g'h)
(rof) (h) = f(hg)

which, as the next theorem shows, are representations. They are called the left and
right regular representations.

Lemma 3.20. The left and right actions of a compact Lie group G on C(G) and
L?(G) are representations and norm preserving.

Proof. The only statement from Definition 3.11 that still requires checking is con-
tinuity of the map (g, f) — I, f (since r, is handled similarly). Working in C(G)
first, calculate

|fitgr'h) — (g '] < |fitgr'h) — figy'W)| + | filgs'h) — fo(gy'h)|
<|fitgr'h) — filgy' W]+ 1 i — Fllc -

Since f) is continuous on compact G and since the map g — g~ ' is continuous, it
follows that ngl fi—lgf HC(G) can be made arbitrarily small by choosing (g;, fi)
sufficiently close to (g2, f2).

Next, working with f; € L?(G), choose f € C(G) and calculate the following:

[t fi = lea o] 126 = Hf' e g,
= Ifi = £l + H h=lgie 2|,
=i — Ll + e fo = le o] 126
<fi = ol + [l fo = Lo f | 126
+ e f =l fl 26 + e f —lalf2] 2
= Ifi = lliae + 212 = Flliee + [l f —lefl 2
=Ifi = fallzey + 2112 = fllzze) + ng,f - lglf”C(G)’

Since f may be chosen arbitrarily close to f» in the L? norm and since G already
acts continuously on C(G), the result follows. ]

The first important theorem identifies the G-finite vectors of C(G) with the set
of matrix coefficients, M C(G). Even though there are two actions of G on C(G),
i.e., I, and r,, it turns out that both actions produce the same set of G-finite vectors
(Theorem 3.21). As a result, write C(G)g.in unambiguously for the set of G-finite
vectors with respect to either action.

Theorem 3.21. (1) For a compact Lie group G, the set of G-finite vectors of C(G)
with respect to left action, l,, coincides with set of G-finite vectors of C(G) with
respect to right action, r,.
(2) C(G)g-fin = MC(G).
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Proof. We first show that C(G)g.fn, With respect to left action, is the set of matrix
coefficients. Let u‘fv (g) = (gu, v) be a matrix coefficient for a finite-dimensional
unitary representation V of G with u, v € V and G-invariant inner product (-, -).
Then (I, f,/,)(h) = (¢~"hu, v) = (hu, gv) so that [, f,, = f,,. Hence {I, f,/, |
g€ Gy {f), | v € V}. Since V is finite dimensional, f,/, € C(G)g_gin, and thus
MC(G) < C(G)G-fin-

Conversely, let f € C(G)g.fin- By definition, there is a finite-dimensional sub-
module, V C C(G), with respect to the left action so that f € V. Since gf = g f,
V = {v | v € V}is also a finite-dimensional submodule of C(G). Write (-, -) for the
L? norm restricted to V. The linear functional on V that evaluates functions at e is
continuous, so there exists Ty € V so that v(e) = (v,vg) forv € V.In particular,
f(g) =1 _1f(e) = (, -lf Vg) = (f lgVo). In particular, f = fvf e MC(G).
Thus C(G)g-in © MC(G) and part (2) is done (with respect to the left action).

For part (1), let f be a left G-finite vector in C(G). By the above paragraph, there
is a matrix coefficient, so f = u‘fv. Thus (ry f)(h) = (hgu, v) so thatr, f = gu -
Since {gu | g € G} is contained in the finite-dimensional space V, it follows that the
set of left G-finite vectors are contained in the set of right G-finite vectors.

Conversely, let f be a right G-finite vector. As before, pick a finite-dimensional
submodule, V C C(G), with respect to the left action so that f € V. Write (-, -) for
the L? norm restricted to V. The linear functional on V that evaluates functions at e
is continuous so there exists vy € V, so that v(e) = (v, vy) for v € V. In particular,
f(g) =rgf(e) = (ry fi vo). In particular, f = ff w € MC(G), so that the set of
right G-finite vectors is contained in the set of left G-finite vectors. O

Based on our experience with the canonical decomposition, we hope C(G)g-fin
decomposes under the /eft action into terms isomorphic to

HOmG(Err, C(G)G—ﬁn) ® En

for [7] € G. In this case, [, acts trivially on Homg (E;, C(G)g.-fin) so that E; car-
ries the entire left action. However, Theorem 3.21 says that C(G)g-fin is actually
a G x G-module under the action ((g1, £2)f) (8) = (relef) (8) = (g5 '881).
In light of Theorem 3.9, it is therefore reasonable to hope Homg(E,, C(G)G-fin)
will carry the right action. This, of course, requires a different action on
Homg(E,;, C(G)g-fin) than the trivial action defined in §2.2.1. Towards this end
and with respect to the left action on C(G)¢.-fn, define a second action of G on
Homg (E;, C(G)g-fin) and Homg (E;, C(G)) by

(3.22) (8T) (x) =ry (Tx)

forg € G, x € E;,and T € Homg(E,, C(G)). To verify this is well defined,
calculate

lg, ((82T) (x)) = g rg, (Tx) =1l (Tx) =1, (T(81x)) = ((827) (81%)) ,

so that g7 € Homg(E,, C(G)). f T € Homg(E,, C(G)G-fin), then gT €
Homg (E,, C(G)g-fin) as well by Theorem 3.21.
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The next lemma is a special case of Frobenius Reciprocity in §7.4.1. It does not
depend on the fact that E; is irreducible.

Lemma 3.23. With respect to the left action of a compact Lie group G on C(G)g_fin
and the action on Homg (E;, C(G)g-fin) given by Equation 3.22,

Homg (Ex, C(G)) = Homg(Ex, C(G)g-n) = E

as G-modules. The intertwining map is induced by mapping T€ Homg (E,C (G)G-fin)
to At € EX where

Ar(x) = (T (x)) (e)
forx € E;.

Proof. Let T € Homg(E,, C(G)g.fin) and define A7 as in the statement of the
lemma. This is a G-map since

(ghr) (¥) = Ar(g~'%) = (T(g7'0))(e) = U1 (Tx))(e) = (Tx)(g)
= (rg(Tx))(e) = ((gT)(x))(e) = Agr(x),

S0 ghr = Agr for g € G.
We claim that the inverse map is obtained by mapping A € E} to

T, € Homg(E;, C(G)G-fin)
by
(T5.(x)) (h) = A(h™'x)

for i € G. To see that this is well defined, calculate

Ug(T () () = (T2(x)) (g7 'h) = A(h™" gx) = (T3.(gx)) (h)

so that [, (T}, (x)) = T,(gx). This shows that 7, is a G-map and, since E is finite
dimensional, 73 (x) € C(G)g-fin- To see that this operation is the desired inverse,
calculate

Az, (x) = (To.(x))(e) = A(x)

and

(T, () () = Az (h™"'x) = (T(h~"0))(e) = U1 (Tx))(e) = (Tx)(h).

Hence Homg (Ey, C(G)g-in) = EX.

To see Homg (E,, C(G)g-fin) = Homg (E,, C(G)), observe that the map T —
Ar is actually a well-defined map from Homg (E;, C(G)) to E}:. Since the inverse
is still given by A — T, and T, € Homg (E, C(G)g-fin), the proof is finished. O

Note that if E inherits an invariant inner product from E; in the usual fashion,
the above isomorphism need not be unitary with respect to the inner product on
Homg (E,, C(G)) given in Lemma 3.17. In fact, they can be off by a scalar multiple
determined by dim E ;. The exact relationship will be made clear in §3.4.



64 3 Harmonic Analysis

3.3.2 Main Result

For n € Z, consider the representation (7,, E;,) of S' where E,, = C and 7, :
S' — GL(1,C) is given by (m,(g)) (x/)\: g'x for g € S'and x € E,,. In so
doing, we realize the isomorphism Z = S! (c.f. Exercise 3.13). Define the function
fr 8" = Cby f.(g) = g". Standard results from Fourier analysis show that
{f. | n € Z} is an orthonormal basis for L?(S"). By/r\napping l € E;, = fn, we
could say that there is an is an induced isomorphism €p, ., Ex, = L*(S"). This map
even intertwines with the right regular action of L>(S').

In order to generalize to groups that are not Abelian and to accommodate both
the left and right regular actions, we will phrase the result a bit differently. Consider
the map from E} ® E, to L*(S') induced by mapping A ® x € E} ® Ey, to the
function fig, where fig.(g) = A(m,(g~")x) for g € S'.If 1* € EX maps 1to 1,
notice fi:g1 = f_u, so there is still an induced isomorphism

nez

—

D, -5 Er, © En, LS.

Moreover, it is easy to check that this isomorphism is an S x S'-intertwining map
with (g1, g2) € S' x S! acting on on L2(S) by r, o l,,. Thus the results of Fourier
analysis on S! can be thought of as arising directly from the representation theory of
S'. This result will generalize to all compact Lie groups.

Theorem 3.24. Let G be a compact Lie group. As a G x G-module with (g1, g») €
G x G acting asry, olg, = lg, o1y on C(G)gG-fin,

C(G)om = P E; @ Ex.
[71eG

The intertwining isomorphism is induced by mapping A ® x € E} ® E; to figy €
C(G)g-in where frz,(g) = A(g™'x) for g € G.

Proof. The proof of this theorem is really not much more than the proof of Theorem
2.24 coupled with Lemma 3.23 and Theorem 3.21. To see that the given map is a
G-map, calculate

(g1, 82) frow) (8) = (g7 8" g2x) = (€11 (87" 82%) = feirsgor-

To see that the map is surjective, Lemma 3.2 shows that it suffices to verify that
each matrix coefficient of the form ff; (g) = (gu, v) is achieved where [7] € G,
(-, -) is a G-invariant inner product on E, and u, v € E,. Since C(G)¢-fin 1s closed

under complex conjugation, it suffices to show f,fﬁ (g) = (v,gu) = (g v, u) is
achieved. For this, take A = (-, u) so that fig, = f,f{ﬁ.

It remains to see that the map is injective. Any element of the kernel lies in a
finite sum of W = @fv: 1 B ® Ex,. Restricted to W, the kernel is G x G-invariant.
Since the kernel’s isotypic components are contained in the isotypic components of
W, it follows that the kernel is either {0} or a direct sum of certain of the E7. ® E,.
As figx(g) is clearly nonzero for nonzero A ® x € E; ® E, the kernel must
be {0}. O
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Theorem 3.25 (Peter—Weyl). Let G be a compact Lie group. C(G)¢.n is dense in
C(G) and in L*(G).

Proof. Since C(G) is dense in L?(G), it suffices to prove the first statement. For
this, recall that C(G)¢g-sn is an algebra that is closed under complex conjugation
and contains 1. By the Stone—Weierstrass Theorem, it only remains to show that
C(G)¢-fin Separates points. For this, using left translation, it is enough to show that
for any go € G, go # e, there exists f € C(G)g.fin SO that f(go) # f(e).

By the Hausdorff condition and continuity of left translation, choose an open
neighborhood U of e so that U N (goU) = @. The characteristic function for U,
Xu, is a nonzero function in L2(G). Since leyXu = Xgou» gy XU, Xu) = 0. Because
(xu, xu) > 0, l,, cannot be the identity operator on L?*(G). By Corollary 3.15 and
with respect to the left action of G on L?(G), there exist finite-dimensional irre-
ducible G-submodules V,, € L*(G) so that L*(G) = D, Ve In particular, there is
an o so that /,; does not act by the identity on V,,. Thus there exists x € V,, so that
lg,x # x,and so thereis a y € V,, so that (I x, ¥) # (x, y). The matrix coefficient
f= fx‘ﬁ, is therefore the desired function. O

Coupling this density result with the canonical decomposition and the version
of Frobenius reciprocity contained in Lemma 3.23, it is now possible to decompose
L?(G). Since the two results are so linked, the following corollary is also often re-
ferred to as the Peter—Weyl Theorem.

Corollary 3.26. Let G be a compact Lie group. As a G x G-module with (g1, g2) €
G x G acting asrq, olg, on L*(G),

L*(G) = @ E' ® E,.
[71eG

The intertwining isomorphism is induced by mapping A ® v € EX ® E; to fige
where frgu(g) = Mg~ ') for g € G. With respect to the same conventions as in
Lemma 3.23, Homg(E,, L>(G)) = Homg(E,, C(G)) = EZ as G-modules.

Proof. With respect to the left action, the canonical decomposition says that there is
an intertwining isomorphism

t: @ Homg(Ex. L*(G)) ® Ex — L*(G)
[71eG

induced by (T ® v) = T (v) for T € Homg(E,, L*(G)) and v € L*(G). Using the
natural inclusion Homg (E,, C(G)) — Homg(E,, L*(G)) and Lemma 3.23, there
is an injective map « : E¥ < Homg(E,, L?(G)) induced by mapping A € E
to T), € Homg(E;, L*(G)) via (T, (v))(g) = A(g~'v). We first show that « is an
isomorphism.

Argue by contradiction. Suppose k (E) is a proper subset of Homg (E, L*(G)).
Then, since ¢ is an isomorphism and E7 is finite dimensional, t(k (E}) ® E;) is
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a proper closed subset of ((Homg(E,, L*(G)) ® E;). Choose a nonzero f €
t(Homg (E,, L*(G)) ® E,) that is perpendicular to t(x(E*) ® E;). By virtue of
the fact that «(Homg(E,, L?(G)) ® E;) is the m-isotypic component of L2(G)
for the left action and by Corollary 2.21, it follows that f is perpendicular to
L(@meax(E;) ® E;). Since (T, ® v) = T, (v) = figv, Theorem 3.24 shows
f is perpendicular to C(G)¢.-in. By the Peter—Weyl Theorem, this is a contradiction,
and so E* = Homg (E, L*(G)). .

Hence there is an isomorphism @[n]ga EX ® E, — L*(G) induced by mapping
A ® v to figy. The calculation given in the proof of Theorem 3.24 shows that this
map is a G x G-map when restricted to the subspace P15 Ex ® Ex. Since this
subspace is dense, continuity finishes the proof. O

By Lemma3.17, E¥ = Homg (E,, L*(G)) is equipped with a natural inner prod-
uct. In §3.4 we will see how to rescale the above isomorphism on each component
E} ® E, so that the resulting map is unitary.

3.3.3 Applications

3.3.3.1 Orthonormal Basis for L?(G) and Faithful Representations

Corollary 3.27. Let G be a compact Lie group. If {vT}:™, is an orthonormal basis
for E, [x] € G, then {(dimEn)%fugfvy | [r] € Gand 1 < i,j < ng}is an

orthonormal basis for L*(G).

Proof. This follows immediately from Lemma 3.2, Theorem 3.21, the Schur orthog-
onality relations, and the Peter—Weyl Theorem. O

Theorem 3.28. A compact Lie group G possesses a faithful representation, i.e., there
exists a (finite-dimensional representation) (i, V) of G for which r is injective.

Proof. By the proof of the Peter-Weyl Theorem, for g; € G°, g; # e, there exists
a finite-dimensional representation (7r;, V1) of G, so that 7;(g;) is not the identity
operator. Thus ker; is a closed proper Lie subgroup of G, and so a compact Lie
group in its own right. Since ker 7| is a regular submanifold that does not contain a
neighborhood of e, it follows that dimkerm; < dim G. If dimkerm; > 0, choose
o € (ker ;)°, g» # e, and let (;rp, V,) be a representation of G, so that m,(g») is
not the identity. Then ker(;r; @ m,) is a compact Lie group with ker(z; @ m;) <
dim ker 7.

Continuing in this manner, there are representations (w;, V;), 1 <i < N, of G,
so that dimker(7; @ --- ® ) = 0. Since G is compact, ker(w; & --- b wy) =

{hi, hy, ..., hy} for h; € G. Choose representations (wy4;, Vi), | <i < M, of
G, so that my; (h;) is not the identity. The representation 7 @ - - - @ wy 4y does the
trick. O

Thus compact groups fall in the category of linear groups since each is now seen
to be isomorphic to a closed subgroup of G L(n, C). Even better, since compact, each
is isomorphic to a closed subgroup of U (n) by Theorem 2.15.
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3.3.3.2 Class Functions

Definition 3.29. Let G be a Lie group. A function f € C(G) is called a continuous
class functionif f(ghg™") = f(h)forall g, h € G. Similarly, a function f € L2(G)
is called an L? class function if for each g € G, f(ghg™") = f(h) for almost all
heG.

Theorem 3.30. Let G be a compact Lie group and let x be the set of irreducible
characters, i.e., x = {xg, | [r] € G}.

(1) The span of x equals the set of continuous class functions in C(G)g_in-

(2) The span of x is dense in the set of continuous class functions.

(3) The set x is an orthonormal basis for the set of L* class functions. In particular,
if f is an L? class function, then

f= Z (f, XE)12(G) XE,

[x1eG

as an L? function with respect to L* convergence and

16 = 2 |Foxedeol

[r]leG

Proof. For part (1), recall from Theorem 3.24 that C(G)g.fin = @[n]e?} EX®E,
as a G x G-module. View C(G)g-fin and E} ® E; as G-modules via the diagonal
embedding G < G x G given by g — (g, g). In particular, (gf)(h) = f(g 'hg)
for f € C(G)g-fin, SO that f is a class function if and only if gf = f forall g € G.

Also recall that the isomorphism of G-modules E} ® E; = Hom(E,, E;) from
Exercise 2.15 is induced by mapping A ® v to the linear map vA(-) for A € EZ and
v € E. Using this isomorphism,

(3.31) C(G)gsn = @D Hom(E,, E)
[x1eG

as a G-module under the diagonal action. For T € Hom(E,, E,;), T satisfies gT =
T forall g € G ifand only if T € Homg (E,, E;). By Schur’s Lemma, this is if and
only if T = Clg, where I, is the identity operator. Thus the set of class functions
in C(G)g-fin is isomorphic to P, .5 CIE, -

If {x;} is an orthonormal basis for E, and (-,-) is a G-invariant inner prod-
uct, then Iy, = Zi(-, x;)x;. Tracing the definitions back, the corresponding ele-
ment in £} ® E; is Zi(~, x;) ® x; and the corresponding function in C(G)g_fiy 1S
g — Z,.(g’lxi,xi). Since (g’lxi,xi) = (gx;, x;), this means the class function
corresponding to /g, under Equation 3.31 is exactly Xz, . In light of Lemma 3.2 and
Theorem 3.21, part (1) is finished .

For part (2), let f be a continuous class function. By the Peter—Weyl Theo-
rem, for € > 0 choose ¢ € C(G)g.fin, s0 that || f — ¢llc) < €. Define oh) =
fG @(g~'hg) dg, so that & is a continuous class function. Using the fact that f is a
class function,
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I = Flleo, = suplFh) = ) = sup /G (F(s'hg) — p(g"hg)) dg

< sup/ |f (&7 he) — (g7 he)| dg < I1f = ¢llc) <€
heG JG
It therefore suffices to show that ¢ € span .
For this, use Theorem 3.24 to write ¢(g) = Z[(gx,-, vi) for x;, y; € E,. Thus
o(h) = Zi(fc g 'hgx;dg, y:;). However, on E,, the operator fG g 'hgdg is a
G-map and therefore acts as a scalar ¢; by Schur’s Lemma. Taking traces on E,,

XE, (h) =tr <f glhgdg> =tr (Ci]Eﬂ‘_) = ¢; dim E,,,
G

sothat g(h) = > (xi.J;) XE,, (h) which finishes (2).

i dim Ey,
For part (3), let f be an L? class function. By the Peter—Weyl Theorem, choose
@ € C(G)g-fin so that || f — @]l ;2 < €. Then @ € span x. Using the integral form
of the Minkowski integral inequality and invariant integration,
3
If=¢llee = </ | f(h) — G dh)
G

(1 El

5/ (/ £ (¢ ' hg) — ol he)| dh)2 dg
G G

=/G</G|f(h)—¢(h)|2 dh): dg =11 — ¢l < e

/ (f(g'hg) —p(g~'hg)) dg
G

The proof is finished by the Schur orthogonality relations and elementary Hilbert
space theory. O

3.3.3.3 Classification of Irreducible Representation of SU (2). From §2.1.2.2, re-
call that the representations V, (C?) of SU(2) were shown to be irreducible in §2.3.1.
By dimension, each is obviously inequivalent to the others. In fact, they are the only
irreducible representations up to isomorphism (c.f. Exercise 6.8 for a purely alge-
braic proof).

Theorem 3.32. The map n — V,,(C?) establishes an isomorphism N = .@

Proof. Viewing S' as a subgroup of SU(2) via the inclusion ¢’ — diag(e?, e7i?),
Equation 2.25 calculates the character of V,,(C?) restricted to S' to be

n

(3.33) Xy, (e”) = Zei(”*Zk)g.
k=0
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A simple inductive argument (Exercise 3.21) using Equation 3.33 shows that
span{XVn(@z)(em) | n € N} equals span{cosnf | n € N}.

Since every element of SU (2) is uniquely diagonalizable to elements of the form
et? e S, it is easy to see (Exercise 3.21) that restriction to S' establishes a norm
preserving bijection from the set of continuous class functions on SU (2) to the set
of even continuous functions on S'.

From elementary Fourier analysis, span{cosnf | n € N} is dense in the set of
even continuous functions on S'. Thus span{xy, 2 (e’?) | n € N} is dense within
the set of continuous class functions on SU (2) and therefore dense within the set of
L? class functions. Part (3) of Theorem 3.30 therefore shows that there are no other
irreducible characters. Since a representation is determined by its character, Theorem
3.7, the proof is finished. O

Notice dim V,(C?) = n + 1, so that the dimension is a complete invariant for
irreducible representations of SU (2).

3.3.4 Exercises

Exercise 3.16 Recall that 3’\1 = Z (c.f. Exercise 3.13). Use the theorems of this
chapter to recover the standard results of Fourier analysis on S'. Namely, show that
the trigonometric polynomials, span{e”’ | n € Z}, are dense in C(S') and that
{e!" | n € Z)} is an orthonormal basis for L2(S).

Exercise 3.17 (a) Let G be a compact Lie group. Use the fact that GxG=GxG
(Exercise 3.10) and the nature of G-finite vectors to show that any G x G-submodule
of C(G)¢-fin corresponds to @[n]e 4 Ex ® E; for some A C G under the correspon-
dence C(G)g.fin = @[”]ea EXQ® E;.

(b) Let 7 : G — GL(n, C) be a faithful representation of G with 7; ;(g), denoting
the (i, j)™ entry of the matrix 7(g) for g € G. Show that the set of functions {r;, s
i |1 <i,j,<n}generate MC(G) = C(G)¢-in as an algebra over C. In particu-
lar, C(G)g-fin is finitely generated.

(c) Let V be a faithful representation of G. Show that each irreducible representation
of G is a submodule of (®" V) & (®" V) for some n,m € N.

Exercise 3.18 Let G be a compact Lie group. The commutator subgroup of G, G’,
is the subgroup generated by {glgggl_'gz_ '| gi € G} and G is Abelian if and only
if G’ = {e}. Use the fact that G’ acts trivially on 1-dimensional representations to
show that all irreducible representations of a compact Lie group are one-dimensional
if and only if G is Abelian (c.f. Exercise 2.21).

Exercise 3.19 Let G be a finite group.

(a) Show that [; f(8)dg = & X e f(&)-

(b) Use character theory to show that the number of inequivalent irreducible repre-
sentations is the number of conjugacy classes in G.

(c) Show that |G| equals the sum of the squares of the dimensions of its irreducible
representations.
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Exercise 3.20 If a compact Lie group G is not finite, show that Gis countably infi-
nite.

Exercise 3.21 (a) Viewing S! < SU(2) via the inclusion ¢! — diag(e’?, e=1?),
show that the span{xy, «2)(¢’?) | n € N} equals the span{cosné | n € N}.

(b) Show restriction to S! establishes a norm preserving bijection from the set of
continuous class functions on SU(2) to the set of even continuous functions on '
(c.f. §7.3.1 for a general statement).

Exercise 3.22 (a) Continue to view § '« SU(2). For the representations V,,(C?)
of SU(2), show xy, 2 (€'?) = 9408 when 6 ¢ 7 Z.

(b) Let f be a continuous class function on SU (2). Show that
2 (7 ) .
/ flg)dg = — / f(diag(e, e7'%)) sin® 6 d6
SU(Q2) T Jo

by first showing the above integral equation holds when f = xy, (), c.f. Exer-
cise 7.9.

Exercise 3.23 (a) Let V be an irreducible representation of a compact Lie group G.
Show that

dimV/ xv(g 'hgk)dg = xv (h)xv (k)
G

forh,k € G.
(b) Conversely, if f € C(G) satisfies fG f(g 'hgk)dg = f(h) f(k) forall h, k e
G, show that there is an irreducible representation V of G, so that f = (dim V) ! xy.

Exercise 3.24 (a) Use the isomorphism SO3) = SU(2)/{%I}, Lemma 1.23, to
show that the set of inequivalent irreducible representations of S O (3) can be indexed
by {V2,(C?) | n € N}

(b) Using a dimension count, Theorem 2.33, and Exercise 2.30, show that V5, (C?) =
H,(R?) as SO (3)-modules. Conclude that {H,, (R*) | n € N} comprises a complete
set of inequivalent irreducible representations for SO (3).

(¢) Use Exercise 3.5 to show that

min{n,m}

Ho(R) @ Hy(R) = @D Mo (RY).
j=0

3.4 Fourier Theory

Recall that the Fourier transform on S' can be thought of as an isomorphism A :
L?*(S") — I*(Z), where

fon = /S e =

21
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with || f|l = || ﬂ| The inverse is given by the Fourier series
FO) =) fme™,
nez

where convergence is as L2(S") functions. It is well known that even when f €
C(S"), the Fourier series may not converge pointwise to f. However continuity and
any positive Lipschitz condition will guarantee uniform convergence.

Since we recognize 92 as the invariant measure on S' and Z as parametrizing S’

2w . .
with n corresponding to the (one-dimensional) representation e/’ — ¢, it seems
likely this result can be generalized to any compact Lie group G. In fact, the scalar

valued Fourier transform in Theorem 3.43 will establish a unitary isomorphism
{LZ(G) class functions} = 12(6).

Note in the case of G = S, the class function assumption is vacuous since S' is
Abelian.

In order to handle all L2 functions when G is not Abelian, the operator valued
Fourier transform in the Plancherel Theorem (Theorem 3.38) will establish a unitary
isomorphism

L=
L*(G) = @[n]ea End(E,).

Remarkably, this isomorphism will also preserve the natural algebra structure of both
sides. Note that for G = § !, the right-hand side in the above equation reduces to
I1?(G) since End(E,) = C.

In terms of proofs, most of the work needed for the general case is already done in
Corollary 3.26. In essence, only some bookkeeping and definition chasing is required
to appropriately rescale existing maps.

3.4.1 Convolution

Let G be a compact Lie group. Write End(V) = Hom(V, V) for the set of endomor-
phisms on a vector space V. Since G has finite volume, L?(G) € L'(G), so that the
following definition makes sense.

Definition 3.34. (1) For [7] € G, define 7 : L2(G) — End(E,) by
(T(f) () = / f(g)gvdg
G

for f € L2(~G) andv € E;.
(2) Define f € L*(G) by f(g) = f(g").

From a standard analysis course (Exercise 3.25 or see [37] or [73]), recall that
the convolution operator * : L>(G) x L?(G) — C(G) is given by

(i # f)(g) = /G Figh™) f(h) d

for fi € L>(G)and g € G.
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Lemma 3.35. Let G be a compact Lie group, [] € G with G-invariant inner prod-
uct (-, Yon E., f;, f € L*(G), and v; € E.

(D) w(f1 x f2) = 7 (f1) o (f2). ~

(2) (@(fHvg, vo) = (vl,n(f)vz), ie, () =m(f).

Proof. For part (1) with v € E;, use Fubini’s Theorem and a change of variables
g — gh to calculate

2 (fi % f)(v) = /G /G Figh™) fahygv dh dg
_ / / Filg) fo(hghv dg dh
GJG

= /G fi(®eg (/G fz(h)hvdh> dg =n(f1) (@(f)W)).

For part (2), calculate the following:
(T (fHvr,v) = /G f(@)(gur,v2) dg = /G (1, f(g)g™'v2) dg

=/(v1,f(g)gvz)dg= (vi, T(FHva). o
G

3.4.2 Plancherel Theorem

The motivation for the next definition comes from Corollary 3.26 and the decomposi-
tion L2(G) = @[n]e@ E* ® E, coupled with the isomorphism E} ® E, = End(E,).

Definition 3.36. (1) Let G be a compact Lie group and [7] € G with a G-invariant
inner product (-,-) on E,. Then End(E,) is a Hilbert space with respect to the
Hilbert—Schmidt inner product

(T, S)ys =tr(S o T) =Y (T, Svy)

with T, S € End(E,), S* the adjoint of S with respect to (-, -), and {v;} an orthonor-
mal basis for E;. The corresponding Hilbert—Schmidt norm is

1
2
1
IT|lys = t(T*T)? = <§ j||Tv,»||2> :

Write End(E,)ys when viewing End(E,) as a Hilbert space equipped with the
Hilbert-Schmidt inner product.
(2) Let Op(G) be the Hilbert space

Op(G) = P End(Ex)us.
[r]eG
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Equip Op(@) with the algebra structure

. _1
(Tﬂ)[n]ea(sﬂ)[n]ea = (dmE;) 2 T, o Sn)[n]ef;

and the G x G-module structure

(81, 8)(T)pmes = (@) 0 T o (87 )) e
forg; € Gand T € End(E,).

Some comments are in order. First, note that the inner product on End(E,) g5 is
independent of the choice of invariant inner product on E, since scaling the inner
product on E,; does not change S*. Secondly, it must be verified that the algebra
structure and G x G-module structure on Op(@) are well defined. Since these are
straightforward exercises, they are left to the reader (Exercise 3.26).

Definition 3.37. (1) Let G be a compact Lie group. The operator valued Fourier
transform, F : L>(G) — Op(G), is defined by

Ff=(WmE) n(n) .

[r]leG

(2) For T, € End(E,), write tr(T; o g~') for the smooth function on G defined by
g — t(Ty om(g™")). The inverse operator valued Fourier transform, T : Op(G) —
L%(G), is given by

I(T) e = 9 (dim Ex)? (T 0g™")
[71eG

with respect to L? convergence.

It is necessary to check that F and Z are well defined and inverses of each other.
These details will be checked in the proof below. In the following theorem, view
L*(G) as an algebra with respect to convolution and remember that L2(G) isa G x

G-module with (g1, g2) € G x G acting as ry, 0y, 50 (g1, 82) /) (8) = f(g; ' g81)
for f € L’(G)and g;, g € G.

Theorem 3.38 (Plancherel Theorem). Ler G be a compact Lie group. The maps
F and T are well defined unitary, algebra, G x G-intertwining isomorphisms and
inverse to each other so that

F:L*G) S 0p(G)

with | fllizy = 1Ffllopay FU* f) = (F)(F ), Fg,&)f) =
(g1, 82)(F f), and F~! = Ifor f e L*(G) and gi €G.
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Proof. Recall the decomposition L*(G) = @[n]eéE; ® E, from Corollary 3.26
that maps )‘,@ v e E;Q®E; 0 figy Where fig,(g) = X(g~'v) for g € G. Since
Op(@) = @mea End(E,)ys and since isometries on dense sets uniquely extend
by continuity, it suffices to check that F restricts to a unitary, algebra, G x G-
intertwining isomorphism from span{fig, | A @ v € E;Z@ E;} to End(E,) with
inverse Z. Here End(Ey) is viewed as a subspace of Op(G) under the natural inclu-
sion End(E,) — Op(G).

Write (-, -) for a G-invariant inner product on E;. Any A € E} may be uniquely
written as A = (-, v) for some v € E,. Thus the main problem revolves around
evaluating 7' ( f(..y,)eu,) for [7'] € G and v; € E. Therefore choose w; € E,/ and a
G-invariant inner product (-, -)’ on E, and calculate

' (feoneu) (W), w)' = f (g™ vz, v) (' (Q)wr, w2)' dg
G
= / (' ()wi, wr) (7 (g)v1, v2) dg.
G

If 7" 2 7, the Schur orthogonality relations imply that (77 (f(..u))guv,) (W1), w2)" =0,
so that 77" ( f(..v))@v,) = 0. Thus F maps span{ fogy | A @ v € EX ® E} to End(Ey).
On the other hand, if 7’ = 7, the Schur orthogonality relations imply that

(T (feonem) W), wa) = (dim Ex) ™" (wy, v1) (w2, v2).

In particular, 7w (f(. v,)@v,) = (dim E)~' (-, v1)va, sO

ff('vvl)‘ng = (dim Eﬂ)_% (-, v)va.

Viewed as a map from span{ figy | A ® v € E} ® E;} to End(Ey), this shows that
F is surjective and, by dimension count, an isomorphism.

To see that 7 is the inverse of F, calculate the trace using an orthonormal basis
that starts with [[v,[| ™" v:

([ v)val o (g ™)) = ([[(-, vl o (g ™H] (=), i)
ool Tall
= (m(g D2, v1) = frvnen (@)

Thus
(3.39) Z(@im E) ™ ¢ oe) = fraen,

andZ = F~ .
To check unitarity, use the Schur orthogonality relations to calculate

(f(~,v1)®ua, f(-,v3)®v4)Lz(G) = /G (g_lvz, U1) (8711)4, Us) dg

= (dim E;) ™" (v2, v4) (v1, v3).
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To calculate a Hilbert—Schmidt norm, first observe that the adjoint of (-, v3)vs €
End(E;)pys is (-, v4)v3 since

((vs, v3)vs, v6) = (Vs, V3) (V4, V6) = (Vs, (V6, V4) V3).
Hence
(F feanon: F feamon) yg = (dim E-) (G v)vas G, v3)va) g

= (dim E;) " tr[((-, v1)va, v4)v3]
= (dim E;) ™" (v2, va) tr [(-, v1) 03]

= (dim E;) ™" (v, v4) (( v)vs, )
llvsll” I 3||

= (dim E;)™" (v, va)(v3, v1)

= (f(‘sUl)®U2’ f('»”3)®v4)L2(G) s

and so F is unitary.
To check that the algebra structures are preserved, simply use Lemma 3.35 to
observe that 7 (f| * f>) = w(f1) o w(f2). Thus

F(fi = fo) = (dim Ex)? w(f1) o 7 (f2)
= (dimE) " FfioFfo = (Ffi)(Ff),

as desired.
Finally, to see F is a G x G-map, first observe that

((g1. 82) frvnen) (8) = frunen (8 ' g81) = (8787 gav2, v1)
= (g7 8202, 8101) = flqr0800 (8)-
Thus
F((81 8) feanen) = F frgmneen = (dim E-) 72 (-, g1v1)gav)
=m(g) o (,v)vmom(er") = (g1, &) (F ),
which finishes the proof. O

Corollary 3.40. Let G be a compact Lie group and f, f; € L*(G).
(1) Then the Parseval-Plancherel formula holds:

1y = D dim Ex Il (f)lls-

[JT]EG

(2) Under the natural inclusion End(E;) — Op(a), ZIg, = (dim E,,)Ii XE, where
I, € End(Ey) is the identity operator. Moreover,

f=) dimEy) f*xe,

[x1eG
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with respect to L? convergence.

(3)
(fir Py = y_ @dimEx) wx(fox fi).

[7]eG
Proof. Part (1) follows immediately from the Plancherel Theorem. Similarly, part (2)
will also follow from the Plancherel Theorem once we show Z1; = (dim E,,)% XE,

since (dim En)% I, acts on Op(a) by projecting to End(E, ). Although this result
is implicitly contained in the proof of Theorem 3.30, it is simple to verify directly.
Let {x;} be an orthonormal basis for E, where (-,-) is a G-invariant inner prod-

uct. Hence I, = ) (-, x;)x;. Equation 3.39 shows Z1z, = (dim Eﬂ)% Do fexnex

where f(. x)ox (8) = (g7 'x;, x;). Thus ZIlg, = (dim Eﬂ)% Xz, by Theorem 3.5.
For part (3), the Plancherel Theorem and Lemma 3.35 imply that

(fis Py = F i Ffus = Y [dimEx)tr(x (f)* o (f1))

[x1eG

= > WmE) un(fy* fi). o

[x1eG

Definition 3.41. Let G be a compact Lie group and f € L?*(G). Define the scalar
valued Fourier transform by

fr) =twn(f)
for [] € G.

Note that fcan also be computed by the formula
fr) = / F@xe,(®)dg = (f xg)12@)
G

since f(rr) =) (@( v, v) = fG f(8) >, (gvi, v;) dg, where {v;} is an orthonor-
mal basis for E.

Theorem 3.42 (Scalar Fourier Inversion). Let G be a compact Lie group and f €
span (LZ(G) * LZ(G)) C C(G). Then

fley="Y" (dimEg) f(m).

[71eG

Proof. If f = fi % f5 for f; € L*(G), then by Corollary 3.40,

flo)= / e f(g dg = / £2(8)fi(g) dg
= (2 1) o) = D @im Ex)un(fi fa). o

[x1eG
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As already noted, even for G = § ! the Scalar Fourier Inversion Theorem can fail
if f is only assumed to be continuous. However, using Lie algebra techniques and
the Plancherel Theorem, it is possible to show that the Scalar Fourier Inversion The-
orem holds when f is continuously differentiable. In particular, the Scalar Fourier
Inversion Theorem holds for smooth f.

Theorem 3.43. Let G be a compact Lie group. The map f — (f(rr))meg estab-
lishes a unitary isomorphism

{LZ(G) class functions} = 12(6).

For [y] € G, the image of xg, under this map is (8x 3)(;1cc> Where 85 is 1 when
T =y and O whent Z 7.

Proof. This result is implicitly embedded in the proof of Theorem 3.30. However it
is trivial to check directly. Observe that

XE, (0) = -/(;XEV (&) xe, (g)dg.,

so that Theorem 3.7 implies xg, is mapped to (8x.7)(1cc- Since {xk, | [7] € G} is
an orthonormal basis for {L?(G) class functions}, the result follows. O

3.4.3 Projection Operators and More General Spaces

Let G be a compact Lie group and (y, V) a unitary representation of G on a Hilbert
space. For [r] € G, it will turn out that the operator (dim E;) y (xz;) is the orthog-
onal G-intertwining projection of V onto V. In fact, the main part of this result is
true in a much more general setting than Hilbert space representations.

Now only assume V is a Hausdorff complete locally convex topological space.
The notions of G-finite vector and isotypic component carry over from §3.2.2 and
§3.2.3 in the obvious fashion.

Definition 3.44. Let V be a representation of a compact Lie group G on a Hausdorff
complete locally convex topological space.

(1) The set of G-finite vectors, Vi._gin, 1s the set of v € V where span{m (G)v} is finite
dimensional.

(2) For [] € G , let V[?T] be the sum of all irreducible submodules equivalent to E,.

(3) The closure Vi, = V[?T] is called the m-isotypic component of V.

Theorem 3.45. Let (v, V) be a representation of a compact Lie group G on a com-
plete Hausdorff locally convex topological space.

(1) For [7], [7'] € G, the operator (dim E,) y (xz;) is a G-intertwining projection
of V onto Vi) that acts as the identity on Vi and acts as zero on Vi for 1’ % .
(2) If (v, V) is a unitary representation on a Hilbert space, then (dim E) y (x57) is
also self-adjoint, i.e., orthogonal.
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Proof. For part (1), let g € G and v € V, and observe that
(g7 (xe)g v = / xex(h)ghg ™ vdh = / Xex (g~ hg)hv dh
G G
=/ Xex(Whvdh =y (xgx)v,
G

so that y (xgr) is a G-map. Applying this to the representation E, Schur’s Lemma
shows that 7' (xz) = ¢x' x I, for ¢y, € C. Taking traces,

(dimEn/)Cn/,rr Z/ XEx () trrr’(g)dng Xen () XER(g) dg.
G G

By Theorem 3.7, ¢, is 0 when 7’ 2 7 and (dim E,)~' when 7’ = 7. Since any
v E V[?ﬂ] lies in a submodule of V that is isomorphic to E,/, (dim E;) 7' (xz;) acts
on V[(fr/] as the identity when ' = 7 and by zero when 7" 2 7. Continuity finishes
part (1).

For part (2), Lemma 3.35 implies that ¥ (xgz)* = ¥ (Xgx). But Theorem 3.5
shows Xex = XEx- O

Theorem 3.46. Let (y, V) be a representation of a compact Lie group G on a Haus-
dorff complete locally convex topological space.

(1) Vofin = @[n]e@ V[?T]'

(2) Vg-fin is dense in V.

(3) If V is irreducible, then V is finite dimensional.

Proof. For part (1), the definitions and Corollary 2.17 imply Vg._, = Z[ﬂ]ea V[?T],
so it only remains to see the sum is direct. However, the existence of the projections
in Theorem 3.45 trivially establish this result.

For part (2), suppose A € V* vanishes on Vi_g,. By the Hahn—Banach Theorem,
it suffices to show A = 0. For x € V, define f, € C(G) by f,(g) = A(gx). Clearly
A = 0if and only if f, = O for all x. Looking to use Corollary 3.40, calculate

(o % x5.) (8) = / Meghx) e, (") dh = A( / X, Wghx dh)
G G
= )‘(gn(Xﬁ)x) = fn(XE)x(g)'

Since Theorem 3.45 shows that 7 (x5 )x € V) and since A vanishes on each Vi
by continuity, f, * xg, = 0. Thus f; = 0 and part (2) is finished.

For part (3), observe that part (2) shows V contains a finite-dimensional irre-
ducible submodule W. Since finite-dimensional subspaces are closed, irreducibility
implies that V = W. O

In particular, notice that even allowing the greater generality of representations
on complete locally convex topological spaces still leaves us with the same set of
irreducible representations, G.

The following corollary will be needed in §7.4.
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Corollary 3.47. Let G be a compact Lie group. Suppose S © C(G) is a subspace
equipped with a topology so that:

(a) S is dense in C(G),

(b) S is a Hausdorff complete locally convex topological space,

(c) the topology on S is stronger than uniform convergence, i.e., convergence in S
implies convergence in C(G), and

(d) S is invariant under l, and ry and, with these actions, S is a G x G-module.
Then Sg-fin = C(G)gG-fin-

Proof. Clearly Sz € C(G)ix; for [1] € G. Note C(G)jz) = E% ® E;; by Theorem
3.24. Arguing by contradiction, suppose Si;; © C(G)r) for some [7] € G. Then
there exists a nonzero f € C(G)(, that is perpendicular to S with respect to the
L? norm. By Corollary 3.26 and Theorem 3.46, it follows that f is perpendicular to
all of S¢.4n. However, this is a contradiction to the fact that Sg_gy, is dense in L?(G)

by (a) and (c). ]

As an example, S could be the set of smooth functions on G or the set of real
analytic functions on G. One interpretation of Corollary 3.47 says that C(G)g-fin 1S
the smallest reasonable class of test functions on G that are usually useful for rep-
resentation theory. Thus the topological dual C(G), g, of distributions is the largest
class of useful generalized functions on G.

3.4.4 Exercises

Exercise 3.25 Let G be a compact Lie group. For f; € L>(G) and g € G, examine
supyeq | (g (fi % f2)) () = (fi * f2) ()] to show fi % fo € C(G).

Exercise 3.26 (a) If V is a (finite-dimensional) vector space and ||-|| is the operator
norm on End(V), show that |7 o S||gzs < IT || ISlgsand |[T|| < |T||ggfor T, S €
End(V).

(b) Let G be a compact Lie group. Show that ((dim Eﬂ)_% Tr 0 Su)n1e6 € Op(a)
when (T7) 1165 (Sn)(r1eG € Op(a). Is the factor (dim E,,)’% even needed for this
statement? R

(¢) Show (g2 0 T, o gl’l)[n]ea € Op(G) for g; € G and that this action defines a
representation of G x G on Op(@).

Exercise 3.27 Let G be a compact Lie group and f € span (LZ(G) * LZ(G)) c
C(G). Show that

—

f(@) =Y (dimEy) (re f) ().

[x1eG

Exercise 3.28 With respect to convolution, show that C(G)g_sy, iS an algebra with
center spanned by the set of irreducible characters, i.e., by {xg, | [*] € G}.
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Exercise 3.29 For this problem, recall Exercise 3.22. Let f be a smooth class func-
tion on SU (2). Show that

LﬂD::%}:Or+D/memgd{e%%mméﬁMn+1Wd&
42 n=0 0

Exercise 3.30 Let G be a compact Lie group. Show that G is Abelian if and only if
the convolution on C(G) is commutative (c.f. Exercise 3.18).

Exercise 3.31 Let V be a representation of a compact Lie group G on a Hausdorff
complete locally convex topological space. For [7] € G, show that V[?T] is the largest
subspace of V that is a direct sum of irreducible submodules equivalent to E,.

Exercise 3.32 (a) Let (7, V) be a representation of a compact Lie group G on a
Hausdorff complete locally convex topological space and f a continuous class func-
tion on G. Show that 7 (f) commutes W,i:[h m(g) forg € G.

(b) Show that 77 (f) acts on Vi, [7] € G, by (dim E;)~!(f, XEDL2(G)-

Exercise 3.33 Let (r, V) be a representation of a compact Lie group G on a Haus-
dorff complete locally convex topological space, v € V[?T] for [r] € G, and
S = span{m(G)v}. For » € S*, define f; € C(G) by f,.(g) = A(g~'v). Show
that dim § < (dim E,)>.
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Lie Algebras

By their nature, Lie groups are usually nonlinear objects. However, it turns out there
is a way to linearize their study by looking at the tangent space to the identity. The
resulting object is called a Lie algebra. Simply by virtue of the fact that vector spaces
are simpler than groups, the Lie algebra provides a powerful tool for studying Lie
groups and their representations.

4.1 Basic Definitions

4.1.1 Lie Algebras of Linear Lie Groups

Let M be a manifold. Recall that a vector field on M is a smooth section of the
tangent bundle, T(M) = Uyem T, (M). If G is a Lie group and g € G, then the map
lg : G — G defined by [;h = gh for g € G is a diffeomorphism. A vector field X
on G is called left invariant if dl; X = X forall g € G. Since G acts on itself simply
transitively under left multiplication, the tangent space of G at e, T,(G), is clearly
in bijection with the space of left invariant vector fields. The correspondence maps
v € T,(G) to the vector field X where X, = dl,v, ¢ € G, and conversely maps a
left invariant vector field X tov = X, € T,(G).

Elementary differential geometry shows that the set of left invariant vector fields
is an algebra under the Lie bracket of vector fields (see [8] or [88]). Using the bi-
jection of left invariant vector fields with 7, (G), it follows that 7,(G) has a natural
algebra structure which is called the Lie algebra of G.

Since we are interested in compact groups, there is a way to bypass much of this
differential geometry. Recall from Theorem 3.28 that a compact group G is a linear
group, i.e., G is isomorphic to a closed Lie subgroup of GL(n, C). In the setting of
Lie subgroups of GL(n, C), the Lie algebra has an explicit matrix realization which
we develop in this chapter. It should be remarked, however, that the theorems in this
chapter easily generalize to any Lie group.

Taking our cue from the above discussion, we will define an algebra structure on
T,(G) viewed as a subspace of T;(GL(n, C)). Since GL(n, C) is an open (dense)
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setin M, ,(C) = R2"’ | we will identify 77 (G L(n, C)) with gl(n, C) where
g[(n, F) = Mn,n GF)

The identification of 7;(G L(n, C)) with gl(n, C) is the standard one for open sets
in R>"". Namely, to any X € T;(GL(n,C)), find a smooth curve y : (—€,€) —
GL(n,C),e > 0,sothat y(0) = I, and so X(f) = %(f o ¥)l;=o for smooth func-
tions f on GL(n, C). The map sending X to y’(0) is a bijection from 7; (G L(n, C))
to gl(n, C).

Definition 4.1. Let G be a Lie subgroup of GL(n, C).
(a) The Lie algebra of G is

g={y'(0) | y(0)=1ITandy : (—e€, €) = G, e > 0,is smooth} C gl(n, C).

(b) The Lie bracket on g is given by
[X,Y]=XY —-YX.

Given a compact group G, Theorem 3.28 says that there is a faithful representa-
tion v : G — GL(n, C). Identifying G with its image under 7, G may be viewed
as a closed Lie subgroup of GL(n, C). Using this identification, we use Definition
4.1 to define the Lie algebra of G. We will see in §4.2.1 that this construction is well
defined up to isomorphism.

Theorem 4.2. Let G be a Lie subgroup of GL(n, C).

(a) Then g is a real vector space.

(b) The Lie bracket is linear in each variable, skew symmetric, i.e., [X,Y] =
—[Y, X1, and satisfies the Jacobi identity

(X, Y], ZI+ (Y, Z], X] + [[Z, X], Y] =0

for X, Y, Z € g.
(c) Finally, g is closed under the Lie bracket and therefore an algebra.

Proof. Let X; = y/(0) € g. For r € R, consider the smooth curve y that maps a
neighborhood of 0 € R to G defined by y (t) = y,(rt)y»(t). Then

Y'(0) = (ry{(rt)ya (1) + yi (rD)y; () li=o = r X1 + X2

so that g is a real vector space.

The statements regarding the basic properties of the Lie bracket in part (b) are
elementary and left as an exercise (Exercise 4.1). To see that g is closed under the
bracket, consider the smooth curve o, that maps a neighborhood of 0 to G defined
by 0,(1) = y1()72(t) (1() " In particular, 0/(0) = y1(s)X2 (y1(s)) ™" € g. Since
the map s — o,(0) is a smooth curve in a finite-dimensional vector space, tangent
vectors to this curve also lie in g. Applying % |s=0, we calculate

d
- (M©X> (N7 im0 = X1 X2 — X2 X = [X1, Xal,

so that [X, X»] € g. O
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4.1.2 Exponential Map

Let G be a Lie subgroup of GL(n,C) and g € G. Since G is a submanifold of
GL(n,C), T;(G) can be identified with

4.3) (Y (0) | y(0) =gand y : (—€,€) = G, e > 0, is smooth}

in the usual manner by mapping y’(0) to the element of T, (G) that acts on a smooth
function f by £(f o ¥)li=o. Now if y(0) = I and y : (—€,€) > G, € > 0,
is smooth, then o (t) = gy (¢) satisfies o(0) = g and o’(0) = gy’'(0). Since left
multiplication is a diffeomorphism, Equation 4.3 identifies T, (G) with the set

gg9=1{gX | X eg}
We make use of this identification without further comment.

Definition 4.4. Let G be a Lie subgroup of GL(n, C) and X € g.

(a) Let X be the vector field on G defined by X =gX,g€G.

(b) Let yx be the integral curve of X through 1, i.e., yx is the unique maximally
defined smooth curve in G satisfying

yx(0) =1

and

yx() = Vx(f) =yx(®)X.

It is well known from the theory of differential equations that integral curves
exist and are unique (see [8] or [88]).

Theorem 4.5. Let G be a Lie subgroup of GL(n, C) and X € g.
(a) Then

X <n

t
yx (@) = exp(tX) = ¥ = Poyn
= n!

(b) Moreover yx is a homomorphism and complete, i.e., it is defined for all t € R, so
that e'* € G forallt € R.

Proof. 1t is a familiar fact that the map t — ¢’ is a well- defined smooth homomor-
phism of R into GL(n, C) (Exercise 4.3). Hence, first extend X to a vector field on
GL(n,C) by X =gX,g € GL(n,C). Since " = I and & d eX = XX, t — X
is the unique integral curve for X passing through [ as a vector field on GL(n, C).
It is obviously complete. On the other hand, since G is a submanifold of G~L (n, C),
yx may be viewed as a curve in G L(n, C). It is still an integral curve for X passing
through I as a vector field on GL(n, C). By uniqueness, yx (t) = e'X on the domain
of yx. In particular, there is an € > 0, so that yx(t) = e'X for t € (—¢, €). Thus

X e Gfort € (—¢, €). Butsince "X = (¢/X)" forn € N, /X € G forall t € R,
which finishes the proof. O



84 4 Lie Algebras

Note that Theorem 4.5 shows that the map t — e'¥

from R to G for X € g.

is actually a smooth map

Theorem 4.6. Let G be a Lie subgroup of GL(n, C).

(@) g={X e€gl(n,C) | X € G fort e R}.

(b) The map exp: g — G is a local diffeomorphism near 0, i.e., there is a neighbor-
hood of 0 in g on which exp restricts to a diffeomorphism onto a neighborhood of 1
in G.

(c) When G is connected, exp g generates G.

Proof. To see g is contained in {X € gl(n, C) | ¢'X € G fort € R}, use Theorem

4.5. Conversely, if ¢’X € G fort € R for all X € gl(n, C), apply %hzo and use the
definition to see X € g.

For part (b), by the Inverse Mapping theorem, it suffices to show the differential
of exp: g — G is invertible at /. In fact, we will see that the differential of exp at
I is the identity map on all of GL(n, C). Let X € gl(n, C). Then, under our tangent
space identifications, the differential of exp maps X to di'te’x li=0 = X, as claimed.
Part (c) follows from Theorem 1.15. ]

Note from the proof of Theorem 4.6 that X € gl(n, C) is an element of g if
e'* € G for all ¢ on a neighborhood of 0. However, it is not sufficient to merely
verify that eX € G (Exercise 4.9). Also in general, exp need not be onto (Exercise
4.7). However, when G is compact and connected, we will in fact see in §5.1.4 that
G =expg.

4.1.3 Lie Algebras for the Compact Classical Lie Groups

We already know that the Lie algebra of GL(n, F) is gl(n, F). The Lie algebra of
SL(n, F) turns out to be

sl(n,F) ={X e gl(n,F) | tr X = 0}.

To check this, use Theorem 4.6. Suppose X is in the Lie algebra of SL(n, ). Then
1 = dete'® = '™ for t € R (Exercise 4.3). Applying %|,:0 implies 0 = tr X. On
the other hand, if tr X = 0, then dete’® = ¢'™* = 1, so that X is in the Lie algebra
of SL(n, F).

It remains to calculate the Lie algebras for the compact classical Lie groups.

4.1.3.1 SU(n) First, we show that the Lie algebra of U (n) is
um) ={X e gl(n,C) | X* = —X}.

Again, this follows from Theorem 4.6. Suppose X is in the Lie algebra of U(n).
Then I = ¢'X (¢/X)" = '¥e'™ for t € R (Exercise 4.3). App}ying 4,9 implies
that 0 = X + X*. On the other hand, if X* = —X, then /X! = ¢'Xe X = [, s0
that X is in the Lie algebra of U (n).
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To calculate the Lie algebra of SU (n), simply toss the determinant condition into
the mix. It is handled as in the case of SL(n, IF). Thus the Lie algebra of SU (n) is

su(n) ={X € gln,C) | X*=—-X, r X =0}

Using the fact that the tangent space has the same dimension as the manifold, we
now have a simple way to calculate the dimension of U (n) and SU (n). In particular,
since dimu(n) = 2@ +n,dim U (n) = n? and, since dim su(n) = 2@ +n—1,
dim SU(n) = n* — 1.
4.1.3.2 SO(n) Working with X’ instead of X* for X € gl(n, R), O(n) and SO (n)
are handled in the same way as U (n) and SU (n). Thus the Lie algebras for O (n) and
SO (n) are, respectively,

o(n) = (X € gl(n,R) | X' = —X}
so(n) = {X € gl(n,R) | X' = —X, tr X = 0} = o(n).

Both groups have the same tangent space at I since SO(n) = O(n)°. In par-
ticular, both groups also have the same dimension and, since dimo(n) = @,
dim O (n) = dim SO (n) = "1,
4.1.3.3 Sp(n) Recall from §1.1.4.3 that two realizations were given for Sp(n). We
give the corresponding Lie algebra for each.

The first realization was Sp(n) = {g € GL(n,H) | g*g = I}. Since GL(n, H)
is an open dense set in gl(n, H) = M, ,(H) = R4’ gl(n, H) can be identified with
the tangent space 7;(G L(n, H)). It is therefore clear that Definition 4.1 generalizes
in the obvious fashion so as to realize the Lie algebra of Sp(n) inside gl(n, H).
Working within this scheme and mimicking the case of U (n), it follows that the Lie
algebra of this realization of Sp(n) is

sp(n) = (X € gl(n, H) | X* = —X).

Since dimsp(n) = 4"(”771) + 3n, we see that dim Sp(n) = 2n? +n.
The second realization of Sp(n) was as Sp(n) = U(2n) N Sp(n, C), where
Sp(n,C) ={ge GL22n,C) | g'Jg = J}and

(2
The Lie algebra of this realization of Sp(n) is
sp(n) = un) Nsp(n, C),
where the Lie algebra of Sp(n, C) is
sp(n,C) ={X € gl(2n,C) | X'J = —JX}.

The only statement that needs checking is the identification of sp(n, C). As usual,
this follows from Theorem 4.6. Suppose X is in the Lie algebra of Sp(n, C). Then
e'X' Je'X = J fort € R. Applying £ |,_ implies 0 = X'J + J X. On the other hand,
if X'J = —JX, then JXJ ™' = —X', 50 X' Je!XJ~! = X't/ XTT = X' o=1X' =
I, so that X is in the Lie algebra of Sp(n, C).
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4.1.4 Exercises

Exercise 4.1 Let G be a Lie subgroup of GL(n, C). Show that the Lie bracket is
linear in each variable, skew-symmetric, and satisfies the Jacobi identity.

Exercise 4.2 (1) Show that the map ¥ H — M;>(C) from Equation 1.13 in
§1.1.4.3 induces an isomorphism Sp(1) = SU (2) of Lie groups.
(2) Show that

3. i 0 <. 0 —1 ~ 0 —i
ii= (%) 7= (03) = (%)

(3) Let Im(H) = spang{i, j, k} and equip Im(IH) with the glgebra structure [u, v] =
2Im(uv) = uv —uv = uv — vu for u, v € Im(H). Show ¢ induces an isomorphism
Im(H) = su(2) as (Lie) algebras.

Exercise 4.3 (1) Let X, Y € gl(n, C). Show that the map t — e’ is a well-defined
smooth homomorphism of R into GL(n, C).

(2) If X and Y commute, show that eX™' = eXe?. Show by example that this need
not be true when X and do not Y commute.

(3) Show that deteX = "X, (ex)>k =X, (ex)_1 = e X,
and AeXA~! = ¢AX47 for A € GL(n, C).

%etx — etXX — XetX’

Exercise 4.4 (1) For x, y € R, show that
exp(x —y) _ o (cpsy —s1ny>
y X siny cosy
xy\__ ,(coshy sinhy
exp(y x)_e (sinhy coshy)

ex x 0 _ e’ 10
Plyx)=<(,1)
(2) Show every matrix in gl(2, R) is conjugate to one of the form ()yc 7 >

X
( y)’ < >'
y X y X

Exercise 4.5 (1) The Euclidean motion group on R" consists of the set of transfor-
mations of R” of the form x — Ax + b, where A € GL(n,R) and b € R" for
x € R". Show that the Euclidean motion group can be realized as a linear group of
the form

{<g l;) | Ae GL(n,R),b € R"}.

. AT
(2) Use power series to make sense of (()Af).

(3) Show that the exponential map is given in this case by
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Ab a ("=
exp<01>=<eo A b).

Exercise 4.6 (1) Let X € s[(2, C) be given by

a b
= (0%
witha, b, c € Candlet & € Cso that A> = a®+bc. Show e* = (cosh 1) [ + 32 X
(2) Let X € s0(3) be given by

fora,b,c € Randletd = Va2 + b% + 2. Show eX = 1 + Si%gX + 1—;%@)(2_ Also
show that X is the rotation about (¢, —b, a) through an angle 6.

Exercise 4.7 (1) Show that the map exp: sl(2, R) — SL(2, R) is not onto by show-
ing that the complement of the image of exp consists of all g € SL(2, R) that are

conjugate to
-1 *1
0 -1

(i.e., all g # —1I with both eigenvalues equal to —1).
(2) Calculate the image of gl(2, R) under exp.

Exercise 4.8 (1) Use the Jordan canonical form to show exp: gl(n, C) — GL(n,C)
is surjective.

(2) Show that exp: u(n) — U (n) and exp: su(n) — SU (n) are surjective maps.
(3) Show that exp: so(n) — SO(n) is surjective.

(4) Show that exp: sp(n) — Sp(n) is surjective.

Exercise 4.9 Find an X € gl(2, C) so that eX € SL(2, C), but X ¢ sl(2, C).

Exercise 4.10 Let G be a Lie subgroup of GL(n, C). Show G = {I} if and only if
g = {0}

Exercise 4.11 Let G be a Lie subgroup of GL(n, C) and ¢ : R — G a continuous
homomorphism.

(1) Show that ¢ is smooth if and only if ¢ is smooth at 0.

(2) Let U be a neighborhood of 0 in g on which exp is injective. Show it is possible
to linearly reparametrize ¢, i.e., replace ¢(¢) by ¢(st) for some nonzero s € R, so
that o([—1, 1]) Cexp U.

(3) Let X € U so that exp X = 1. Show that ¢(¢) = ' fort € Q.

(4) Show that ¢ () = ¢'* for t € R and conclude that ¢ is actually real analytic and,
in particular, smooth.
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Exercise 4.12 (1) Let G be a Lie subgroup of GL(n, C). Let {X;}_, be a basis for
g. By calculating the differential on each standard basis vector, show that the map

(t,...,t,) > enXi. .. glhXn
is a local diffeomorphism near 0 from R” to G. The coordinates (¢, ... ,t,) are
called coordinates of the second kind.
(2) Show that the map
(t1, ... 1) — et thXn
is a local diffeomorphism near 0 from R” to G. The coordinates (71, ... ,f,) are

called coordinates of the first kind.

Exercise 4.13 Suppose G and H are Lie subgroups of general linear groups and
¢ : H — G is a continuous homomorphism. Using Exercises 4.11 and 4.12, show
that ¢ is actually a real analytic and therefore smooth map.

Exercise 4.14 Suppose B(, -) is a bilinear form on F". Let

Aut(B) ={g € GL(n,F) | (gv, gw) = (v, w), v, w € F"}
Der(B) = {X € gl(n,F) | (Xv,w) = —(v, Xw), v, w € F"}.

Show that Aut(B) is a closed Lie subgroup of G L(n, FF) with Lie algebra Der(B).
Exercise 4.15 Suppose F" is equipped with an algebra structure -. Let

Aut() ={g € GL(n,F) | g(v-w) = gv - gw, v, w € F"}
Der() ={X egln,F) | X(v-w)=Xv-w+v- - Xw,v,w e F'}.

Show that Aut(-) is a closed Lie subgroup of G L(n, F) with Lie algebra Der(-).

Exercise 4.16 Let G be a Lie subgroup of GL(n, C). Use the exponential map to
show G has a neighborhood of I that contains no subgroup of G other than {e}.

Exercise 4.17 For X, Y € gl(n, C), show that XY = lim,_.o (e e )".

4.2 Further Constructions

4.2.1 Lie Algebra Homomorphisms

Definition 4.7. Suppose ¢ : H — G is a homomorphism of Lie subgroups of gen-
eral linear groups. Let the differential of ¢, dp : h — g, be given by

d
de(X) = Erp(e’x)lt:o.
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This is well defined by Theorem 4.6 and Definition 4.1. Note by the chain rule
that if y : R — G is any smooth map with y’(0) = X, then d¢ can be alternately
computed as dp(X) = j—tq)(y(t))hzo. If one examines the identifications of Lie
algebras with tangent spaces, then it is straightforward to see that the above definition
of dg corresponds to the usual differential geometry definition of the differential
do : T;(H) — T;(G). In particular, dg is a linear map and d(¢; o ¢2) = dg; o d@;.
Alternatively, this can be verified directly with the chain and product rules (Exercise
4.18).

Theorem 4.8. Suppose ¢, ¢; : H — G are homomorphisms of Lie subgroups of
general linear groups.
(a) The following diagram is commutative:
dy
h = 9
exp | J exp

HS5 G
so that exp odg = @ o exp, i.e., /X = @(eX) for X € b.
(b) The differential d¢ is a homomorphism of Lie algebras, i.e.,

do[X, Y] =[deX,dpY]

for X,Y €.
(¢) If H is connected and dgy = dgs, then ¢ = ¢,.

Proof. For part (a), observe that since ¢ is a homomorphism that

L o) = Lo %) Ly = p(e) L p(e) oo = pleM)dpX.
dt ds ds
Thus t — @(e'¥) is the integral curve of df(;X through /. Theorem 4.5 therefore
implies @(e'¥) = /%X,
For part (b), start with the equality @ (e’ Xe’Y e™'X) = (/49X 3d¢Y p=1doX that fol-
lows from the fact that ¢ is a homomorphism and part (a). Apply % |s=0 and rewrite

_ 1 X —tX .
eXesVe X ag %" Y™ (BExercise 4.3) to get

d(p(etXYele) — ezdsz dgoYeftd(pX-

Next apply dit li=o to get
% (dp*Ye ™)) ;=0 = dpXdeY — deYdeX = [dpX, dpY]
and use the fact that dg is linear to get

do([X,Y]) =do(XY —YX) = %dfp(E’XYf’X)Izzo = [dpX, doY].

For part (c), use part (a) to show that ¢; and ¢, agree on exp f). By Theorem 4.6 and
since ¢; is a homomorphism, the proof is finished. O
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As a corollary of Theorem 4.8, we can check that the Lie algebra of a compact
group is well defined up to isomorphism. To see this, suppose G; are Lie subgroups
of general linear groups with ¢ : G; — G5 an isomorphism. Since pop~! and p~'og
are the identity maps, taking differentials shows d¢ is a Lie algebra isomorphism
from g; to g».

A smooth homomorphism of the additive group R into a Lie group G is called a
one-parameter subgroup. The next corollary shows that all one-parameter subgroups

are of the form t — ¢'* for X e g.

Corollary 4.9. Let G be a Lie subgroup of GL(n,C) and let y : R — G be a
smooth homomorphism, i.e., y(s +1) = y(s)y(t) fors,t € R.If y'(0) = X, then
y() = e'X.

Proof. View the multiplicative group R as a Lie subgroup of GL(1,C). Let ¥, o :
R* — G be the two homomorphisms defined by ¥ = y o In and o (x) = eM9X,
Then

=~ d ~ tx d
dy(x) = —y (€ )|i=0 = —vy(tx)li=0 =xX

dt dt
d d
do(x) = o)z = e Flimg = xX.
Theorem 4.8 thus shows that ¥ = o so that y (f) = e'*. O

In the definition below any choice of basis can be used to identify GL(g) and
End(g) with GL(dim g,R) and gl(dim g, R), respectively. Under this identification,
oo 1

exp corresponds to the map exp : End(g) — GL(g) with e’ = Y 7° LT* for
T € End(g) where T*X = (T o --- o T)X (k copies) for T € End(g) and X € g.

Definition 4.10. Let G be a Lie subgroup of GL(n, C).

(a) For g € G, let conjugation, ¢, : G — G, be the Lie group homomorphism given
by ¢, (h) = ghg 'forh e G

(b) The Adjoint representation of G on g, Ad : G — GL(g), is given by Ad(g) =
d(cg).

(c§ Tzle adjoint representation of g on g, ad : g — End(g), is given by ad = d Ad,
ie,(adX)Y = %(Ad(e’X)Y)l,:o for X,Y eg.

Some notes are in order. Except for the fact that g is a real vector space instead
of a complex one, Ad is seen to satisfy the key property of a representation,

Ad(g1g2) = Ad(g1) Ad(g2),

by taking the differential of the relation cg 4, = ¢, 0 ¢g, for g; € G. More explicitly,
however, dc,(X) = j—t(ge’xg_')b:o so that

Ad(g)X = gXg .

Applying Theorem 4.8, we see that
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cgeX = A@X
Since this is simply the statement ge*g~! = e8%8”' | the equality is already well
known from linear algebra.

Secondly, ((d Ad) (X)) Y = Le'Xye'X|,_y so that

(adX)Y=XY -YX =[X,Y].
Applying Theorem 4.8, we see that
4.11) Ad(e¥) = X

The notion of a representation of a Lie algebra will be developed in §6.1. When that
is done, ad will, in fact, be a representation of g on itself.

4.2.2 Lie Subgroups and Subalgebras

If M is a manifold and &; are vector fields, the Lie bracket of vector fields is defined
as [£1, &] = £1& — £&. For M = R”, it is easy to see (Exercise 4.19) that the Lie
bracket of the vector fields & = ), & (x)% andn =7y, ”i(x)alx,- is given by

o 05\ 0
“.12) enl=33 (é, > zaf>ax:
J 1

For M = GL(n, C), recall that GL(n, C) is viewed as an open set in M,, ,(C) =
R> = R™ x R" by writing Z € M, ,(C)as Z = X +iY, X,Y € M, ,(R), and
mapping Z to (X, Y). For A € gl(n, C), the value of the vector field A at the point
Z € GL(n,C) is defined as ZA. Unraveling our identifications (see the discussion
around Equation 4.3 for the usual identification of 7,(G) with gg), this means that
the vector field A on GL (n, C) corresponds to the vector field

94 = Z ZRG(ZikAkj)— + Z Zlm(z,-kAkj)—
ij ok dxij ik 0yi;

on the open set of R>" cut out by the determinant.
Lemma 4.13. For A, B e Mn((C), [BA, 33] = B[A,B]~

Proof. For the sake of clarity of exposition, we will verify this lemma for M,,(R) and
leave the general case of M,,(C) to the reader. In this setting and with A € M,,(R), 94
is simply >, ; >, xikAkj%. Writing §; , for 0 when i # p and for 1 wheni = p,
Equation 4.12 shows that

URAEDID (prkAkq rBaj — prkquSi,pqu> %
k L

i,j P9

ad
= § :E :xik (ArgByj — BigAy)) ox;;
j

ij q.k

—szzkAB L—a[AB] o
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For us, the importance of Lemma 4.13 is that if § is a k-dimensional subalge-
bra of gl(n, C), then the vector fields {dy | X € b} form a subalgebra under the Lie
bracket of vector fields. Moreover, on G L (n, C), their value at each point determines
a smooth rank k subbundle of the tangent bundle. Thus Frobenius’ theorem from dif-
ferential geometry (see [8] or [88]) says this subbundle foliates G L(n, C) into inte-
gral submanifolds. In particular, there is a unique maximal connected k-dimensional
submanifold H of GL(n,C) sothat I € H and T;,(H) = {(dx), | X € b}, h € H,
where (dy), is the value of dx at . Under our usual identification, this means that
the tangent space of H at h corresponds to kb, i.e., that {y’(0) | y(0) = h and
y : (—€,¢) - H,e > 0, is smooth} = hbf. Finally, it is an important fact that
integral submanifolds such as H, as was the case for regular submanifolds, satisfy
the property that when f : M — G is a smooth map of manifolds with f(M) C H,
then f : M — H is also a smooth map (see [88]).

Theorem 4.14. Let G be a Lie subgroup of GL(n, C). There is a bijection between
the set of connected Lie subgroups of G and the set of subalgebras of g. If H is a
connected Lie subgroup of G, the correspondence maps H to its Lie algebra b.

Proof. Suppose b is a subalgebra of g. Let H be the unique maximal connected
submanifold of G sothat I € H, and so the tangent space of H at i corresponds to A
for h € H. Now the connected submanifold /, 'H , hy € H, contains I. Moreover,
since %(haly(t))b:o = hgly’(O), the tangent space of halH at halh corresponds
to Ay 'hb. Uniqueness of the integral submanifold therefore shows hy 'H=H. A
similar argument shows that ho H = H, so that H is a subgroup of G. By the remark
above the statement of this theorem, the multiplication and inverse operations are
smooth as maps on H, so that H is a Lie subgroup of G. Hence the correspondence
is surjective.

To see it is injective, suppose H and H' are connected Lie subgroups of G, so that
h = b'. Using the exponential map and Theorem 4.6, H and H' share a neighborhood
of I. Since they are both connected, this forces H = H'. O

4.2.3 Covering Homomorphisms

Theorem 4.15. Let H and G be connected Lie subgroups of general linear groups
and ¢ : H — G a homomorphism of Lie groups. Then ¢ is a covering map if and
only if do is an isomorphism.

Proof. If ¢ is a covering, then there is a neighborhood U of [ in H and a neighbor-
hood V of I in G, so that ¢ restricts to a diffeomorphism ¢ : U — V. Thus the
differential at I, dg, is an isomorphism.

Suppose now that dg is an isomorphism. By the Inverse Mapping theorem, there
is a neighborhood Uj of I in H and a neighborhood Vj, of I in G so that ¢ restricts to
a diffeomorphism ¢ : Uy — Vj. In particular, ker pNUy = {I}. Let V be a connected
neighborhood of I in V; so that VV~! C V, (Exercise 1.4) and let U = ¢~ 'V N U
so that U is connected, UU ! C Uy, and ¢ : U — V is still a diffeomorphism.
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As ¢ is a homomorphism, ¢~V = U ker ¢. To see that ¢ satisfies the covering
condition at I € G, we show that the set of connected components of go_lV is
{Uy | v € kery}. For this, it suffices to show that Uy; N Uy, = @ for distinct
y; € ker . Suppose u1y; = ury, foru; € U and y; € ker ¢. Then )/2)/1_1 = uz_lul
is in Uy N ker ¢ and so yzyl_l = I, as desired.

It remains to see that ¢ satisfies the covering condition at any g € G. For this, first
note that ¢ is surjective since G is connected, ¢ is a homomorphism, and the image
of ¢ contains a neighborhood of / (Theorem 1.15). Choose & € H so that ¢(h) = g.
Then gV is a connected neighborhood of g in G and ¢~'(gV) = hU ker¢. The
set of connected components of AU ker ¢ is clearly {hUy | y € kerg}. Since ¢
restricted to AU y is obviously a diffeomorphism to gV, ¢ is a covering map. O

Theorem 4.16. Let H and G be connected Lie subgroups of general linear groups
with H simply connected. If ¥ : ) — g is a homomorphism of Lie algebras, then
there exists a unique homomorphism of Lie groups ¢ : H — G so that dgo = .

Proof. Uniqueness follows from Theorem 4.8. For existence, suppose H is a Lie
subgroup of GL(n, C) and G is a subgroup of GL(m, C). Then we may view H X G
as a block diagonal Lie subgroup of G L (n+m, C). When this is done, the Lie algebra
of H x G is clearly the direct sum of ) and g in gl(n + m, C). More importantly,
note h and g commute and define

a={X+yX|XehChdg.

Using the fact that ¥ is a homomorphism of Lie algebras, if follows that a is a
subalgebra of h @ g since

[X+vX, Y +yY]=[X. Y]+ [vX, ¥Y]=[X, Y]+ ¥[X, Y]

for X,Y €b.

Let A be the connected Lie subgroup of H x G with Lie algebra a (Theorem
4.14) and let 7y and s be the Lie group homomorphisms projecting A to H and
G, respectively. By the definitions, dwy (X + ¥ X) = X and dng(X + ¢ X) = ¢ X.
Then dmy is a Lie algebra isomorphism of a and b, so that Theorem 4.15 implies
my is a covering map from A to H. Since H is simply connected, this means that
gy : A — H is an isomorphism. Define the Lie group homomorphism ¢ : H — G
by p =ngo JTI;I to finish the proof. O

Note Theorem 4.16 can easily fail when H is not simply connected (Exercise
4.20).

4.2.4 Exercises

Exercise 4.18 (1) Let ¢ : H — G be a homomorphism of linear Lie groups. Use
the fact that £ (e"Xe'”) |,_o =rX + Y, X, Y € b, to directly show thatdg : h — g
is a linear map.

(2) Let¢’ : K — H be ahomomorphism of linear Lie groups. Show that d(po¢’) =
dpody'.
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Exercise 4.19 Verify that Equation 4.12 holds.

Exercise 4.20 Use the spin representations to show that Theorem 4.16 can fail when
H is not simply connected.

Exercise 4.21 (1) Let

10 01 00
H=(5 %) £=(00)mr=(17).

Show that [H, E]1 =2E,[H, F]= —2F,and [E, F] = H.
(2) Up to the Ad action of SL(2, R), find all Lie subalgebras of s[(2, R).

Exercise 4.22 (1) Let G be a Lie subgroup of a linear group and H € G. Show that
the centralizer of H in G,

ZG(H)={g € G| gh=hg, heH},
is a Lie subgroup of G with Lie algebra the centralizer of H in g,

3g(H)={XeglAdWX =X,h e H}.

(2) If h C g, show that the centralizer of b in G,
Zg(h) ={g € G|Ad@)X =X, X € b},
is a Lie subgroup of G with Lie algebra the centralizer of b in g,

3¢ ={Y egl|[Y,X]=0,X eb}.

(3) If H is a connected Lie subgroup of G, show Zs(H) = Zg(h) and 34(H) =
3g(h).

Exercise 4.23 (1) Let G be a Lie subgroup of a linear group and let H be a connected
Lie subgroup of G. Show that the normalizer of H in G,

No(H) ={g € G| gHg™' = H]},
is a Lie subgroup of G with Lie algebra the normalizer of b in g,

ng(h) ={Y eg|[Y,b] < b}

(2) Show H is normal in G if and only if f is an ideal in g.

Exercise 4.24 (1) Let ¢ : H — G be a homomorphism of Lie subgroups of linear
groups. Show that ker ¢ is a closed Lie subgroup of H with Lie algebra ker dg.
(2) Show that the Lie subgroup ¢ (H) of G has Lie algebra dgh.
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Exercise 4.25 If G is a Lie subgroup of a linear group satisfying span[g, g] = g,
show that tr (ad X) = 0 for X € g.

Exercise 4.26 (1) For X, Y € gl(n, C), show that ¢/Xe!Y = o/ X+V+32[X.Y1+0()
for ¢ near 0.
(2) Show that e'X 'Y ¢=1X = Y+ IX.YIHOG) for ¢ pear 0.

X Y

n?
Exercise 4.27 For X, Y € gl(n, C), show that el*¥! = lim,,_, o (e§e%e_7e_?> .

Exercise 4.28 This exercise gives a proof of Theorem 1.6. Recall the well-known
fact that an n-dimensional submanifold N of an m-dimensional manifold M is regu-
lar if and only each n € N lies in an open set U of M with the property that there is
achart ¢ : U — R™ of M sothat N N U = ¢~ ' (R"), where R" is viewed as sitting
in R™ in the usual manner ([8]). Such a chart is called cubical. Let G € GL(n, C)
be a Lie subgroup and H € G be a subgroup (with no manifold assumption).

(1) Assume first that H is a regular submanifold of G and h; — h with h; € H
and 7 € G. Show that there is a cubical chart U of G around e and open sets
V C W C U,sothat V™'V € W C U. Noting that h;'h; € V'V for big
i, j, use the definitions to show that H is closed.

(2) For the remainder, only assume H is closed. Leth = {X e g | ¢'* € H,t € R}.
Show that X't = ¢! X+V)+0(*) X 'y ¢ g and use induction to see that

&K = lim (eﬁxeﬁyy.
n—oo

Conclude that § is a subspace and choose a complementary subspace s C g, so that

sdh=g.

(3) Temporarily, assume there are no neighborhoods V of 0 in g withexp(h N V) =

H Nexp V. Using this assumption and the fact that the map (Y, Z) — e¥e? is a

local diffeomorphism at (0, 0) from s @ h) to G, construct a nonzero sequence Y, € s,

so that ¥, — 0 and e’ € H. Show that you can pass to a subsequence and further

assume Y,/ ||Y,|| — Y for some nonzero Y € s.

(4) For any t € R, show that there is k, € Z so that k, ||Y,|| — ¢. Conclude that

(eY")k" — et

(5) Obtain a contradiction to the assumption in part (3) by showing that Y € §.

Conclude that there is a neighborhood V of 0 in g, so that exp is a diffeomorphism

from V toits image in G andexp(hNV) = HNexpV.

(6) Given any & € H, consider the neighborhood U = hexpV of h in G and the

chart ¢ = exp™! ol;1 : G — gof G. Show that ¢~ '(§) = H N U, so that H is a

regular submanifold, as desired.
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Abelian Lie Subgroups and Structure

Since a compact Lie group, G, can be thought of as a Lie subgroup of U (n), The-
orems 3.28 and 2.15, it is possible to diagonalize each g € G using conjugation in
U (n). In fact, the main theorem of this chapter shows it is possible to diagonalize
each g € G using conjugation in G. This result will have far-reaching consequences,
including various structure theorems.

5.1 Abelian Subgroups and Subalgebras

5.1.1 Maximal Tori and Cartan Subalgebras

If G is a Lie group, recall G is called Abelian if g; g, = g»g forall g; € G. Similarly,
if a is a subalgebra of gl(n, C), a is called Abelian if [X,Y] =0 forall X,Y € a.

Theorem 5.1. Let G be a Lie subgroup of GL(n, C).

(a) For X,Y € g, [X, Y] =0 ifand only if &' and e’¥ commute for s, t € R. In this
case, ¥V = eXe?,

(b) If A is a connected Lie subgroup of G with Lie algebra a, then A is Abelian if

and only if a is Abelian.

Proof. Since part (b) follows from part (a) and Theorems 1.15 and 4.6, it suffices to
prove part (a). It is a familiar fact (Exercise 4.3) that when X and Y commute, i.e.,
[X,Y] =0, that e’* ™Y = XY Since /X7 = Y+ X it follows that ¢’X and e*Y
commute. Conversely, if ¢'* and e*¥ commute, then e¢'Xe*Ye™'* = ¢V, Applying

%lszo and then L‘f—t l;=o yields XY — Y X = 0, as desired. O

It is well known (Exercise 5.1) that the discrete (additive) subgroups of R”, up to
application of an invertible linear transformation, are of the form

Ti={x=@1,...,x) €R" | x,...,xx € Zand x4 =---x, = 0}.

12

In the next theorem, recall that a forus is a Lie group of the form T* = (S l)k
R¥/ Ty = R/ ZF.
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Theorem 5.2. (a) The most general compact Abelian Lie group is isomorphic to
T* x F, where F is a finite Abelian group. In particular, the most general com-
pact connected Abelian Lie group is a torus.

(b) If G is a compact Abelian Lie group, then exp is a surjective map to G°, the
connected component of G.

Proof. Let G be a compact Abelian group. By Theorem 5.1, exp: g — G%is a
homomorphism. By Theorems 1.15 and 4.6 it follows that exp is surjective, so G =
g/ ker(exp). Since g = RYM8 a5 a vector space and since Theorem 4.6 shows that
ker(exp) is discrete, ker(exp) = I'; for some &k < dim g. But as G is compact with
G = RYM8 /T = T x RIM~* & must be dim g, so that G0 = Td4ime,

Next, G/G" is a finite Abelian group by compactness. It is well known that a
finite Abelian group is isomorphic to a direct product of (additive) groups of the
form Z/(n;Z), n; € N. For each such product, pick g; € G whose image in G/G°
corresponds to 1+n;Zin Z/(n;Z). Then g!" € G°. Choose X; € g so thate™ i = g
and let h; = g;e~%i. Then h; is in the same connected component as is g;, but now
h!" = I.1t follows easily that the map G° x [], Z/(n;Z) — G given by mapping
(g, m; +n;Z)) — g []; k" is an isomorphism. O

Definition 5.3. (a) Let G be a compact Lie group with Lie algebra g. A maximal
torus of G is a maximal connected Abelian subgroup of G.
(b) A maximal Abelian subalgebra of g is called a Cartan subalgebra of g.

By Theorem 5.2, a maximal torus 7" of a compact Lie group G is indeed isomor-
phic to a torus T*. It should also be noted that the definition of Cartan subalgebra
needs to be tweaked when working outside the category of compact Lie groups.

Theorem 5.4. Let G be a compact Lie group and T a connected Lie subgroup of
G. Then T is a maximal torus if and only if t is a Cartan subalgebra. In particular,
maximal tori and Cartan subalgebras exist.

Proof. Theorems 4.14 and 5.1 show that T is a maximal torus of G if and only t is
a Cartan subalgebra of g. Since maximal Abelian subalgebras clearly exist, this also
shows that maximal tori exist. O

5.1.2 Examples
Recall that the Lie algebras for the compact classical Lie groups were computed in
§4.1.3.
5.1.2.1 SU(n) For U(n) withu(n) = {X € gl(n,C) | X* = —X}, let
(5.5) T = {diag(e'®, ..., ¢"") | 6; € R}
t = {diag(i6y, ... ,i6,) | 6; € R}
Clearly t is the Lie algebra of the connected Lie subgroup 7. Since it is easy to

see t is a maximal Abelian subalgebra of u(n) (Exercise 5.2), it follows that 7" is a
maximal torus and t is its corresponding Cartan subalgebra.
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For SU (n) with su(n) = {X € gl(n,C) | X* = —X, trX = 0}, a similar
construction yields a maximal torus and Cartan subalgebra. Simply use the defini-
tion for 7 and t as in Equation 5.5 coupled with the additional requirement that

Y16 =0.
5.1.2.2 Sp(n) For the first realization of Sp(n) as

Sp(n) ={g € GL(n,H) | g*g =1}

with sp(n) = {X € gl(n, H) | X* = —X}, use the definition for T and t as in Equa-
tion 5.5 to construct a maximal torus and Cartan subalgebra. It is straightforward to
verify that t is a Cartan subalgebra (Exercise 5.2).

For the second realization of Sp(n) as

Sp(n) =UQRn) N Spn, C)
with sp(n) = u(2n) Nsp(n, C), let

T = {diag(e”, ..., e% e ... %) |6, € R}

t = {diag(i6,, ... ,i0,, —i61,...,—i6,) | 6; € R}
for ; € R. Then T is a maximal torus and t is its corresponding Cartan subalgebra
(Exercise 5.2).
5.1.2.3 SO(2n) For SO(2n) withso(2n) = {X € gl(2n,R) | X' = —X,tr X = 0},

define the set of block diagonal matrices

cosf; sinb;

—sinf; cos6;
T = | - 6, € R)
cosf, sin6,
—sin6, cosb,
0 o
—6; 0
t={ | 6; € R}.
0 6,
—6, 0

Then T is a maximal torus and t is its corresponding Cartan subalgebra (Exercise
5.2).

5.1.2.4 SO@2n + 1) For SO(2n) with s0(2n) = {X € gl2n+ 1,R) | X' = —X,
tr X = 0}, define the set of block diagonal matrices
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cosf; sin6,
—sinf; coso,
T ={ |6 € R}
cosf, sinb,
—sin6, cos0,
1
0 6
—6; 0
0 6,
—6, 0

0

Then T is a maximal torus and t is its corresponding Cartan subalgebra (Exercise
5.2).

5.1.3 Conjugacy of Cartan Subalgebras

Lemma 5.6. Let G be a compact Lie group and (7, V) a finite-dimensional repre-
sentation of G.

(a) There exists a G-invariant inner product, (-, -), on V and for any such G-invariant
inner product on 'V, dn X is skew-Hermitian, i.e., (dn(X)v, w) = —(v, drn(X)w)
for X egandv,w e V;

(b) There exists an Ad-invariant inner product, (-,-), on g, that is, (Ad(g)Y,
Ad(g)Y») = (Y1, Y») for g € G and Y; € g. For any such Ad-invariant inner product
on g, ad is skew-symmetric, i.e., (ad(X)Y1, Y2) = — (Y1, ad(X)Y>).

Proof. Part (b) is simply a special case of part (a), where 7 is the Adjoint represen-
tation on g. To prove part (a), recall that Theorem 2.15 provides the existence of a G-
invariant inner product on V. If (-, -) is a G-invariant inner product on V, apply % li=0
to (m(e'X)Y, m(e*)Y,) = (Y1, Yo) to get (dm(X)Y, Vo) + (Y1, dn(X)Y>) =0. 0O

Lemma 5.7. Let G be a compact Lie group and t a Cartan subalgebra of g. There
exists X € t, so that t = 34(X) where 3(X) ={Y € g | [Y, X] =0}.

Proof. By choosing a basis for t and using the fact that t is maximal Abelian in g,
there exist independent {X;}!_;, X; € t, so that t = N; ker(ad X;). Below we show
that there exists r € R, so that ker(ad(X; + tX;)) = ker(ad X;) N ker(ad X»,). Once
this result is established, it is clear that an inductive argument finishes the proof.

Let (-, -) be an invariant inner product on g for which ad is skew-symmetric.
Let ¢y = ker(ad X) and ty = (ker(ad X)) . It follows that ty is an ad X-invariant
subspace. Since g = £y @ ty, it is easy to see vy is the range of ad X acting on g.

If non-central X, Y € ¢, then the fact that ad X and ad Y commute, Theorem 4.8,
implies that ad Y preserves the subspaces £x and ty. In particular,
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g=(ExNEy) D (ExNry) ® (xx NEy) @ (tx Nry).

If vy Nty = {0}, then £x N &y = ker(ad(X + Y)). Otherwise, restrict ad(X + tY) to
ty Nty and take the determinant. The resulting polynomial in ¢ is nonzero since it is
nonzero when ¢ = 0. Thus there is a 7y 7% 0, so ad(X + #yY) is invertible on tx N ty.
Hence, in either case, there exists a 7y € R, so that ker(ad(X + #yY)) = tx NEy. 0O

Definition 5.8. Let G be a compact Lie group and X € g. If 34(X) is a Cartan
subalgebra, then X is called a regular element of g.

We will see in §7.2.1 that the set of regular elements is an open dense set in g.

Theorem 5.9. Let G be a compact Lie group and t a Cartan subalgebra. For X € g,
there exists g € G so that Ad(g)X e t.

Proof. Let (-, -) be an Ad-invariant inner product on g. Using Lemma 5.7, write t =
35(Y) for some Y € g. It is necessary to find go € G so that [Ad(go) X, Y] = 0. For
this, it suffices to show that ([Ad(go)X, Y], Z) = O for all Z € g. Using the skew-
symmetry of ad, Lemma 5.6, this is equivalent to showing (Y, [Z, Ad(gp)X]) = O.
Consider the continuous function f on G defined by f(g) = (Y, Ad(g)X). Since
G is compact, choose gy € G so that f has a maximum at gy. Then the function
t — (Y,Ad(e'?) Ad(g)X) has a maximum at t+ = 0. Applying %h:o therefore
yields 0 = (Y, [Z, Ad(go)X]), as desired. ]

The corresponding theorem is true on the group level as well, although much
harder to prove (see §5.1.4).

Corollary 5.10. (a) Let G be a compact Lie group with Lie algebra g. Then Ad(G)
acts transitively on the set of Cartan subalgebras of G.
(b) Via conjugation, G acts transitively on the set of maximal tori of G.

Proof. For part (a), let t; = 34(X;), X; € g, be Cartan subalgebras. Using Theorem
5.9, thereisa g € G sothat Ad(g)X; € t,. Using the fact that Ad(g) is a Lie algebra
homomorphism, Theorem 4.8, it follows that

Ad(g)t; = {Ad(g)Y € g | [Y, X1] =0}
={Y' eg|[Ad(®) 'Y, Xi] =0}
={Y eg| [V, Ad(g)X] =0} = 35(Ad(g) X))

Since Ad(g)X; € t, and t; is Abelian, Ad(g)t; 2 t,. Since Ad(g) is a Lie alge-
bra homomorphism, Ad(g)t; is still Abelian. By maximality of Cartan subalgebras,
Ad(g)fl = fz.

For part (b), let T; be the maximal torus of G corresponding to t;. Use Theorem
5.2 to write T; = exp t;. Then Theorem 4.8 shows that

Ty = cgexpty =exp (Ad(g)t) =expty, = T>. m]



102 5 Abelian Lie Subgroups and Structure
5.1.4 Maximal Torus Theorem

Lemma 5.11. Let G be a compact connected Lie group. The kernel of the Adjoint
map is the center of G, i.e., Ad(g) = I if and only if g € Z(G), where Z(G) =
{h e G| gh=hg}.

Proof. If g € Z(G), then ¢ is the identity, so that its differential, Ad(g), is trivial
as well. On the other hand, if Ad(g) = I, then c,eX = A®X = X for X € g.
Thus ¢, is the identity on a neighborhood of I in G. Since G is connected and ¢, is
a homomorphism, Theorem 1.15 shows that ¢, is the identity on all of G. O

Theorem 5.12 (Maximal Torus Theorem). Let G be a compact connected Lie
group, T a maximal torus of G, and gy € G.

(a) There exists g € G so that ggog~' € T.

(b) The exponential map is surjective, i.e., G = exp g.

Proof. Use Theorems 5.2, 4.8, and 5.9 to observe that

U T = U coexpt= U exp (Ad(g)t) =expg.

geG geG geG

Thus U,
equivalent.

We will prove part (b) by induction on dim g. If dimg = 1, then g is Abelian,
and so Theorem 5.2 shows that expg = G. For dim g > 1, we will use the inductive
hypothesis to show that exp g is open and closed to finish the proof. Since (_J eeG CeT
is the continuous image of the compact set G x T, exp g is compact and therefore
closed. Thus it remains to show that exp g is open.

Fix X, € g and write gg = exp Xj. It is necessary to show that there is a neigh-
borhood of g( contained in exp g. By Theorem 4.6, assume Xy # 0. Using Lemma
5.6, let (-, -) be an Ad-invariant inner product on g so that Ad(go) is unitary. Define

¢,T = G if and only if expg = G. In other words parts (a) and (b) are

a=34(g0) ={Y € g| Ad(go)Y =Y}
b =aL,

so g = a @ b with Ad(go) — I an invertible endomorphism of b. Note that Xy € a
since Ad(exp X)X = X0 X = X,.

Consider the smooth map ¢ : a @ b — G given by (X, ¥) = gy 'e" goe¥e Y.
Under the usual tangent space identifications, the differential of ¢ can be computed
at 0 by

d d
de(X.0) = —¢(tX, 0= = Ee”%zo =X

_ i _ i —1 1Y —tY _ _
dg(0.Y) = —-¢(0. 1Y)z = — (g5 'e goe™") li=o = (Ad(go) — ) Y.

Thus dg is an isomorphism, so that {g;'e” goeXe™ | X € a, ¥ € b} contains a
neighborhood of / in G. Since [ ! is a diffeomorphism,
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{e¥goeXe™ | X €a,Y € b}

contains a neighborhood of gy in G.

Let A= Zg(g0)° = {g € G | gg0 = 80g)°, a closed and therefore compact Lie
subgroup of G. Rewriting the condition ggo = gog as ¢4, & = g, the usual argument
using Theorem 4.6 shows that the Lie algebra of A is a (Exercise 4.22). In particular,
e® C A, so that gpe® C A since gy € A. Thus

{e¥goeXe™ | X ea,Y eb) C{eVAeV | Y € b},

and so | J ¢cG g~ ' Ag certainly contains a neighborhood of gy in G.

Note that dima > 1 as X € g. If dim a < dim g, the inductive hypothesis shows
that A = expa, so that [, g 'Ag = U,eq exp (Ad(g)a) < expg. Thus expg
contains a neighborhood of g, as desired.

On the other hand, if dima = dimg, then Ad(gyp) = I so that Lemma 5.11
shows gop € Z(G). Let t be a Cartan subalgebra containing Xy. By Theorem 5.9, g =
UgeG Ad(g)t. For any X € t, use the facts that gg = ¢*° € Z(G) and [X(, X] =0
to compute

goexp(Ad(g)X) = gocge™ = ¢, (eX0e¥) = cpe®™ X = exp(Ad(g) (X0 + X))

for g € G. Since Xo + X € ¢, goexp g C exp g. However, Theorem 4.6 shows exp g
contains a neighborhood of I so that gy exp g contains a neighborhood of gj. The
inclusion go exp g  exp g finishes the proof. O

Corollary 5.13. Let G be a compact connected Lie group with maximal torus T.
(a) Then Zg(T) = T, where Zg(T) = {g € G | gt = tg fort € T}. In particular,
T is maximal Abelian.

(b) The center of G is containedin T, i.e., Z(G) C T.

Proof. Part (b) clearly follows from part (a). For part (a), obviously T C Zs(T).
Conversely, let go € Zs(T) and consider the closed, therefore compact, connected
Lie subgroup Z¢(go)°. Using the Maximal Torus Theorem, write gg = e*°. Looking
at the path t — e’ € Z;(go), it follows that gy € Zg (go)o. Moreover, since T
is connected and contains I, clearly T C Zg (go)o, so that T is a maximal torus in
Z(20)°. By the Maximal Torus theorem applied to Z¢(go)°, there is h € Z5(g0)°,
so that ¢, g9 € T. But by construction, ¢, g9 = go, S0 go € T, as desired. m]

Note that there exist maximal Abelian subgroups that are not maximal tori (Ex-
ercise 5.6).

5.1.5 Exercises

Exercise 5.1 Let I" be a discrete subgroup of R”. Pick an indivisible element e¢; € T’
and show that I'/Ze is a discrete subgroup in R"” /Re;. Use induction to show that
I" is isomorphic to I'.
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Exercise 5.2 For each compact classical Lie group in §5.1.2, show that the given
subgroup T is a maximal torus and that the given subalgebra t is its corresponding
Cartan subalgebra.

Exercise 5.3 Show that the most general connected Abelian Lie subgroup of a gen-
eral linear Lie group is isomorphic to 7% x R”.

Exercise 5.4 Classify the irreducible representations of T x (Z/n;Z) x --- x
(Z/niZ).

Exercise 5.% (Kronecker’s Theorem). View 7% = R¥/Z? and let x = (x;) € R*.
Show that the following statements are equivalent.

(a) The set {1, xy, ..., x,} is linearly dependent over Q.

(b) There is anonzeron = (n;) € Z*, son - x € Z.

(¢) There is a nontrivial homomorphism 7 : R¥/ZF — §' with x + ZF € ker .

(d) The set Zx + Zk # R* /7.

Exercise 5.5 Working in Spin,, (R) or Spin,,, ; (R), let
T = {(cost; + ejexsinty) - - - (cost, + ejey sint,) | 1, € R}.
Show that T is a maximal torus (c.f. Exercise 1.33).

Exercise 5.6 Find a maximal Abelian subgroup of SO(3) that is isomorphic to
(Z/27)* and therefore not a maximal torus.

Exercise 5.7 If H is a closed connected Lie subgroup of a compact Lie group G,
show thatexph = H.

Exercise 5.8 Let G be a connected Lie subgroup of a general linear group. Show
that the center of G, Z(G), is a closed Lie subgroup of G with Lie algebra 3(g) (c.f.
Exercise 4.22).

Exercise 5.9 Let G be a compact connected Lie group. Show that the center of G,
Z(G), is the intersection of all maximal tori in G.

Exercise 5.10 Let G be a compact connected Lie group. For g € G and positive
n € N, show that there exists 2 € G so that h" = g.

Exercise 5.11 Let T be the maximal torus of SO (3) given by

cosf sinf 0
T = —sinf cosf 0 | |0 eR
0 0 1

Find g € SO(3), so that Z;(g)° = T but with Z;(g) disconnected.
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Exercise 5.12 Let G be a compact connected Lie group. Suppose S is a connected
Abelian Lie subgroup of G.

(1) If g € Z5(S), show that there exists a maximal torus T of G, so that g € T and
SCT.

(2) Show that Zs(S) is the union of all maximal tori containing S and therefore is
connected.

(3) For g € G, show that Z(g)" is the union of all maximal tori containing g.

Exercise 5.13 Let G be a compact connected Lie group. Suppose that G is also a
complex manifold whose group operations are holomorphic. Then the map g —
Ad(g), g € G, is holomorphic. Show that G is Abelian and isomorphic to C"/ T for
some discrete subgroup I' of C".

5.2 Structure

5.2.1 Exponential Map Revisited

5.2.1.1 Local Diffeomorphism Let G be a Lie subgroup of GL(n, C). We already
know from Theorem 4.6 that exp: g — G is a local diffeomorphism near 0. In fact,
more is true. Before beginning, use power series to define

I_e—adX o 1)n
— - ad X)"
ad X Z( +1)'( )
for X € g.

Theorem 5.14. (a) Let G be a Lie subgroup of GL(n,C) and y : R — g a smooth

curve. Then
d I — e 2dv®)
Sy v (2 (¢
"= (S )

ead)/(t) .
_ / (1)
_[( ady (1) )(y (t))}ey '

(b) For X € g, the map exp: g — G is a local diffeomorphism near X if and only if
the eigenvalues of ad X on g are disjoint from 2w iZ\{0}.

Proof. In part (a), consider the special case of, say, y(t) = X +tY for Y e g. Using
the usual tangent space identifications at + = 0, the first part of (a) calculates the
differential at X of the map exp: g — G evaluated on Y. If (ad X) Y = AY for

A € C, then
_ ,—adX l—e? .
I —e ry =17 Y }fAEO
ad X Y ifA=0
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which is zero if and only if A € 27iZ\{0}. Since Lemma 5.6 shows that ad X is
normal and therefore diagonalizable, part (b) follows from the Inverse Mapping The-
orem and part (a).

With sufficient patience, the proof of part (a) can be accomplished by explicit
power series calculations. As is common in mathematics, we instead resort to a trick.
Define ¢ : R? — G by

0
s, 1) = eV sy
@(s, 1) 5

To prove the first part of (a), it is necessary to show ¢(1,1) = (%) (y’(t)).

Begin by observing that ¢ (0, #) = 0, and so ¢(1,1t) = fol %go(s, t) ds. However,

a a a
5@(& 1) = —)/(t)eﬂym a; eV sy o [y(t)e”/(t)]
— _e—sy(t)),(t)%ew(t) 4 eSr® /(t)e”’(’) + e—w(f)y(t)_ew(t)

— e—X}/(t)y’(t)eSV(t)’

so that =g (s, 1) = Ad(e™? )y’ (1) = e~**7"y'(1) by Equation 4.11. Thus

(1, 1) = / 70 (1) ds = / (_ " @dy )y ds
(& Co N o (I—esroN
= (; m (ady @)y (1)) [iZo = <W) y'(1),

as desired. To show the second part of (a), use the relation /,»«»» = rero) © Ad(e?®) =
Ferw 037D where o and .o stand for left and right multiplication by e?®. O

5.2.1.2 Dynkin’s Formula Let G be a Lie subgroup of GL(n, C). For X; € g, write
[X,., ..., X3, X2, Xq] for the iterated Lie bracket

[Xu .o [ X5 [X2.X0]]L -]

and write [X@), ... | X Y‘)] for the iterated Lie bracket
i, copies i copies
[Xn, oo s X0y oo, X1, -0 X

Although now known as the Campbell-Baker—Hausdorff Series ([21], [5], and
[49]), the following explicit formula is actually due to Dynkin ([35]). In the proof
we use the well-known fact that In (X) inverts eX on a neighborhood of I, where
In( + X) =Y 7, (D) i 1)” X" converges absolutely on a neighborhood 0 (Exercise
5.15).
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Theorem 5.15 (Dynkin’s Formula). Let G be a Lie subgroup of GL(n,C). For
X, Y € gin a sufficiently small neighborhood of 0,

eXel = e”,
where Z is given by the formula
_qynt! 1 X, yGo, . x@) yU
2=y e XV
no G+ j)+ 4 G+ ) il i !
where the sum is taken over all 2n-tuples (i1, ... ,in, j1,..- , jn) € N2n satisfying

ix + jx = 1 for positive n € N.

Proof. The approach of this proof follows [34]. Using Theorem 4.6, choose a neigh-
borhood Uy of 0 in g on which exp is a local diffeomorphism and where In is
well defined on expU. Let U C U, be an open ball about of 0O in g, so that
(expU)? (expU)~2 C exp Uy (by continuity of the group structure as in Exercise
1.4). For X,Y € U, define y(t) = e'Xe'Y mapping a neighborhood of [0, 1] to
exp U. Therefore there is a unique smooth curve Z(t) € Uy, so that (") = ¢/*e!?,

Apply % to this equation and use Theorem 5.14 to see that
edZ0 _ g (Z/(t)) Z() — x Z0) + Zny
2 Z0) e”" = Xe e .

Since Z(t) € Uy, exp is a local diffeomorphism near Z(¢). Thus the proof of
Theorem 5.14 shows that (#(1)”) is an invertible map on g. As eZ2®) = ¢'Xe'Y,

Ad(e?®) = Ad (e'*) Ad (¢'"), so that ¢*#(1) = ¢'2d X! 24 by Equation 4.11. Thus

Z/(t) = (&(t_)l) (X —i—Ad(eZ(’))Y) — <ﬂ> (X +eadZ(r)Y)

e Z(1) eddZ(t) _
adZ(t) tadX jtadY adZ(t) tad X
= (—eadz(t) - 1) (X + ¥ Ty) = =70 ] (X +*¥Y).

Using the relation A = In(I + (e* — 1)) = Y .2, (_In—)H (e* - I)n for A =
ad Z(¢) and e? = ' X247 we get

ad Z(t > (=t , -
eadz(,)( ) Z (= ) tddxetddY _ I)” 1 )
n=1

Hence

Z/(I) _ i (_1)’171 (etadXetadY _ 1)”_1 (X +etade)
- n

n=1

o) n— (o) i+ n—1 0o i
Z( D 1[ 3 t,y—fj(adX)%adYV} <X~|—(Zt (adX)))

=1 i,j=0, G.n£0,0 LI i=0
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= (=)
-y

n=1
2

where the second and third sum are taken over all iy, ji; € N with iy 4+ ji > 1. Since

Z0)=0,2(1) = 01 (%Z (t) dt. Integrating the above displayed equation finishes

the proof. O

(X)), (O (D) X
i i !

it i1 a1t

|: ittt a1

(X", (V) (XD, () (X)), Y]]

ll']l' e in—l!jn—l!in!

The explicit formula for Z in Dynkin’s Formula is actually not important. In
practice it is much too difficult to use. However, what is important is the fact that
such a formula exists using only Lie brackets.

Corollary 5.16. Let N be a connected Lie subgroup of GL(n, C) whose Lie algebra
n lies in the set of strictly upper triangular matrices, i.e., if X € n, then X; ; = 0
when i > j. Then the map exp: n — N is surjective, i.e., N = expn.

Proof. 1t is a simple exercise to see that [X,,, ..., X3, X, X|] = 0 for any strictly
upper triangular X, X; € gl(n, C) and that ¢ is polynomial in X (Exercise 5.18).
In particular, for X, Y € n near 0, Dynkin’s Formula gives a polynomial expression
for Z € n solving eXe? = eZ. Since both sides of this expression are polynomials in
X and Y that agree on a neighborhood, they agree everywhere. Because the formula
for Z involves only the algebra structure of n, Z remains in n for X, ¥ € n. In other
words, (expn)? C expn. Since exp n generates N by Theorem 1.15, this shows that
expn=N. ]

5.2.2 Lie Algebra Structure

If G; are Lie subgroups of a linear group, then, as in the proof of Theorem 4.16,
recall that the direct sum of g; and g, g1 @ g2, may be viewed as the Lie algebra of
Gi x Gy with [Xy + X5, Y1 + V2] = [ X1, Xo] + [Vy, Y2l for X, ¥; € g;.

Definition 5.17. (a) Let g be the Lie algebra of a Lie subgroup of a linear group.
Then g is called simple if g has no proper ideals and if dimg > 1, i.e., if the only
ideals of g are {0} and g and g is non-Abelian.

(b) The Lie algebra g is called semisimple if g is a direct sum of simple Lie algebras.
(c) The Lie algebra g is called reductive if g is a direct sum of a semisimple Lie
algebra and an Abelian Lie algebra.

(d) Let ¢’ be the ideal of g spanned by [g, g].

Theorem 5.18. Let G be a compact Lie group with Lie algebra g. Then g is reductive.
If 3(g) is the center of g, i.e., 3(g) = {X € g | [X, g] = 0}, then

g=9g ®3(9),

g is semisimple, and 3(g) is Abelian. Moreover, there are simple ideals s; of ¢/, so
that
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k
g = @5:'

i=l
with [s;,5;]1 = 0 fori # j and span[s;, 5;] = s;.

Proof. Using Lemma 5.6, let (-, -) be an Ad-invariant inner product on g, so that
ad X, X € g, is skew-Hermitian. If a is an ideal of g, then al is also an ideal. Tt
follows that g can be written as a direct sum of minimal ideals

(5.19) =510 - D5t D5 DB,

where dims; > 1 and dim3; = 1. Since s; is an ideal, [s;,6;] € 5; N 5;. Thus
[si,5;]1 = O fori # j and [s;, 5;] C s;. Similarly, [s;, 3;]1 = 0 and [3;, 3;] = O for
i # j. Moreover, [3;, 3;] = 0 since dim3; = 1 and [-, -] is skew-symmetric.

In particular, 3; & - - - D 3, < 3(g). On the other hand, if Z € 3(g) is decomposed
according to Equation 5.19as Z =), S; + Zj Zj,then 0 = [Z, 5;] = [S;, 5;]. This
suffices to show that S; € 3(g) which, by construction of s; as a minimal ideal with
dims; > 1, implies that S; = 0. Thus 3(g) = 31 @ - - - @ 3,. The remainder of the
proof follows by showing that span[s;, s;] = s;. However, this too follows from the
construction of s; as a minimal ideal. Since s; is not central, dim(span[s;, 5;]) > 1.
As a result, dim(spanl[s;, s;]) cannot be less than dims; either, or else span[s;, s;]
would be a proper ideal. O

It is an important theorem from the study of Lie algebras (see [56], [61], or
[70]) that the simple Lie algebras are classified. It is rather remarkable that there are,
relatively speaking, so few of them. In §6.1.2 we will discuss the complexification
of our Lie algebras. In that setting, there are four infinite families of simple complex
Lie algebras. They arise from the compact classical Lie groups SU (n), SO (2n + 1),
Sp(n), and SO (2n). Beside these families, there are only five other simple complex
Lie algebras. They are called exceptional and go by the names G», Fy, E¢, E7, and
Eg. They have dimensions are 14, 52, 78, 133, and 248, respectively.

5.2.3 Commutator Theorem

Definition 5.20. Let G be a Lie subgroup of a linear group. The commutator sub-
group, G, is the normal subgroup of G generated by

{g18287'¢," | & € G}.

In a more general setting, G’ need not be closed, however this nuisance does not
arise for compact Lie groups.

Theorem 5.21. Let G be a compact connected Lie group. Then G’ is a connected
closed normal Lie subgroup of G with Lie algebra g'.
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Proof. As usual, Theorem 3.28, assume G is a closed Lie subgroup of U (n). With
respect to the standard representation on C", decompose C” into its irreducible sum-
mands under the action of G, C" = C" @ --- @ C* withny + --- +n;y = n and
n; > 1. Thus G can be viewed as a closed Lie subgroup of U (n;) x --- x U(ng), so
that the induced projection w; : G — U (n;) yields an irreducible representation of
G.

Letg : G — S' x --- x §' (k copies) be the homomorphism induced by taking
the determinant of each 7;(g). Define H to be the closed Lie subgroup of G given
by H = ker¢. We will show that h = g’ and that H* = G’, which will finish the
proof.

Recall that it follows easily from Theorem 4.6 that ) = kerdg (Exercise 4.24)
and that the Lie algebra of Z(G) is 3(g) (c.f. Exercises 4.22 or 5.8). Now if Z € 3(g),
then ¢'? € Z(G), so that Schur’s Lemma implies m;e'? = c¢;(t)I for some scalar
¢; (t) with ¢; (0) = 1. Evaluating at % lo, this means that

ny copies ny copies

Z = diag(c}(0), ... ,c{(0), ..., c (0), ..., c(0)).

Hence do(Z) = (n1c}(0), ... , nkc;(0)) and Z € ker ¢ if and only if Z = 0. On the
other hand, since g’ is spanned by [g, g], clearly tr(dw; X) = 0 for X € g’ (Exercise
5.20). Thus det ;e'X = 1 (Exercise 4.3), so that g’ C kerdg. Combined with the
decomposition from Theorem 5.18, it follows that h = ¢'.

Turning to G’, let U = {g]gzgl_lgz_1 | gi € G}. Since U is the continuous image
of G x G under the obvious map, U is connected. As [ € U, € U J and since
G' =U;U/, G’ is therefore connected.

Next, by the multiplicative nature of determinants and the definition of the com-
mutator, it follows that 7;G’ € SU(n;) so that G’ C H. It only remains to see
H° C G’ since G’ is connected. For this, it suffices to show that G’ contains a neigh-
borhood of I in H by Theorem 1.15.

To this end, for X, Y € b, define cx y(r) € HN G',t € R, by

_ eVIX VY o =ViXo=VIY 4 >
cxy(t) = VX g=IHY o=VIIX oY ¢ ),
Using either Dynkin’s Formula (Exercise 5.21, c.f. Exercises 4.26 and 5.16) or ele-

3
mentary power series calculations, it easily follows that cy y (1) = e/lX:Y1+0U1>) for
t near 0, so that cx y is continuously differentiable with c;(’ yO) =[X,Y]

Let {[X;, Y,-]}f=1 be a basis for g’ and consider the map ¢ : R” — H given by

cti,....tp) =[] cx,v, (1). As c/X,Y(O) = [X, Y], the differential of ¢ at O is an
isomorphism to h (c.f. Exercise 4.12). Thus the image of ¢ contains a neighborhood
of I in H and, since c¢(¢) is also in G, the proof is finished. O

5.2.4 Compact Lie Group Structure

Theorem 5.22. (a) Let G be a compact connected Lie group. Then G = G'Z(G)°,
Z(G") = G' N Z(G) is a finite Abelian group, Z(G)° is a torus, and
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G =[G x Z(G)'] /F,

where the finite Abelian group F = G' N Z(G)° is embedded in G' x Z(G)? as
{(fi fD1 feF)

(b) Decompose § = 51 @ --- @ s; into simple ideals as in Theorem 5.18 and let
S; = exps;. Then S; is a connected closed normal Lie subgroup of G' with Lie
algebra s;. The only proper closed normal Lie subgroups of S; are discrete, finite,
and central in G. Moreover, the map (sy, ... ,8x) — S; - S from S} X -+ X S to
G’ is a surjective homomorphism with finite central kernel, F’, so that

G =[S x--x8]/F.

Proof. For part (a), first note that G’ is closed and therefore compact. It follows from
the Maximal Torus Theorem that G’ = exp g’. Using the decomposition g = g'®3(g)
and the fact that the Lie algebra of Z(G) is 3(g), Theorems 5.1 and 5.2 show exp g =
G'Z(G)°. Thus G = G’ Z(G)°. This relation also shows that Z(G') = G’ N Z(G).

Using the machinery from the proof Theorem 5.21, any Z € Z(G) must be
of the form Z = diag(cy,... ,c1y .. ,Cky... ,cx). If also Z € G, then ¢}' =

., =1, so that ¢; is an n}h—root of unity. In particular, G’ N Z(G) is a finite
Abelian group. Finally, consider the surjective homomorphism mapping (g, z) — gz
from G’ x Z(G)? — G. Clearly the kernel is {(f, f~') | f € F}, as desired.

For part (b), the fact that s; and s;, i # j, commute and G’ = expg' show
G = S;---8 with S; and S;, i # j, commuting. It is necessary to verify that S;
is a closed Lie subgroup. To this end, write Ad(g)|s; for Ad(g) restricted to s; and
let K; = {g € G| Ad@Qls; =1, ] # i}°. Obviously K; is a connected closed Lie
subgroup of G’. We will show that K; = §;.

Now X € ¢ if and only if ¥ € K;, t € R, if and only if Ad(e'")|s, =
e"“d(x)|5] = [ for j # i. Using %|,:0, X € & if and only if [X,s;] = O for
J # 1. Since s; is an ideal with span[s;, 5;] = s; and [s;, 5;] = 0, decomposing X
according to 51 @ - - - @ s; shows ¢ = s5;. Thus K; = exp¥; = §; and in particular,
S; is a closed connected normal Lie subgroup with Lie algebra s;.

If N is a normal Lie subgroup of S;, then ¢,N = N for s € ;. Since Ad(s) is
the differential of ¢, Ad(s)n = n. Since ad is the differential of Ad, ad(X)n C n,
X € s;, so that n is an ideal (c.f. Exercise 4.23). By construction, this forces n to
be s; or {0}, so that N = S; or N° = I. Assuming further that N is proper and
closed, therefore compact, N must be discrete and finite. Lemma 1.21 shows that N

is central. Finally, the differential of the map (sy,...,sx) — s; --- S is obviously
the identity map, so that F’ is discrete and normal. As above, this shows that F’ is
finite and central as well. O

The effect of Theorem 5.22 is to reduce the study of connected compact groups
to the study of connected compact groups with simple Lie algebras.

5.2.5 Exercises

Exercise 5.14 Let X € gl(n, C) be diagonalizable with eigenvalues {A;}?_,. Show
that ad(X) has eigenvalues {A; — A}

n
ij=1°
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Exercise 5.15 Show that In(/ + X) = Y% G x7 i well defined for X in a

n=

neighborhood of I in GL (n, C). On that neighborhood, show that In X is the inverse
function to eX.

Exercise 5.16 Let G be a Lie subgroup of GL(n, C). For X, Y € g in a sufficiently
small neighborhood of 0, show that

eXe¥ — XAV HAIXY S IX XY I S VLY XIS VXY X

Exercise 5.17 Let G be a Lie subgroup of GL(n, C). For X, Y € g in a sufficiently
small neighborhood of 0, write eXe? = eZ. Modify the proof of Dynkin’s Formula
to show Z is also given by the formula

(=D" 1 [X@) yUv X@® yUn X
Z: ’ y ’ ’
Zn—f-lil—i-”-—l—in—i-l il i !

by starting with ¢?®) = ¢'X¢? .

Exercise 5.18 Let X, X; € gl(n, C) be strictly upper triangular. Show that
X, -+ XXy =0, 50 that [X,,, ...[X3, [X2,X1]]...] = 0and e is a polynomial in
X.

Exercise 5.19 Let N; be connected Lie subgroups of G L(n, C) whose Lie algebras
n; lie in the set of strictly upper triangular matrices. Suppose ¥ : n; — n, is a linear
map. Show ¥ descends to a well-defined homomorphism of groups ¢ : Ny — N,
by ¢(eX) = e¥¥ if and only if ¥ is a Lie algebra homomorphism.

Exercise 5.20 For X, Y € gl(n, C), show that tr XY = tr Y X.

3
Exercise 5.21 In the proof of Theorem 5.21, verify that cy y (1) = e/X-Y1+0U12),
Exercise 5.22 (1) Take advantage of diagonalization to show directly that U (n)’ =
SU (n).

(2) Show that GL(n,F) = SL(n, ).

Exercise 5.23 For a Lie subgroup G C U (n), show that the differential of the deter-
minant det : G — S! is the trace.

Exercise 5.24 (1) Let G be a Lie subgroup of G L (n, C). Show that G’ is the smallest
normal subgroup subgroup of G whose quotient group in G is commutative.
(2) Show that g’ is the smallest ideal of g whose quotient algebra in g is commutative.

Exercise 5.25 Let G be a compact connected Lie group and write G =
Si---8:Z(G)? as in Theorem 5.22. Show that any closed normal Lie subgroup of G
is a product of some of the S; with a central subgroup.
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Roots and Associated Structures

By examining the joint eigenvalues of a Cartan subalgebra under the ad-action, a
great deal of information about a Lie group and its Lie algebra may be encoded. For
instance, the fundamental group can be read off from this data (§6.3.3). Moreover,
this encoding is a key step in the classification of irreducible representations (§7).

6.1 Root Theory

6.1.1 Representations of Lie Algebras

Definition 6.1. (a) Let g be the Lie algebra of a Lie subgroup of GL(n,C). A
representation of g is a pair (¥, V), where V is a finite-dimensional complex
vector space and vis a linear map ¢ : g — End(V), satisfying ¥ ([X,Y]) =
V(X))o (Y) — ¢ (¥) o (X) for X, Y € g.

(b) The representation (v, V) is said to be irreducible if there are no proper ¥ (g)-
invariant subspaces, i.e., the only ¥ (g)-invariant subspaces are {0} and V. Otherwise
(¢, V) is called reducible.

As with group representations, a Lie algebra representation (v, V) may simply
be written as v or as V when no ambiguity can arise. Also similar to the group case,
Y (X)v, v € V, may be denoted by X - v or by Xv.

It should be noted that if V is m-dimensional, a choice of basis allows us to
view a representation of g as a homomorphism ¢ : g — gl(m, C), i.e., ¢ is linear
and satisfies Y[ X, Y] = [V X, ¥ Y]. We will often make this identification without
comment.

Theorem 6.2. (a) Let G be a Lie subgroup of GL(n, C) and (7, V) a finite-dimen-
sional representation of G. Then (dm, V) is a representation of g satisfying e?™* =
m(eX), where the differential of  is given by dm (X) = %n(e’x)h:ofor XeglfG
is connected, 1w is completely determined by d.

(b) For connected G, a subspace W C V is w(G)-invariant if and only if it is dw (g)-
invariant. In particular, V is irreducible under G if and only if it is irreducible un-
der g.
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(c) For connected compact G, V is irreducible if and only if the only endomorphisms
of V commuting with all the operators dn(g) are scalar multiples of the identity
map.

Proof. Part (a) follows immediately from Theorem 4.8 by looking at the homomor-
phism # : G — GL(V) and choosing a basis for V. Part (b) follows from the
relation ™% = 7 (eX), the definition of d, and the fact that exp g generates G. For
part (c), let T € End(V) and embed G in GL(n, C). Observe that [T, dw X] = 0 if
and only if ¢’ ™M@ X T = T t € R, if and only if Ad(e’“"*)T = T if and only if T
commutes with e'™* = 7 (¢'X). Using the fact that G is connected, part (c) follows
from part (b) and Schur’s Lemma. m]

As an example, let G be a Lie subgroup of GL(n, C) and let (;r, C) be the trivial
representation of G. Then dm = 0. This representation of g is called the rivial
representation.

As a second example, let G be a Lie subgroup of GL(n, C) and let (;r, C") be
the standard representation. Then dr(X)v = Xv for v € C". This representation is
called the standard representation. In the cases of G equal to GL(n,F), SL(n,F),
U(n), SU(n), or SO(n), the standard representation is known to be irreducible on
the Lie group level (§2.2.2), so that each is irreducible on the Lie algebra level.

As a last example, consider the representation V,,(C?) of SU(2) from §2.1.2.2
given by

(Z _Eb> iy = @z + bzo)* (—bzy + az)" k.

From §4.1.3,su(2) = {X = <lu)j :lu; ) | x € R, w € C}. Using either power series
calculations or Corollary 4.9, expt X = (cos At) I + (% sin M) X where A = v/det X
(Exercise 6.2). It follows that the Lie algebra acts by

_ d cos At + X sin At —Zgin At _
X (= — A 5 SIAL A
@ =g (( L sin At cos At — Esinar ) C1%2 li=0
=k (—ixz) +Wz2) 25 '87F + (n — k) (—wzy +ixzo) 2!
63 =kwAA i 2x e+ -

It is easy to use Equation 6.3 and Theorem 6.2 to show that V,,(C?) is irreducible. In
fact, this is the idea underpinning the argument given in §2.1.2.2.

As in the case of representations of Lie groups, new Lie algebra representations
can be created using linear algebra. It is straightforward to verify (Exercise 6.1) that
differentials of the Lie group representations listed in Definition 2.10 yield the fol-
lowing Lie algebra representations.

Definition 6.4. Let V and W be representations of a Lie algebra g of a Lie subgroup
of GL(n, C).
(M) gactson V& Wby X(v, w) = (Xv, Xw).
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@Qgactson VOWDby XY viQw, =) Xv;,Qw;+ ) v ® Xw;.

(3) g acts on Hom(V, W) by (XT) (v) = XT (v) — T (Xv).

(4) g actson ®kayXZv,»l®~~v,-k = Z(Xv,-l)®~-~v,-k—|—~~2v,-l®~«(Xv,»k).
(S)gactson/\kayXZvil Aoy, = Z(Xvil)/\~-~v,-k—i-~-~Zv,»l /\-~-(Xv,»k).
(6) gactson S* (V) by X > vy, -+ v, = 2 (Xv) v + - 2 vgy -+ (Xwy,).
(7)gactson V* by (XT) (v) = —T (Xv).

(8) g acts on V by the same action as it does on V.

6.1.2 Complexification of Lie Algebras

Definition 6.5. (a) Let g be the Lie algebra of a Lie subgroup of GL(n, C). The
complexification of g, gc, is defined as gc = g®rC. The Lie bracket on g is extended
to gc by C-linearity.

(b) If (¢, V) is a representation of g, extend the domain of ¥ to g¢ by C-linearity.
Then (y, V) is said to be irreducible under gc if there are no proper ¥ (gc)-invariant
subspaces.

Writing a matrix in terms of its skew-Hermitian and Hermitian parts, observe
that gl(n, C) = u(n) @ iu(n). It follows that if g is the Lie algebra of a compact
Lie group G realized with G C U (n), gc may be identified with g & ig equipped
with the standard Lie bracket inherited from gl(n, C) (Exercise 6.3). We will often
make this identification without comment. In particular, u(n)c = gl(n, C). Similarly,
su(n)c = sl(n, C), so(n)c is realized by

so(n,C) ={X esl(n,C) | X' = -X},

and, realizing sp(n) as u(2n) N sp(n, C) as in §4.1.3, sp(n)c is realized by sp(n, C)
(Exercise 6.3).

Lemma 6.6. Let g be the Lie algebra of a Lie subgroup of GL(n, C) and let (yr, V)
be a representation of g. Then V is irreducible under g if and only if it is irreducible
under gc.

Proof. Simply observe that since a subspace W C V is a complex subspace, W is
¥ (g)-invariant if and only if it is ¥ (g¢)-invariant. O

For example, su(2)c = sl(2, C) is equipped with the standard basis

e=(50) #=(5.5)- 7= (%)

(c.f. Exercise 4.21). Since E = % (_01 (1)> — ’5 (? 6), Equation 6.3 shows that

the resulting action of E on V,,(C?) is given by
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E(/;Zg k)_ [kkln k+1 (k n)Zk+lnkl]

_%[_lkzk 1 g k+1+l-(k n)ZkJrl n—k— 1]

= —k Tk

Similarly (Exercise 6.4), the action of H and F on V,(C?) is given by

6.7) H - (5275 = (n — 2k) Z507F

F- (leczg—k) — (k n) Zk+l n—k— 1

Irreducibility of V,,(C?) is immediately apparent from these formulas (Exercise 6.7).

6.1.3 Weights

Let G be a compact Lie group and (7, V) a finite-dimensional representation of G.
Fix a Cartan subalgebra t of g and write tc for its complexification. By Theorem
5.6, there exists an inner product, (-, -), on V that is G-invariant and for which dx
is skew-Hermitian on g and is Hermitian on ig. Thus tc acts on V as a family of
commuting normal operators and so V is simultaneously diagonalizable under the
action of tc. In particular, the following definition is well defined.

Definition 6.8. Let G be a compact Lie group, (;r, V) a finite-dimensional represen-
tation of G, and t a Cartan subalgebra of g. There is a finite set A(V) = A(V, t¢) C
t¢, called the weights of V, so that

Pp V..

aeA(V)
where
Veo={veV]|dn(H)v=a(H)v, H € {c}

is nonzero. The above displayed equation is called the weight space decomposition
of V with respect to tc.

As an example, take G = SU(2), V =V, (C?), and t to be the diagonal matrices
in 5u(2). Define o, € t¢ by requiring «,,(H) = m. Then Equation 6.7 shows that
the weight space decomposition for V,(C?) is V,(C?) = @;_, Va(C*)y, ., where
Vn ((Cz)a,,,Zk = (CZIIZ; k.

Theorem 6.9. (a) Let G be a compact Lie group, (7, V) a finite-dimensional repre-
sentation of G, T a maximal torus of G, and V = . AV .te) Vo the weight space
decomposition. For each weight « € A(V), « is purely imaginary on t and is real
valued on it.

(b) Fort € T, choose H € tso that e® = t. Then tv, = ey, for v, € V,.
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Proof. Part (a) follows from the facts that dz is skew-Hermitian on t and is Her-
mitian on it. Part (b) follows from the fact that expt = T and the relation
e H = (). m]

By C-linearity, « € A(V) is completely determined by its restriction to either t
or it. Thus we permit ourselves to interchangeably view « as an element of any of
the dual spaces t., (it)* (real valued), or t* (purely imaginary valued). In alternate
notation (not used in this text), it is sometimes written tc (R).

6.1.4 Roots

Let G be a compact Lie group. For g € G, extend the domain of Ad(g) from g to g¢
by C-linearity. Then (Ad, gc) is a representation of G with differential given by ad
(extended by C-linearity). It has a weight space decomposition

gc = @ o

aeA(ge,te)

that is important enough to warrant its own name. Notice the zero weight space is
go={Zegc|[H, Z]1=0, H € tc}. Thus

go = tc

since t is a maximal Abelian subspace of g. In the definition below, it turns out to be
advantageous to separate this zero weight space from the remaining nonzero weight
spaces.

Definition 6.10. Let G be a compact Lie group and t a Cartan subalgebra of g. There
is a finite set of nonzero elements A(ge) = A(ge, tc) C 5, called the roots of gc,
so that

gc = t(C @ @ Yas
a€A(ge)

where g, = {Z € gc | [H, Z] = «(H)Z, H € {¢} is nonzero. The above displayed
equation is called the root space decomposition of gc with respect to {c.

Theorem 6.11. (a) Let G be a compact Lie group, (rr, V) a finite-dimensional rep-
resentation of G, and t a Cartan subalgebra of g. For a € A(ge) and B € A(V),
dﬂ(ga)vﬁ - Vot+f3~

(b) In particular for o, f € A(ge) U {0}, [ga- 851 € Gu-p-

(c) Let (-, ) be an Ad(G)-invariant inner product on gc. For a, B € A(gce) U {0},
(9> 98) = O0whena + B # 0.

(d) If g has trivial center (i.e., if g is semisimple), then A(gc) spans t.

Proof. For part (a), let H € t¢, Xy € gqo, and vg € Vg and calculate



118 6 Roots and Associated Structures

dn(H)dn(Xq)vg = (drn(Xe)dn(H) + [drn(H), dn(X,)]) vg
= (dn(Xo)dn(H) +dm [H, Xq]) vg
= (dn(Xo)dn(H) + a(H)dr (Xq)) vp
= (B(H) + a(H))dr(Xo)vg,

so that dm (X, )vg € Viyp as desired. Part (b) clearly follows from part (a).
For part (c), recall that Lemma 5.6 shows that ad is skew-Hermitian. Thus

a(H)(Xqo, Xp) = ([H, Xo], Xp) = —(Xo, [H, Xp]) = —B(H)(Xq, Xp).

For part (d), suppose H € {¢ satisfies «(H) = 0 for all @ € A(gc). It suffices to
show that H = 0. However, the condition a(H) = 0 for all « € A(gc) is equivalent
to saying that H is central in gc. Since it is easy to see that 3(gc) = 3(g)c (Exercise
6.5), it follows from semisimplicity and Theorem 5.18 that H = 0. O

In §6.2.3 we will further see that dimg, = 1 for « € A(gc) and that the only
multiples of & in A(gc) are .

6.1.5 Compact Classical Lie Group Examples

The root space decomposition for the complexification of the Lie algebra of each
compact classical Lie group is given below. The details are straightforward to verify
(Exercise 6.10).

6.1.5.1 su(n) For G = U(n) with t = {diag(i6,,...,i6,) | 6; € R}, gc =
gl(n,C) and t¢ = {diag(zy,..-,z,) | zz € C}. For G = SU(n) with t =
{diag(i6y, ... ,i60,) | 6; € R, . 6; = 0}, gc = sl(n, C) and tc = {diag(zi, ... , z,) |
z; € C, Z[ z; = 0}. In either case, it is straightforward to check that the set of roots
is given by

Alge) ={E(e —€)) [1 =i < j =n},

where €; (diag(zy, ... , 2,)) = z;. In the theory of Lie algebras, this root system is
called A,,_;. The corresponding root space is
g€,7€j = CEi,jv

where {E; ;} is the standard basis for n x n matrices.

6.1.5.2 sp(n) For G = Sp(n) realized as Sp(n) = U@2n) N Sp(n, C) with
t = {diag(ify,...,i0,, —i0;,...,—i6,) | 6; € R}, gc = sp(n,C) and t¢ =
{diag(zy, ..., Zn> —21,--- » —2Zu) | z; € C}. Then

Alge) ={E( —€) |1 <i<j<nU{E(e+e)|1<i=<j=<n]

where €; (diag(zy, ... , Zn, —21,--- » —Zn)) = Zz;. In the theory of Lie algebras, this
root system is called C,. The corresponding root spaces are

Oe—c; = C(Eij = Ejtnitn)
Ge+e; = C(Eijun + Ejitn) s 8--¢; = C(Eitnj + Ejini)

92¢;, = CEi,H—na g-2¢ = CEi+11,i'
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6.1.5.3 so(E,) For SO(n), it turns out that the root space decomposition is a bit
messy (see Exercise 6.14 for details). The results are much cleaner if we diagonalize
by making a change of variables. In other words, we will examine an isomorphic
copy of SO (n) instead of SO (n) itself. Define

1 L, I, 0 I,
sz_ﬁ(ilm _Z-Im>a EZm—(Im 0>,

T O Eyn O
T2m+l=<(2) 1>’E2m+l=< 8 l)’

SO(E,) ={g € SLn,C) | g = E,gE,, g'E.g = E,},
s0(E,) = (X € gl(n,C) | X = E,XE,, X'E, + E, X = 0},

s0(E,,C) ={X € gl(n,C) | X'E, + E,X = 0}.

Notice that E,, = T/ T,, and T, = Tn’l" . The following lemma is straightforward and
left as an exercise (Exercise 6.12).

Lemma 6.12. (a) SO(E,) is a compact Lie subgroup of SU(n) with Lie algebra
50(E,) and with complexified Lie algebra so(E,, C).

(b) The map g — Tn’lng induces an isomorphism of Lie groups SO (n) = SO (E,).
(c) The map X — Tn’lXTn induces an isomorphism of Lie algebras so(n) = so(E,)
and so(n, C) = so(E,, C).

(d) For n = 2m, a maximal torus is given by

T = {diag(e'”, ..., e e ... e7%) |6 e R}
with corresponding Cartan subalgebra

t = {diag(i6, ... ,i0,, —i0;,...,—i6,) | 6; € R}
and complexification

t(C = {diag(zl9"' s Zms TRy e e s _ZWI) | i € C}'

(e) For n = 2m + 1, a maximal torus is given by

T = {diag(e'®, ... €% e ... e 1)|6; € R}
with corresponding Cartan subalgebra

t = {diag(i6y, ... ,i0,, —i0;, ..., —i6,,0) | 6; € R}
and complexification

tc = {diag(21,~-~ s Zms —Zls -+ s —Zms 0) | Zi € (C}
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6.1.5.4 so(2n) Working with G = SO(E,,) and the Cartan subalgebra from
Lemma 6.12, the set of roots is

Alge) ={x (€)1 <i<j<n),

where €; (diag(zy, ... , 2Zn, —21,--- , —Zn)) = Zz;. In the theory of Lie algebras, this
root system is called D,,. The corresponding root spaces are

ge;—e/ =C (Ei,j - Ej+n.i+n) P g—e,»-&-e/ =C (Ej,i - Ei+n,j+n)

9ete; = C(Eijyn — Ejitn)» 0-c—¢; = C(Eitnj — Ejini)-

6.1.5.5 so(2n 4+ 1) Working with G = SO(E3,+1) and with the Cartan subalgebra
from Lemma 6.12, the set of roots is

A(g@)z{:l:(e,-:l:ej)|1§i<j§n}U{:I:ei|1§i§n},

where €;(diag(zy, ..., 2n, —215--- > —2Zu, 0)) = z;. In the theory of Lie algebras,
this root system is called B,. The corresponding root spaces are

Jei—e; = C (Ei,j - EjJrn,iJrn) s P—eite; = C (Ej,i - Ei+n,j+n)
ei+e; = C (Ei,j+n - Ej,i+n) > B—ei—e; = C (EH‘"J - Ej+”si) :

8, = C(Eiznt1 — Exnsritn) s 8- = C(Eitnons1 — Exs1i) -

6.1.6 Exercises

Exercise 6.1 Verify that the differentials of the actions given in Definition 2.10 give
rise to the actions given in Definition 6.4.

ix z
—Z —ix
that exp X = (cosA) [ + 302 X

Exercise 6.2 For X = ( ), x € Randz € C, let A = v/x2 + |z|%>. Show

Exercise 6.3 (1) Show that gl(n, C) = u(n) ® iu(n).

(2) Suppose g is the Lie algebra of a compact Lie group G with G a Lie subgroup
of U (n). Show that there is an isomorphism of algebras g ®g C =g @ ig induced by
mapping X ® (a +ib)toaX +ibX for X e ganda,b € R.

(3) Show that su(n)c = sl(n, C) and that so(n)c = so(n, C).

(4) Show that sp(n)c = sp(n, C) and that

sp(n, C) = {(§ _);,) | X,Y,Zegln,C), Y =Y,7Z" = Z}.

(5) Show that so(E»,)c = s0(E»,, C) and that
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50(Eyy, C) = {<)Z( _1;,) | X,Y,Zegl(n,C),Y =—Y,Z' = —2Z}.

(6) Show thatso(E»,+1)c = $0(E2,+1, C) and that

50(Ep41, C)

X Y u
={l| z X' v ||X,Y,Zegln,C),Y =-Y,Z'=—Z,u,veC".
—v' —u' 0

Exercise 6.4 Verify Equation 6.7.
Exercise 6.5 Let G be a compact Lie group. Show that 3(gc) = 3(g)c-

Exercise 6.6 (1) Let G be a Lie subgroup of GL(n, C) and assume g is semisimple.
Show that any one-dimensional representation of g is trivial, i.e., g acts by 0.
(2) Show that any one-dimensional representation of G is trivial.

Exercise 6.7 Use Equation 6.7 to verify that V, (C?) is an irreducible representation
of SU(2).

Exercise 6.8 This exercise gives an algebraic proof of the classification of irre-
ducible representations of SU (2) (c.f. Theorem 3.32).

(1) Given any irreducible representation V of SU(2), show that there is a nonzero
vg € V, so that Hvy = Avg, A € C, and so that Evy = 0.

(2) Let v; = F'vg. Show that Hv; = (A — 2i)v; and Ev; =i(A — i + Dv;_;.

(3) Let m be the smallest natural number satisfying v,,41 = 0. Show that {v;}/", is a
basis for V.

(4) Show that the trace of the H action on V is zero.

(5) Show that A = m and use this to show that V = V,,(C?).

Exercise 6.9 (1) Find the weight space decomposition for the standard representa-
tion of SU (n) on C".

(2) Find the weight space decomposition for the standard representation of SO (n)
on C".

Exercise 6.10 Verify that the roots and root spaces listed in §6.1.5 are correct (c.f.,
Exercise 6.3).

Exercise 6.11 Let G be a compact Lie group and t a Cartan subalgebra of g. Use root
theory to show directly that there exists X € t, so that t = 34(X) (c.f. Lemma 5.7).

Exercise 6.12 Prove Lemma 6.12.

Exercise 6.13 (1) Let g be the Lie algebra of a Lie subgroup of a linear group. Then
gc is called simple if gc has no (complex) proper ideals and if dimc g > 1, i.e., if
the only ideals of gc are {0} and gc¢ and if g¢ is non-Abelian. Show that g is simple
if and only if gc is simple.
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(2) Use the root decomposition to show that sl(n, C) is simple, n > 2.

(3) Show that sp(n, C) is simple, n > 1.

(4) Show that so(2n, C) is simple for n > 3, but that so(4, C) = s1(2, C) ® sl(2, C).
(5) Show that so(2n + 1, C) is simple, n > 1.

Exercise 6.14 (1) For G = SO(2n) and

t={blockdiag(( 09 %),,( 06 %’))wieR}
— V1 —Un

asin §5.1.2, gc = so(2n, C) and

tcz{blockdiag<< OZ Zd)( (l Z6’>>|z,-e<C}.
— <1 —<n

Show that
Age.to) ={£ (e —€;), £(e+¢€)1<i<j=<n}
where €; (blockdiag 0z 0z ) = —iz;. Partition each 2n x
j i 0) =z 0 Iz

2n matrix into n? blocks of size 2 x 2. For o = +¢; + ¢ j» show that the root space is
go = CE,, where E, is 0 on all 2 x 2 blocks except for the i j" block and the ji"
block. Show that E, is given by the matrix X,, on the ij® block and by —X*, on the

ji™ block, where
1 i 1 —i
Xeje; = <—i 1>’ Xocite; = (i 1 )
1 —i 1 i
X€i+€,' = (_l _l>7 X—e,-—e,- = (l _1)

(2) For G = SO(2n + 1) and

t:{blockdiag(( 09 901>< % %),O)W,ER}
—Y1 —Un

asin §5.1.2, gc = so2n + 1, C) and

t(cz{blockdiag<< (l ZO1>< 2 Zé'),o)u,»e(C}.
—<1 —<n

Show that

A(gc,tc)={:i:(ei:|:6_,-)|1§i<j§n}U{:l:e,~ |1 <i<n},

ej(blockdiag<< OZ ZOI) ( g %’),0)):—@.
<1 —<n

where
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Fora = £+ (ei +e j), show that the root space is obtained by embedding the corre-

sponding root space from so(2n, C) into so(2n + 1, C) via the map X — ( )(i 8)

For o = =€, show that the root space is g, = CE,, where E, is 0 except on the
last column and last row. Writing v € C?**! for the last column, show the last row
of E, is given by —v’, where v is given in terms of the standard basis vectors by
vV=ej-1F l'é‘gj.

6.2 The Standard s[(2, C) Triple

6.2.1 Cartan Involution

Definition 6.13. Let G be a compact Lie group. The Cartan involution, 0, of gc with
respect to g is the Lie algebra involution of gc given by (X ® z) = X ® 7 for
X € gand z € C. In other words, if Z € gc is uniquely written as Z = X +iY for
X, Yeg®l,thenZ =X —iY.

It must be verified that 6 is a Lie algebra involution, but this follows from a
simple calculation (Exercise 6.15). Under the natural embedding of g in gc¢, notice
that the 41 eigenspace of 6 on g¢ is g and that the —1 eigenspace is ig. Notice also
that when g C u(n), then 0Z = —Z* for Z € gc since X* = —X for X € u(n). In
particular,

0Z =-7*
when g is u(n), su(n), sp(n), so(n), or so(E,).

Lemma 6.14. Let G be a compact Lie group and t be a Cartan subalgebra of g.
(a) If ¢ € A(ge), then —a € A(ge) and g_y = 0gq.
(b) Otc = tc.

Proof. Let o € A(gc) U {0}. Recalling that 6 is an involution, it suffices to show
0gy € g_u. Write Z € g, uniquely as Z = X +iY for X,Y € g ® 1. Then for
H et

a(HY (X +iY)=[H, X +iY]=[H, X]+i[H, Y]
Since «(H) € iR by Theorem 6.9 and since [H, X],[H, Y] € g® 1,
a(H)X =i[H,Y]and a(H)Y = —i[H, X].
Thus
[H,0Z]=[H,X]—i[H,Y]=—a(H)(X —iY)=—a(H)0Z),
sothat0Z € g_,, as desired. O

In particular, notice that g is spanned by elements of the form Z+46Z for Z € g,,
a € A(ge) U {0}
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6.2.2 Killing Form

Definition 6.15. Let g be the Lie algebra of a Lie subgroup of GL(n, C). For X, Y €
gc, the symmetric complex bilinear form B(X, Y) = tr(ad X oad Y) on gc is called
the Killing form.

Theorem 6.16. Let g be the Lie algebra of a compact Lie group G.

(a) For X,Y € g, B(X,Y)=tr(ad X oadY) on g.

(b) B is Ad-invariant, i.e., B(X,Y) = B(Ad(g)X, Ad(g)Y) forg € Gand X, Y €
dc.

(c¢) B is skew ad-invariant, i.e., B(ad(Z2)X,Y) = —B(X,ad(2)Y) for Z, X, Y € gc.
(d) B restricted to g’ x ¢ is negative definite.

(e) B restricted to g, x gg is zero when o + B # 0 for a, B € A(ge) U {0}

(f) B is nonsingular on g, X g_q. If g is semisimple with a Cartan subalgebra t, then
B is also nonsingular on tc X {c.

(g) The radical of B, rad B = {X € gc | B(X, gc) = 0}, is the center of gc, 3(gc)-
(h) If g is semisimple, the form (X,Y) = —B(X,0Y), X, Y € gc, is an Ad-invariant
inner product on gc.

(i) Let g be simple and choose a linear realization of G, so that g C u(n). Then there
exists a positive ¢ € R, so that B(X,Y) = ctr(XY) for X, Y € gc.

Proof. Part (a) is elementary. For part (b), recall that Ad g preserves the Lie bracket
by Theorem 4.8. Thus ad(Ad(g)X) = Ad(g)ad(X) Ad(g~") and part (b) follows.
As usual, part (c) follows from part (b) by examining the case of g = exp#Z and
applying % |;=0 when Z € g. For Z € gc, use the fact that B is complex bilinear.

For part (d), let X € g. Using Theorem 5.9, choose a Cartan subalgebra t con-
taining X. Then the root space decomposition shows B(X, X) = ) . Age) o?(X).
Since G is compact, «(X) € iR by Theorem 6.9. Thus B is negative semidefinite on
g. Moreover, B(X, X) = 0 if and only if «(X) = O for all « € A(gc), i.e., if and
only if X € 3(g). Thus the decomposition g = 3(g) @ g’ from Theorem 5.18 finishes
part (d).

For part (e), let X, € g, and H € t. Use part (c) to see that

0= B(ad(H)Xy, Xp) + B(Xo, ad(H)Xp) = [(o + B)(H)] (Xa, Xp).

In particular (e) follows.
For part (f), recall that g_, = 0g,. Thus if X, = U, +iV,, with U,, V, € g, then
Uy, —iVy € g_y and

(6.17) B(Uy +iVy, Uy —iVy) = B(Uy, Uy) + B(Vy, Vo).

In light of part (d), the above expression is zero if and only if X, € C3(g) = 3(gc)
(Exercise 6.5). Since g, € (g/)(c for o # 0, part (f) is complete.

For part (g), first observe that 3(gc) € rad B since ad Z = 0 for Z € 3(gc). On
the other hand, since gc = 3(gc) ® (g’) ¢» the root space decomposition and part (f)
finishes part (g).
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Except for verifying positive definiteness, the assertion in part (h) follows from
the definitions. To check positive definiteness, use the root space decomposition, the
relation g_, = 6g,, parts (d), (e) and (f), and Equation 6.17.

For part (i), first note that the trace form mapping X, Y € gc to tr(XY) is Ad-
invariant since Ad(g)X = gXg~'. For X € u(n), X is diagonalizable with eigen-
values in iR. In particular, the trace form is negative definite on g. Arguing as in
Equation 6.17, this shows the trace form is nondegenerate on gc¢. In particular, both
—B(X,0Y) and — tr(X0Y) are Ad-invariant inner products on gc. However, since
g is simple, gc is an irreducible representation of g under ad (Exercise 6.17) and
therefore an irreducible representation of G under Ad by Lemma 6.6 and Theorem
6.2. Corollary 2.20 finishes the argument. O

6.2.3 The Standard s((2, C) and su(2) Triples

Let G be a compact Lie algebra and t a Cartan subalgebra of g. When g is semisimple,
recall that B is negative definite on t by Theorem 6.16. It follows that B restricts to
a real inner product on the real vector space it. Continuing to write (it)* for the
set of R-linear functionals on it, B induces an isomorphism between it and (it)* as
follows.

Definition 6.18. Let G be a compact Lie group with semisimple Lie algebra, t a
Cartan subalgebra of g, and o € (it)*. Let u, € it be uniquely determined by the
equation

a(H) = B(H, uy)
for all H € it and, when o # 0, let

2uy

hy = ——.
B(uﬂtﬂ Mc{)

In case g is not semisimple, define u, € it C it C t by first restricting B to
it'. For @« € A(gc), recall that « is determined by its restriction to it. On it, « is
a real-valued linear functional by Theorem 6.9. Viewing « as an element of (it)*,
define u, and h, via Definition 6.18. Note that the equation «(H) = B(H, u,) now
holds for all H € tc by C-linear extension. An alternate notation for A, is «", and
SO we write

A(ge)” = {he | @ € Algo)}-

When g € u(n) is simple, Theorem 6.16 shows that there exists a positive ¢ € R,

so that B(X,Y) = ct(XY) for X,Y € gc. Thus if « € (it)* and u),, k), € it

%, it follows that

ul, = cug but that h, = h,. In particular, i, can be computed with respect to the
trace form instead of the Killing form.

For the classical compact groups, this calculation is straightforward (see §6.1.5

and Exercise 6.21). Notice also that h_, = —h,.

are determined by the equations a(H) = tr(Hu,,) and h), =
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For SU (n) with t = {diag(iy, ... ,i6,) | 6; € R, >, 6; = 0}, that is the A,_;
root system,

he,-fe,- =E; — Ejs

where E; = diag(0,...,0,1,0,...,0) with the 1 in the i position
For Sp(n) realized as Sp(n) = U (2n) N Sp(n, C) with

t = {diag(ify, ... ,i60,, —i0, ..., —i6,) | 6; € R},
that is the C,, root system,
he—e, = (Ei - Ej) - (Ei+" - EJ'+")
hei+ej = (Ei + Ej) - (Ei+n + Ej+n)
h2€,v =E — EiJrn-

For SO(E,,) with t = {diag(ify, ... ,i6,, —i6,...,—i6,) | 6; € R}, that is
the D,, root system,
h i—€j — (El - Ej) - (EiJrn - EjJrn)
heve; = (Ei + Ej) = (Eign + Ejsn) -
For SO(E;,+) with t = {diag(i6,, ... ,i6,, —i0;, ..., —i6,,0) | 6; € R}, that

is the B, root system,

) — _,‘) - (Ei+11 - Ej+n)

he, = 2E; — 2Ei .

i

Lemma 6.19. Let G be a compact Lie group, t a Cartan subalgebra of g, and

a € A(go)-
(a) Then a(hy) = 2.
(b) For E € gy, and F € g_,,

[E,F]=B(E, F)uy = %B(E, F)B(ugy, ug)hy.

(c) Given a nonzero E € g, E may be rescaled by an element of R, so that [E, F] =
hy, where F = —0FE.

Proof. For part (a) simply use the definitions

2a(ug)  2B(ug, uq)

lha) = Bug,uq)  Blug,ug)

For part (b), first note that [E, F] € tc by Theorem 6.11. Given any H € {c,
calculate
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B([E, Fl,H) = B(E,[F, H]) = a(H)B(E, F) = B(uy, H)B(E, F)
= B(B(E, F)u,, H).

Since B is nonsingular on tc by Theorem 6.16, part (b) is finished. For part (c),
replace E by cE, where

5 2
"= ,
_B(E» GE)B(uota M(x)
and use Theorem 6.16 to check that —B(E,0E) > 0 and B(u, uy) > 0. O

For the next theorem, recall that B is nonsingular on g, X g_, by Theorem 6.16
and that —B(X, 6Y) is an Ad-invariant inner product on g(’C for X, Y € gc.

Theorem 6.20. Let G be a compact Lie group, t a Cartan subalgebra of g, and
o € A(ge). Fix a nonzero E, € g4 and let F, = —0FE,. Using Lemma 6.19,
rescale E, (and therefore F,), so that [E,, F,] = Hy where Hy, = hy,.

(a) Then s1(2,C) = spanc{E,, Hy, Fy} with {Ey, Hy, F,} corresponding to the

standard basis
01 1 0 00
e=(00) #=(o %) r=(10)
of sl(2, C).

(b) LetT, =iHy, Jy = —Eo + Fy, and Ky = —i(Ey + Fy). ThenZ,, Ty, Ky € @
and su(2) = spang{Zy, Ty, Ko} with {Z, Ju, Ko} corresponding to the basis

(6%) (09) (579)

of su(2) (c.f. Exercise 4.2 for the isomorphism Im(H) = su(2)).

(c) There exists a Lie algebra homomorphism ¢, : SU2) — G, so that d¢ :
su(2) — g implements the isomorphism in part (b) and whose complexification
do : sl(2, C) — gc implements the isomorphism in part (a).

(d) The image of ¢, in G is a Lie subgroup of G isomorphic to either SU(2) or
SO(3) depending on whether the kernel of ¢, is {1} or {£1}.

Proof. For part (a), Lemma 6.19 and the definitions show that [H,, E,] = 2E,,
[H,, F,] = —2F,, and [E,, F,] = H,. Since these are the bracket relations for
the standard basis of sl(2, C), part (a) is finished (c.f. Exercise 4.21). For part (b),
observe that 6 fixes Z,, J, and K, by construction, so that Z,, J,, Ky € g. The
bracket relations for s[(2, C) then quickly show that [Z,, J,] = 2Ky, [Ja, Kol =
27y, and [Ky, Zy] = 2Ty, so that su(2) = spang{Zy, Ju, Ko} (Exercise 4.2). For
part (c), recall that SU (2) is simply connected since, topologically, it is isomorphic
to S3. Thus, Theorem 4.16 provides the existence of ¢,. For part (d), observe that
d@, is an isomorphism by definition. Thus, the kernel of ¢, is discrete and normal
and therefore central by Lemma 1.21. Since the center of SU(2) is =/ and since
SO@3) = SU2)/{£l} by Lemma 1.23, the proof is complete. O
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Definition 6.21. Let G be a compact Lie group, t a Cartan subalgebra of g, and
a € A(gc). Continuing the notation from Theorem 6.20, the set {E,, H,, F,} is
called a standard s|(2, C)-triple associated to « and the set {Z, Jy, I} is called a
standard su(2)-triple associated to .

Corollary 6.22. Let G be a compact Lie group, t a Cartan subalgebra of g, and
a € A(go)-

(a) The only multiple of o in A(gc) is ta.

(b) dimg, = 1.

(c) If B € A(ge), then a(hg) € £{0, 1,2, 3}.

(d) If (=, V) is a representation of G and A € A(V), then A(hy) € Z.

Proof.  Let {E,, H,, F,} be a standard sl(2, C)-triple associated to « and
{Zo, Ju, Ko} the standard su(2)-triple associated to « with ¢, : SU(2) — G the
corresponding embedding. Since e?*'* = I, applying Ad og, shows that

I = Ad((paehiH) — Ad(eZer(paiH) — Ad(eZJTiHD,) — eZﬂiadHa

on gc. Using the root decomposition, it follows that §(H,) = % € Z where

|I-]| is the norm corresponding to the Killing form. Now if ko € A(“gc), then uy, =
kitg, so that 2 = 2BUetl) — o(F ) € Z and 2k = 2EMele) — (ka)(H,) € Z.

ke II* lleI1*
Thus k € {1, 1,2}.

For part (a), it therefore suffices to show that @ € A(gc) implies 22« ¢ A(gc).
For this, let [, = spang{Zy, Ju, Ko} = su(2), so that (Iy)¢c = spanc{Ey, Hy, Fo} =
s51(2,C). Alsolet V =g 5, ®g_o ®CH, D gy D 9o, Where gy, is possibly zero in
this case. By Lemma 6.19 and Theorem 6.11, V is invariant under (l,)¢c with respect
to the ad-action. In particular, V is a representation of [,. Of course, ([)c € V is an
[-invariant subspace. Thus V decomposes under the [-action as V = ()¢ @ V' for
some submodule V' of V. To finish parts (a) and (b), it suffices to show V' = {0}.

From the discussion in §6.1.3, we know that H,, acts on the (n + 1)-dimensional
irreducible representation of su(2) with eigenvalues {n,n — 2, ..., —n + 2, —2n}.
In particular, if V'’ were nonzero, V' would certainly contain an eigenvector of H,
corresponding to an eigenvalue of either O or 1. Now the eigenvalues of H, on V are
contained in £{0, 2, 4} by construction. Since the 0-eigenspace has multiplicity one
in V and is already contained in (I)¢, V' must be {0}.

For part (c), let B € A(gc) and write B(ug, uy) = |u,g || ||yl cos @, where

6 is the angle between ug and ug. Thus 4cos>6 = W% € Z. As
ug o

cos?0 < 1,4cos’0 = a(Hg)B(H,) € {0,1,2,3,4}. To finish part (c), it only
remains to rule out the possibility that {«(Hg), B(Hy)} = =£{1,4}. Clearly
a(Hg)B(Hy,) = 4 only when 6 = 0, i.e., when o and § are multiples of each other.
By part (a), this occurs only when B = F« in which case a(Hg) = (H,) = £2.In
particular, {o(Hg), B(H,)} # £{1, 4}. Thus a(Hp), B(H,) € £{0, 1,2, 3}.

For part (d), simply apply 7 o @, to e?™'H = I to get e**@™H« — [ on V. As in
the first paragraph, the weight decomposition shows that A(H,) € Z. O

It turns out that the above condition «(hg) € {0, 1,2, 3} is strict. In other
words, there exist compact Lie groups for which each of these values are achieved.
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6.2.4 Exercises

Exercise 6.15 Show that 6 is a Lie algebra involution of gc, i.e., that 8 is R-linear,
0> =1, and that 0[Z,, Z,] = [0 Z,0Z,] for Z; € gc.

Exercise 6.16 Let G be a connected compact Lie group and g € G. Use the Maxi-
mal Torus Theorem, Lemma 6.14, and Theorem 6.9 to show that det Adg = 1 on g¢
and therefore on g as well.

Exercise 6.17 Let G be a compact Lie group with Lie algebra g. Show that g is
simple if and only if g¢ is an irreducible representation of g under ad.

Exercise 6.18 (1) Let G be a compact Lie group with simple Lie algebra g. If (-, -)
is an Ad-invariant symmetric bilinear form on gc, show that there is a constant ¢ € C
so that (-, -) = ¢B(-, -).

(2) If (-, -) is nonzero and B(-, -) is replaced by (-, -) in Definition 6.18, show that 4,
is unchanged.

Exercise 6.19 Let G be a compact Lie group with a simple (c.f. Exercise 6.13)
Lie algebra g € u(n). Theorem 6.16 shows that there is a positive ¢ € R, so that
B(X,Y) = ctr(XY) for X, Y € gc. In the special cases below, show that ¢ is given
as stated.

M c=2nforG=8SU(n),n>2

2)c=2mn+1)forG=Spn),n>1

B)c=2mn—1)forG=S02n),n>3
@Dc=2n—1forG=S02n+1),n>1.

Exercise 6.20 Let G be a compact Lie group with semisimple Lie algebra g, t a
Cartan subalgebra of g, and ¢ € A(gc). If B € A(gc) with B # £a and B(ug, uy) <
B(ug, ug), show that a(hg) € +{0, 1}.

Exercise 6.21 For each compact classical Lie group, this section lists &, for each
root «. Verify these calculations.

Exercise 6.22 Let G be a compact Lie group with semisimple Lie algebra g, t a Car-
tan subalgebra of g, and « € A(gc). Let V be a finite-dimensional representation of
G and A € A(V). The «a-string through X is the set of all weights of the form A + ne,
n e Z.

(1) Make use of a standard sl(2)-triple {E,, H,, F,} and consider the space
@n Vi+ne to show the a-string through 8 is of the form {A + na | —p < n < g},
where p, g € Z=° with p — g = A(h).

) If A(hy) < 0, show show A +a € A(V). If A(hy) > 0, show that L —a € A(V).
(3) Show that dr (E,)Pt1V;_p # 0.

@) Ifa, B, + B € A(gc), show that [gy, gs] = Gatp-

Exercise 6.23 Show that SL(2, C) has no nontrivial finite-dimensional unitary rep-
resentations. To this end, argue by contradiction. Assume (i, V) is such a rep-
resentation and compare the form B(X,Y) on s[(2, C) to the form (X,Y) =
tr (dn(X) odn(Y)).
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6.3 Lattices

6.3.1 Definitions

Let G be a compact Lie group, t a Cartan subalgebra of g, and « € A(gc). As noted
in §6.1.3, « may be viewed as an element of (it)*. Use Definition 6.18 to transport
the Killing form from it to (it)* by setting

B(hi, A2) = B(uy,, uy,)

for Ay, Ay € (it)*. In particular, for A € (it)*,

2B(A,
Ahy) = B* )
B(x, a)
For the sake of symmetry, also note that
2B(H, hy)
a(H) = ———
B(hg, he)

for H € it.

Definition 6.23. Let G be a compact Lie group and 7 a maximal torus of G with
corresponding Cartan subalgebra t.
(a) The root lattice, R = R(1), is the lattice in (it)* given by

R = spany{o | @ € A(ge)}-
(b) The weight lattice (alternately called the set of algebraically integral weights),
P = P(1), is the lattice in (it)* given by
P={\e(@t) | r(hy) € Zfora € A(gc)},

where A € (it)* is extended to an element of (t¢)* by C-linearity.
(¢) The set of analytically integral weights, A = A(T), is the lattice in (it)* given by

A={)e ()" | AM(H) € 2wiZ whenever exp H = I for H € t}.
To the lattices R, P, and A, there are also a number of associated dual lattices.

Definition 6.24. Let G be a compact Lie group and 7 a maximal torus of G with
corresponding Cartan subalgebra t.
(a) The dual root lattice, RY = R (t), is the lattice in it given by

RY = spany{h, | @ € A(gc)}.

(b) The dual weight lattice, P~ = PV (%), is the lattice in it given by
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PY={H eit|a(H) € Zfora € A(gc)).

(c) Let ker £ = ker £(T') be the lattice in it given by

ker ={H e€it|exp2niH) = I}.

(d) In general, if A is a lattice in (it)* that spans (it)* and if A, is a lattice in it that
spans it, define the dual lattices, A} and A} in it and (it)*, respectively, by

Af={H cit|A(H) e Zforx € A}
Ay ={re ()" | AM(H) € Zfor H € Ay}.

It is well known that A} and AJ are lattices and that they satisfy A7* = A;
(Exercise 6.24). Notice ker £ is a lattice by the proof of Theorem 5.2.

6.3.2 Relations

Lemma 6.25. Let G be a compact connected Lie group with Cartan subalgebra t.
For H et expH € Z(G) ifand only if (H) € 2wiZ for all « € A(gc).

Proof. Let g = exp H and recall from Lemma 5.11 that g € Z(G) if and only if
Ad(g)X = X forall X € g. Now for @ € A(gc) U {0} and X € g,, Ad(g)X =
i X = ¢*H) X The root decomposition finishes the proof. O

Definition 6.26. Let G be a compact Lie group and T a maximal torus. Write x (T)
for the character group on T, i.e., x(T) is the set of all Lie homomorphisms & :
T — C\{0}.

Theorem 6.27. Let G be a compact Lie group with a maximal torus T.
(@ RCACP.
(b) Given A € (it)*, . € A if and only if there exists &, € x(T) satisfying

(6.28) £ (exp H) = )

for H € t, where ) € (it)* is extended to an element of ({c)* by C-linearity. The
map A — &, establishes a bijection

A «— x(T).
(c) For semisimple g, | P/ R| is finite.

Proof. Leta € A(gc) and suppose H € t with exp H = e. Lemma 6.25 shows that
a(H) € 2wiZ, so that R C A. Next choose a standard s[(2, C)-triple {Ey, hy, Fy}
associated to «. As in the proof of Corollary 6.22, exp 2wih, = I. Thusif A € A,
A(2mihy) € 2miZ, so that A € P which finishes part (a).
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For part (b), start with A € A. Using the fact that expt = T and using Lemma
6.25, Equation 6.28 uniquely defines a well-defined function &, on 7. It is a homo-
morphism by Theorem 5.1. Conversely, if there is a &, € x(T) satisfying Equation
6.28, then clearly A(H) € 2miZ whenever exp H = I, so that A € A. Finally, to
see that there is a bijection from A to x (7T), it remains to see that the map A — &,
is surjective. However, this requirement follows immediately by taking the differ-
ential of an element of x(7T') and extending via C-linearity. Theorem 6.9 shows the
differential can be viewed as an element of (it)*.

Next, Theorem 6.11 shows that R spans (it)* for semisimple g. Part (c) there-
fore follows immediately from elementary lattice theory (e.g., see [3]). In fact, it is
straightforward to show |P/R| is equal to the determinant of the so-called Cartan
matrix (Exercise 6.42). ]

Theorem 6.29. Let G be a compact Lie group with a semisimple Lie algebra g and
let T be a maximal torus of G with corresponding Cartan subalgebra t.

(a) R* = PV.

(b) P* = R".

(c) A* =ker€.

(d) P* C A* C R* i.e., RY Cker& C PV.

Proof. The equalities R* = PV, (RV)* = P, and (ker £)* = A follow immediately
from the definitions. This proves parts (a), (b), and (c) (Exercise 6.24). Part (d) fol-
lows from Theorem 6.27 (Exercise 6.24). ]

6.3.3 Center and Fundamental Group

The proof of part (b) of the following theorem will be given in §7.3.6. However, for
the sake of comparison, part (b) is stated now.

Theorem 6.30. Let G be a connected compact Lie group with a semisimple Lie al-
gebra and maximal torus T.

(a) Z(G) = PY/kerE = A/R.

(b) 71(G) = kerE/RY = P/A.

Proof (part (a) only). By Theorem 5.1, Corollary 5.13, and Lemma 6.25, the expo-
nential map induces an isomorphism

Z(G)={H et|a(H) e2niZtfora € A(ge)}/{H €et|expH =1}
= 2ni PY) / 2ni ker ),

so that Z(G) = PY/ker&. Basic lattice theory shows R*/A* = A/R (Exercise
6.24) which finishes the proof. O

While the proof of part (b) of Theorem 6.30 is postponed until §7.3.6, in this
section we at least prove the simply connected covering of a compact semisimple
Lie group is still compact.
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Let G be a compact connected Lie group and let G be the simply connected
covering of G. A priori, it is not known that G is a linear group and thus our devel-
opment of the theory of Lie algebras and, in particular, the exponential map is not
directly applicable to G. Indeed for more general groups, G may not be linear. As
usual though, compact groups are nicely behaved. Instead of redoing our theory in
the context of arbitrary Lie groups, we instead use the lifting property of covering
spaces. Write expg; : g — G for the standard exponential map and let

expg 1 g — G
be the unique smooth lift of exp satisfying expg (0) = € and exp; = 7 o expg.

Lemma 6.31. Let G be a compact connected Lie group, T a maximal torus of G, G
the simply connected covering of G, m : G — G the associated covering homomor-
phism, and T = [n’l(T)]o.

(a) Restricted to t, expg induces an isomorphism of Lie groups T t/ (t N ker expg).
(b) If g is semisimple, then T is compact.

Proof. Elementary covering theory shows that T isa covering of 7. From this it
follows that T is Abelian on a neighborhood of ¢ and, since T is connected, T is
Abelian everywhere. Since 7w expg t = expg t = T and since expg t is connected,
expg t € T. In particular, expg : t — T is the unique lift of exp; : t — T satis-
fying expg (0) = €. In turn, uniqueness of the lifting easily shows expg(fo + 1) =
expg (fo) expg (7). To finish part (a), it suffices to show expg t contains a neighbor-
hood ¢'in T'. For this, it suffices to show the differential of expg at 0is invertible. But
since 7 is a local diffeomorphism and since expg; is a local diffeomorphism near 0,
we are done. N

For part (b), it suffices to show that T is a finite cover of 7 when g is semisim-
ple. For this, first observe that kerexpg C kerexp; = 2mi ker& since exp; =
moexpg. As T =t/ (2mi ker £), it follows that the ker 7 restricted to T is isomor-
phic to 2mi ker&) / (t N ker expg). By Theorems 6.27 and 6.29, it therefore suffices
to show that 27ri RY C t Nkerexpg.

Given a € A(ge), let {Zy, Ju, Ky} be a standard su(2)-triple in g associated to
a. Write ¢, : SU(2) — G for the corresponding homomorphism. Since SU(2) is
simply connected, write ¢, : SU(2) — G for the unique lift of ¢, mapping / to e.
Using the uniqueness of lifting from su(2) to G, if follows easily that @, cexpgy (o) =
expg ody,. Therefore by construction,

¢ =g,(I) = @o(expyy ) 2mi H) = expg 2mi do, H) = expg (27i hy)
which finishes the proof. O

Lemma 6.32. Let G be a compact connected Lie group, T a maximal torus of G,
G the simply connected covering of of G, m : G — G the associated covering

homomorphism, and T = [n_l (T)]O.
(@) G = Uscg (czT)-
(b) G = expg(9).
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Proof. The proof of this lemma is a straightforward generalization of the proof of
the Maximal Torus theorem, Theorem 5.12 (Exercise 6.26). m]

Corollary 6.33. Let G be a compact connected Lie group with semisimple Lie alge-
bra g, T a maximal torus of G, G the simply connected covering of of G, w7 : G — G
the associated covering homomorphism, and T = [71_1 (T)]O.

(a) G is compact. _

(b) g may be identified with the Lie algebra of G, so that expg is the corresponding
exponential map.

()T = n_l(T) and T is a maximal torus ofG

(d) kerm C Z(G) C T.

Proof. For part (a), observe that G = | J- 76 (cz ) by Lemma 6.32. Thus G is the

continuous image of the compact set G /Z (G) xT =G /Z(G) x T (Exercise 6.26).

For part (b), recall from Corollary 4.9 that there is a one-to-one correspondence
between one-parameter subgroups of G and the Lie algebra of G. By the uniqueness
of lifting, expg (1 X) expg (s X) = expg((t + 5)X) for X € gand 7,5 € R, so that
t — expg (1 X) is a one-parameter subgroup of G. On the other hand,if y : R —~Gis
a one-parameter subgroup, then sois 7 o ¥ : R — G. Thus there is a unique X € g,
so that w(y (1)) = expg(1X). As usual, the uniqueness property of lifting from R to

G shows that y () = expg (¢ X), which finishes part (b).

For parts (c) and (d), we already know from Lemma 6.31 that T = expg (H).
Since t is a Cartan subalgebra, Theorem 5.4 shows that T is_a maximal torus of
G By Lemma 1.21 and Corollary 5.13, kerm < Z(G) C T so that 7~ (T) =
T (kerm) = Ti is, in fact, connected. ]

6.3.4 Exercises

Exercise 6.24 Suppose A; is a lattice in (it)* that spans (it)*.
(1) Show that A} is a lattice in it.

(2) Show that AY* = A;.

(3) If Ay € Ay, show that A5 C A7.

4) If Ay € Ao, show that Ay/ A1 = AT/A3.

Exercise 6.25 (1) Use the standard root system notation from §6.1.5. In the follow-

ing table, write (6;) for the element diag(fy, ..., 6,) in the case of G = SU (n),
for the element diag(é,,...,6,, —0;,...,—6,) in the cases of G = Sp(n) or
SO(E,,), and for the element diag(dy,...,6,, —6;,...,—0,,0) in the case of

G = SO(Ey,41). Verify that the following table is correct.
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G RY ker £ PY PY/RY
16 ez, , {6 +2)]06 €z,
SUm) Z?:l t; = 0} R Z i=00i — =0} Zn
Sp(n) {6)16;: €Z} R {0 +%) 16 € 7} Zs
{(6) |9 e, % ‘ Zox7Zn n even
SO (Es,) S 6 € 27) (@) 10 eZHO+ P 10 €Ty 7,77 L
A
SO(Eznan) gﬂ_)l';:zz’} P (©) 16 € 2) Lo.

(2) In the following table, write (};) for the element Zi A;€;. Verify that the follow-
ing table is correct.

G R A P P/R
{0 | 1 € Z, {Oi +2) 2 eZ,
SU ) i A =0} P Y iz =0} &
{i) | Ai € Z, NS
Sp(l’l) Z?:l )‘-i c 2Z} P {()\'l) | )"l [S Z} ZZ
{) 1A e, A A Lk A ZoxZy n even
SO(EZn) Z?:l )\i e ZZ} {()Lz) | }‘-z S Z} {(}"l + 2) | }‘-l € Z} Z4 n Odd
SO(Eps)|{0) | A € Z) R (i +2) 14 €Z) Zs.

Exercise 6.26 Let G be a compact connected Lie group, T a maximal torus of G, G
the simply connected covering of of G, m : G — G the associated covering homo-
morphism, and T = [ ’I(T)] This exercise generalizes the proof of the Maximal
Torus theorem, Theorem 5.12, to show that G = (J;5 (cz7) and G = expg (9).-

(1) Make use of Lemma 5.11 and the fact that kern is discrete to show that
ker(Adom) = Z(G). _

(2) Suppose ¢ : g — G islift of amap ¢ : g — G. Use the fact that 7 is a local
diffeomorphism to show that ¢ is a local diffeomorphism if and only if ¢ is a local
diffeomorphism.

(3) Use the uniqueness property of lifting to show that expg o Ad(7g) = ¢, o expg
for g € G. -

(4) Show that Uge5 c,T = expg(g).

(5) If dimg = 1, show that G = § land g = G = R with expg being the identity
map. Conclude that G = expg (9).

(6) Assume dimg > 1 and use induction on dim g to show that G = expg(g) as
outlined in the remaining steps. First, in the case where dim g’ < dim g, show that
G =[G’ x T*] /F, where F is a finite Abelian group. Conclude that G = G, xRE,
Use the fact that the exponential map from R¥ to T* is surjective and the inductive
hypothesis to show G = expg(g).

(7) For the remainder, assume g is semisimple, so that T is compact. Use Lemma
1.21 to show that kerw C Z(G) Conclude that G/Z(G) G/Z(G) and use this to
show that expg (g) is compact and therefore closed.

(8) It remains to show that expg(g) is open. Fix Xy € g and write gy = expg (Xo).
Use Theorem 4.6 to show that it suffices to consider X # 0.
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(9) As in the proof of Theorem 5.12, let a = 34(go) and b = a’. Consider the map
go a@b— Ggivenby (X, Y) =g, expG(Y) 8o expg(X) expg(—Y). Show that
@ is a local diffeomorphism near 0. Conclude that {expg (Y)go expg (X) expg(—Y) |
X € a,Y € b} contains a neighborhood of gj in G.

(10) Let A = (= "A) a covering of the compact Lie subgroup A = Zg (rgo)° of
G. Show that expg(a) € A. Conclude that U <G8 A g contains a neighborhood of

goin G. _

(11) If dima < dimg, use the inductive hypothese to show that A = expg(a).
Conclude that |, 5 g 'Ag = U, expg (Ad(g)a), so that expg(g) contains a
neighborhood of gg. -

(12) Finally, if dima = dim g, show that gy € Z(G). Let t’ be a Cartan subalge-
bra containing X, so that g = UgeG Ad(mg)t'. Show that goexpgz(g) € expg(g).
Conclude that expg (g) contains a neighborhood of gj.

6.4 Weyl Group

6.4.1 Group Picture

Definition 6.34. Let G be a compact connected Lie group with maximal torus 7. Let
N = N(T) be the normalizer in G of T, N = {g € G | gTg~' = T}. The Weyl
group of G, W = W(G) = W(G, T), is definedby W = N/T.

If 7’ is another maximal torus of G, Corollary 5.10 shows thatthereisa g € G, so
c,T = T’. In turn, this shows that ¢, N(T) = N(T"), so that W(G, T) = W(G, T").
Thus, up to isomorphism, the Weyl group is independent of the choice of maximal
torus.

Givenw € N, H € {, and A € t*, define an action of N on t and t* by

(6.35) w(H) = Ad(w)H
[w)] (H) = AM(w ' (H)) = MAdw ™) H).

As usual, extend this to an action of N on tc, it, t, and (it)* by C-linearity. As
Ad(T) acts trivially on t, the action of N descends to an actionof W = N/T.

Theorem 6.36. Let G be a compact connected Lie group with a maximal torus T.
(a) The action of W on it and on (it)* is faithful, i.e., a Weyl group element acts
trivially if and only it is the identity element.

(b) Forw € N and a € A(gc) U {0}, Ad(w)gy = Gua-

(¢) The action of W on (it)* preserves and acts faithfully on A(gc).

(d) The action of W on it preserves and acts faithfully on {h, | « € A(gc)}. More-
over, Why = hyyq.

(e) W is a finite group.

(f) Given t; € T, there exists g € G so cgt| = 1o if and only if there exists w € N, so
Cyll = 1.



6.4 Weyl Group 137

Proof. For part (a), suppose w € N acts trivially on t via Ad. Since expt = T and
since ¢,, o exp = exp o Ad(w), this implies that w € Zg(T). However, Corollary
5.13 shows that Z5(T) = T so that w € T, as desired.

For part (b), let w € N, H € {¢, and X, € g, and calculate

[H, Ad(w)X,] = [Ad(w™ ) H, X,] = a(Ad(w ™) H) X, = [(wa)(H)] Xq,

which shows that Ad(w)gs € guwe. Since dim g, = 1 and since Ad(w) is invertible,
Ad(w)gy = gue and, in particular, we € A(gc). Noting that W acts trivially on
3(g) N t, we may reduce to the case where g is semisimple. As A(gc) spans (it)*,
parts (b) and (c) are therefore finished.

For part (d), calculate

B(tyy, H) = B(wa)(H) = a(w™"'H) = B(uy, w 'H) = B(wuy, H),

so that u,,, = wu,. Since the action of w preserves the Killing form, it follows that
why = hye, which finishes part (d). As A(gc) is finite and the action is faithful, part
(e) is also done.

For part (f), suppose c,t; = t, for g € G. Consider the connected compact
Lie subgroup Z;(t)? = {h € G | c,h = h}° of G with Lie algebra 3g() =
{X € g | Ad(t) X = X} (Exercise 4.22). Clearly t C 34(2) and tis still a Cartan sub-
algebra of 34(#;). Therefore T C Zg(2;) and T is a maximal torus of Zg(t). On the
other hand, Ad(%;) Ad(g)H = Ad(g) Ad(+;))H = Ad(g)H for H € t. Thus Ad(g)t
is also a Cartan subalgebra in 34(#;), and so ¢, T is a maximal torus in Zg (r)°. By
Corollary 5.10, there is a z € Zg(f,), so that ¢, (ch) =T,ie., zg € N(T). Since
Croti = C;1y = 1, the proof is finished. O

6.4.2 Classical Examples

Here we calculate the Weyl group for each of the compact classical Lie groups.
The details are straightforward matrix calculations and are mostly left as an exercise
(Exercise 6.27).

6.4.2.1 U(n) and SU (n) For U(n) let Ty, = {diag(e’®, ..., e"%) | 6, € R} be
a maximal torus. Write S, for the set of n x n permutation matrices. Recall that an
element of GL(n, C) is a permutation matrix if the entries of each row and column
consists of a single one and (n — 1) zeros. Thus S,, = S, where S, is the permutation
group on n letters. Since the set of eigenvalues is invariant under conjugation, any
w € N must permute, up to scalar, the standard basis of R”. In particular, this shows
that

N(Tyw) = STuwm
wW=Ss,
|[W| =n!.
Write (6;) for the element diag(6;, ... ,6,) € tand (%;) for the element ), A;¢; €

@t)*. It follows that W acts on ity = {(6;) | 6; € R} and on (ityg))* =
{(X;) | A; € R} by all permutations of the coordinates.
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For SU(n), let TSU(n) = TU(n)ﬂSU(n) = {diag(em‘ yeee sy eig”) | 9,‘ € R, Zi 9,’ =
0} be a maximal torus. Note that U (n) = (SU (n) x S') /Z, with S' central, so that
W(SU (n)) = W(U (n)). In particular for the A,,_; root system,
N(Tsuw) = (SaTuwm) N SU(n)
W=Ss,
[W| =n!
As before, W acts on itsymy = {(6) | 6; € R, >, 6; = 0} and (itsym)* =
{(A) | A; € R, >, &; = 0} by all permutations of the coordinates.
6.4.2.2 Sp(n) For Sp(n) realized as Sp(n) = U(2n) N Sp(n, C), let
T = {diag(e, ..., e%, e ... e7%) |6, e R).

For 1 < i < n, write s;; for the matrix realizing the linear transformation that
maps e;, the i th standard basis vector of R, to —e;,, maps e;4, to e,, and fixes the
remaining standard basis vectors. In particular, s, ; is just the natural embedding of

( _01 (1)> into Sp(n) in the i x (n + i)™ submatrix. By considering eigenvalues, it

is straightforward to check that for the C, root system,

N(T):{(S?) |s€8,,} {Hs'ffillfifn,kie{o,l} T

W =S, x (Z)"
|[W| =2"n!.
Write (6;) for the element diag(6, ... ,6,, —01,...,—6,) € it and (};) for the
element ) ; A;¢; € (it)*. Then W acts on it = {(6;) | 6; € R} and on (it)* = {(%;) |
A; € R} by all permutations and all sign changes of the coordinates.
6.4.2.3 SO(E>,) For G = SO(E»,), let
T = {diag(e", ..., e% e . . e7%) |0, € R}

be a maximal torus. For 1 < i < n, write s,; for the matrix realizing the linear
transformation that maps e;, the i th standard basis vector of R?", to €itn, MAPS €1y
to e,, and fixes the remaining standard basis vectors. In particular, s, ; is just the

natural embedding of <(l) (1)) into O(E,y,) inthe i x (n 4 i)™ submatrix. Then for

the D, root system,
s 0 ki .
N(T)={<0 s) | s ESn}{Hszﬁi |1 <i<n,k €{0,1}, Zk,- e27}T

W =S, x (Z)"!
|W| =2""n!.

Write (6;) for the element diag(6,...,6,, —61,...,—06,) € it and (&;) for the
element ) ; A;¢; € (it)*. Then W acts on it = {(6;) | 6; € R} and on (it)* = {(%;) |
A; € R} by all permutations and all even sign changes of the coordinates.
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6.4.2.4 SO(E»,.1) For G = SO(E41), let
T = {diag(e”, ... % e .. 7% 1)|6; e R}

be a maximal torus. For 1 < i < n, write s3; for the matrix realizing the linear

transformation that maps e;, the i™ standard basis vector of R¥"*+! to €i+n, Maps

€itn to e,, maps ez, 41 to —en,4+1, and fixes the remaining standard basis vectors. In
01 0

particular, s3; is just the natural embeddingof | 1 0 0 into SO(E3,,1) in the
00 —1

i X (n+1i) x 2n + )™ submatrix. Then for the B, root system,

N
N(T) = s |lIses, {]_[s§ji|15ign,kie{o,1} T
1 i

WS, x (Z)"
[W| =2"n!.
Write (6;) for the element diag(9y, ... ,6,, =6, ..., —6,,0) € it and ();) for the

element ), Aje; € (it)*. Then W acts on it = {(§;) | 6; € R} and on (it)* = {(A;) |
A; € R} by all permutations and all sign changes of the coordinates.

6.4.3 Simple Roots and Weyl Chambers

Definition 6.37. Let G be compact Lie group with a Cartan subalgebra t. Write t' =
g Nt

(a) A system of simple roots, I1 = I1(gc), is a subset of A(gc) that is a basis of (it/)*
and satisfies the property that any 8 € A(gc) may be written as

B=> ket

aell

with either {ky | ¢ € T1} € Zspor {ky | @ € T} € Z<p, Wwhere Zso ={k € Z | k >
0} and Z-y = {k € Z | k < 0}. The elements of II are called simple roots.
(b) Given a system of simple roots IT, the set of positive roots with respect to IT is

A*(ge) ={B € Alge) | B =) _ koot with ky € Z2}

aell

and the set of negative roots with respect to IT is

A™(ge) ={B € A(ge) | B =) _ kaer with ky € Zo),

acll

so that A(gc) = AT (gc) [[ A (ge) and A~ (gc) = —AT(go).

As matters stand at the moment, we are not guaranteed that simple systems exist.
In Lemma 6.42 below, this shortcoming will be rectified using the following defini-
tion.
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Definition 6.38. Let G be compact Lie group with a Cartan subalgebra t.

(a) The connected components of (it)*\ (UD,E A(gc)oﬁ) are called the (open) Weyl
chambers of (it)*. The connected components of it'\ (UaE A(gc)hi) are called the
(open) Weyl chambers of it.

(b) If C is a Weyl chamber of (it)*, @ € A(gc) is called C-positive if B(C,«) > 0
and C-negative if B(C,a) < 0. If o is C-positive, it is called decomposable with
respect to C if there exist C-positive 8, y € A(gc), so that « = B + y. Otherwise o
is called indecomposable with respect to C.

(¢) If CY is a Weyl chamber of it, @ € A(gc) is called CV-positive if «(CY) > 0 and
C-negative if a(CY) < 0. If o is CV-positive, it is called decomposable with respect
to CV if there exist CV-positive B,y € A(gc), so that @ = B + y. Otherwise « is
called indecomposable with respect to C".

(d) If C is a Weyl chamber of (it)*, let

[T1(C) = {o € A(gc) | o is C-positive and indecomposable}.
If CY is a Weyl chamber of it, let
[(CY) = {a € A(gc) | a is CY-positive and indecomposable}.
(e) If IT is a system of simple roots, the associated Weyl chamber of (it)* is
C(IT) ={r € (i)" | B(A, ) > 0 fora € I}
and the associated Weyl chamber of it is
CY(I) ={H €it|a(H) > 0fora e I}.

Each Weyl chamber is a polyhedral convex cone and its closure is called the
closed Weyl chamber. For the sake of symmetry, note that the condition «(H) > 0
above is equivalent to the condition B(H, h,) > 0. In Lemma 6.42 we will see that
the mapping C — TII(C) establishes a one-to-one correspondence between Weyl
chambers and simple systems. For the time being, we list the standard simple sys-
tems and corresponding Weyl chamber of (it)* for the classical compact groups. The
details are straightforward and left to Exercise 6.30 (see §6.1.5 for the roots and
notation).

In addition to a simple system and its corresponding Weyl chamber, two other
pieces of data are given below. For the first, write the given simple system as [T =

{ay, ..., a;}. Define the fundamental weights to be the basis {my, ..., m;} of (iH)*
determined by 22((2‘:’2“:; =4, ; and define p = p(ITI) € (iH)* as

(6.39) p=>"m

Notice p(hy,) = 2% = 1, so that p € P (c.f. Exercise 6.34).

The second piece of data given below is called the Dynkin diagram of the sim-
ple system II. The Dynkin diagram is a graph with one vertex for each simple
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root, «;, and turns out to be independent of the choice of simple system. When-
ever B(w;, ;) # 0,1 # j, the vertices corresponding to «; and «; are joined by
an edge of multiplicity m;; = a;(ha;)a;(hg,). In this case, from the proof of Corol-

lary 6.22 (c.f Exercise 6.20), it turns out that m;; = m;; = 1%L e (1,2, 3} when

el
2 . .
|let; ||2 > ||0l J || . Furthermore, when two vertices corresponding to roots of unequal
length are connected by an edge, the edge is oriented by an arrow pointing towards
the vertex corresponding to the shorter root.

6.4.3.1 SU(n) For SU(n) with t = {diag(i0;, ... ,i6,) | 6; € R, > . 6; = 0}, i.e.,
the A,_ root system,

M={oi=¢—€u1|1<i<n-1}
C:{dlag(el, ,On)le, >95+1,95 GR}

pz%((n—1)el+(n—3>ez+-~-+(—n+1>en>

and the corresponding Dynkin diagram is

A, O O - O O
o] [2%] o3 Up—3 (0770} Op—1
6.4.3.2 Sp(n) For Sp(n) realized as Sp(n) = U (2n) N Sp(n, C) with
t = {diag(ify, ... ,i6,, —i0y, ..., —ib6,) | 6; € R},
i.e., the C, root system,
N={oij=¢€¢ —€1 |1 <i<n-—1}U{a, =2¢,}
C = {d1ag(61, .o ,Gn, —91, cee —9n) | 9,‘ > 9,’_;,.1 > 0, 9,‘ € R}
p=ne+n—-De+---+¢
and the corresponding Dynkin diagram is

Cn o o -+ o——a—+t—0o

23] (2% o3 Up—2 Op—1 oy

6.4.3.3 SO(E;,) For SO(E,,) with t = {diag(ify,...,i0,, —ib,...,—i6,) |
6; € R}, i.e., the D, root system,

M=Aoi=¢ - |1 <i<n—-1}U{w, =¢,1+¢)
C={diag(017"' 5911, _9]"" 9_0n70)|0i >9i+l’9n—1 > |01‘l|59i GR}
p=negt+n—De+---+e€

and the corresponding Dynkin diagram is
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6.4.3.4 SO(E>,+1) For SO(E;,.1) with
t = {diag(i0y, ... ,i6,, —ib,...,—i6,,0) | 6; € R},
i.e., the B, root system,

N={ai=¢—€4 |1 <i<n—-1}U{a, =¢,}
C={diag(9],...,9n, —91,... ,—9,,,0)|9,‘ >9i+1 >0,9i€R}

1
'OZ5((2’1_1)61+(2n_3)€2+"'+6n)

and the corresponding Dynkin diagram is

B, o o -+ O——a—F—0o

23] (2% o3 Up—2 Op—1 oy

It is an important fact from the theory of Lie algebras that there are only five other
simple Lie algebras over C. They are called the exceptional Lie algebras and there
is a simple compact group corresponding to each one. The corresponding Dynkin
diagrams are given below (see [56] or [70] for details).

G, ==

o] (6%

F4 o—a —JF—0o—o0

o1 (0% o3 oy

o2




6.4 Weyl Group 143

a2
E O O
o a3 o4 (0% (673 o7
2]
E8 @ O O
o1 o3 o4 o5 (673 (0% g

6.4.4 The Weyl Group as a Reflection Group

Definition 6.40. Let G be compact Lie group with a Cartan subalgebra t.
(a) For @ € A(gc), define ry, : (i)* — (it)* by

B(,
Gy =4 — 2239 e
B(x, )
and ry, : it — itby
(H)=H 2B(H’ h"‘)h H —a(H)h
T = —2——hy = — o
e B(hq, h) *

(b) Write W(A(gc)) for the group generated by {r, | @« € A(gc)} and write
W(A(gce)Y) for the group generated by {r,, | @ € A(gc)}-

As usual, the action of W(A(gc)) and W(A(ge)Y) on (it)* and it, respectively,
is extended to an action on t* and t, respectively, by C-linearity. Also observe that r,
acts trivially on (3(g) N t)* and acts on (it')* as the reflection across the hyperplane
perpendicular to «. Similarly, r,, acts trivially on 3(g) N t and acts on it as the
reflection across the hyperplane perpendicular to /2, (Exercise 6.28). In particular,
rg=1ITandr; =1.

Lemma 6.41. Let G be compact Lie group with a maximal torus T.

(a) For o € A(gc), there exists wy, € N(T), so that the action of w, on (it)* is given
by ry and the action of w, on it is given by ry,,.

(b) For o, B € A(ge), re (B) € A(gc) and 1y, (hﬁ) = h,,(p).

Proof. Using Theorem 6.20, choose a standard su(2)-triple, {Z,, Ju, K¢}, and a
standard s[(2, C)-triple, {E,, H,, Fy}, corresponding to « and let ¢, : SU(2) - G
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O —
Lo ) €sU@.

where J = —E + F € su(2). Thus dgy(J) = Jy, = —E4 + Fy. Define w, € G by
Wy = @u(w). For H € it, calculate

be the corresponding homomorphism. Let w = exp(5J) =

ad(dwa(%J))H - %ad(—EO, +F)H = a(H)%[EO, 1 F,l

In particular if B(H, h,) = 0, then o (H) = 0, so that ad(dtpa(% J)H = 0. Thus, if
B(H, hy) =0,

T b4
Ad(wy)H = Ad(fpa(eXp(E INH = Ad(eXp(dfpa(EJ)))H
= MGy — H.
On the other hand, consider the case of H = h,. Since ¢y, ) © o = Pu © ¢y, the

differentials satisfy Ad(wy) o dpy = dg, o Ad(w). Observing that wHw ™' = —H
in s1(2, C), where dg,(H) = h, it follows that

Ad(we)hy = Ad(wa)(pa(H)
= dgy (AdW)H) = —dps(H) = —hq.
Thus Ad(wy) preserves t and acts on it as the reflection across the hyperplane per-
pendicular to h,. In other words, Ad(w,) acts as rj, on it. Since T = expt and

Cw, (exp H) = exp(Ad(w,)H), this also shows that w, € N(T). To finish part (a),
calculate

(weA)(H) = M(wy ' H) = B(uy, Ad(wy) ™' H) = B(Ad(wg)us, H)

for A € (it)*. Thus for A = o, Ad(wy)ug = —iy, SO Weor = —a. For A € a®,
u; € hj; so Ad(wgy)u; = u; and weA = A. In particular, Ad(w,) acts on (it)* by
7. Part (b) now follows from Theorem 6.36. m]

Lemma 6.42. Let G be compact Lie group with a Cartan subalgebra t.
(a) There is a one-to-one correspondence between

{systems of simple roots} <— {Weyl chambers of (it)*}.

The bijection maps a simple system I1 to the Weyl chamber C (I1) and maps a Weyl
chamber C to the simple system I1(C).
(b) There is a one-to-one correspondence between

{systems of simple roots} <— {Weyl chambers of it}.

The bijection maps a simple system Tl to the Weyl chamber C” (IT) and maps a Weyl
chamber C" to the simple system T1(C").
(c) If T is a simple system with a, B € I, then B(x, ) < 0.



6.4 Weyl Group 145

Proof. Suppose I1 = {«y, ..., o} is a simple system. From Equation 6.39, recall
that p € (it)* satisfies B(p, oj) = % > 0, so that p € C(IT). For any A € C(IT),
examining the map ¢+ — B(tA + (1 — t)p, o) quickly shows that the line segment
joining A to p lies in C(IT), so that C(II) is connected. Moreover, B(A, «) > O for
a € At(gc) and B(, B) < Ofor B € A~ (gc), so that C(IT) C (it)*\ (UaeA(gC)aL).
In particular, C(IT) € C for some Weyl chamber C of (it)*. As the sign of B(y, o)
is constant for y € C, the fact that p € C forces a;(C) > 0. Thus, C € C(II), so
that C(IT) = C is a Weyl chamber and the first half of part (a) is done.

Next, let C be a Weyl chamber of (it)* and fix A € C.If « = B, + B, for
C-positive roots «, f;, then B(x, A) > B(B;, A). Since {B(A, ) | @ € A(gc) is
C-positive} is a finite (nonempty) subset of positive real numbers, it is easy to see
that IT(C) is nonempty. It now follows from the definition of IT(C) that any S €
A(gc) may be written as f = Zaen koo with either {k, | @« € TI} € Zs( or
{ky | « € I} C Zy depending on whether B is C-positive or C-negative. Since
A(gc) spans (it)*, it only remains to see I1(C) is an independent set.

Let o, B € TI(C) be distinct and, without loss of generality, assume B(«, o) <
B(B, B). Positivity implies « # — B so that the proof of Corollary 6.22 (c.f. Exercise
6.20) shows that B(hy) = 28%8) ¢ +10,1}. If B(er, B) > O, thenry(B) = B —a €

B(B.B)
A(gc) by Lemma 6.41. If B — « is C-positive, then 8 = (8 — o) + . If B — « is
C-negative, then « = —(8 — «) + B. Either violates the assumption that «, 8 are

indecomposable. Thus «, € I1(C) implies that B(«, ) < 0 and will finish part (c)
once part (a) is complete.

To see that IT(C) is independent, suppose ., co@t = D 4., cpB Withcy, cp >
Oand I, [[ I, = C(II). Using the fact that B(«, B) < 0, calculate

2
0< (Y ca| =B catt,) cpB)= Y. cacrB(a,p)<0.
ael) ael; ﬂE[z DtEl],ﬁElz
Thus 0 = }_,; cea. Choosingany y € C,0=}_ ., coB(y,a). Since B(y, @) >

0, ¢ = 0. Similarly cg = 0 and part (a) is finished. As the proof of part (b) can either
be done is a similar fashion or derived easily from part (a), it is omitted. m]

Theorem 6.43. Let G be compact Lie group with a maximal torus T.

(a) The action of W(G) on it establishes an isomorphism W (G) = W(A(gc)Y).
(b) The action of W(G) on (it)* establishes an isomorphism W (G) = W (A(gc)).
(c) W(G) acts simply transitively on the set of Weyl chambers.

Proof. Using the faithful action of W = W(G) on it via Ad from Theorem 6.36,
identify W with the corresponding transformation group on it for the duration of this
proof. Then Lemma 6.41 shows r;,, € W for each @ € A(gc), so that W (A(ge)Y) <
W. It remains to show that W € W (A(gc)") to finish the proof of part (a).

Reduce to the case where g is semisimple. Fix a Weyl chamber C of it and fix
H e C.If w € W, then W preserves {h, | @« € A(gc)}. Since w leaves the Killing
form invariant, w preserves {hi | « € A(ge)}, so that wC is also a Weyl chamber.

Let E be the union of all intersections of hyperplanes of the form - for distinct
o € A(ge)- As this is a finite union of subspaces of codimension at least 2, (it)\ E
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is path connected (Exercise 6.31). Thus there exists a piecewise linear path y (¢) :
[0, 1] — it from H to wH that does not intersect E. Modifying y (¢) if necessary
(Exercise 6.31), there is a partition {s; lN: , of [0, 1], Weyl chambers C; with Co = C
and Cy = wC, and roots ¢;, so that y(s;_1,5;) C C;, 1 <i < N,and y(s;) € hjl_,
I1<i<N-1.

As y(t) does not intersect E, there is an entire ball, B;, around y (s;) in hj;l (of
codimension 1 in i t) lying on the boundary of both C;_; and C;, 1 <i < N — 1. For
small nonzero ¢, it follows that B; + ¢h, lies in C;_; or C;, depending on the sign
of ¢. Since rp, (B; + ¢hy) = B; — €h, and since ry, preserves Weyl chambers, it
follows that ry, C;—y = C;. In particular, ry, - --ry, wC = C.

Now suppose wy € N(T) satisfies Ad(wy)C = C. To finish part (a), it suffices
to show that wy € T, so that wy acts by the identity operator on it. Let IT = I1(C)
and define p as in Equation 6.39. By Lemma 6.42, it follows that wIT = I1, so that
Ad(wg)p = p. Thus ¢, e = e'r, t € R.

Choose a maximal torus S’ of Zg(wg)° containing wy. Note that §’ is also a
maximal torus of G by the Maximal Torus Theorem. Since ¢/ is in turn contained
in some (other) maximal torus of Zg(wg)?, Corollary 5.10 shows that there exists
g € Zg(wp)?, s0 cge™» C §'. Let S be the maximal torus of G given by § = c,1 5.
Then wo € S and ¢'®* C S (c.f. Exercise 5.12). By definition of p and a simple a
system, the root space decomposition of g¢ shows 34.(u,) = tso 34(iu,) = t. But
since § C 34(iu,) = t, maximality implies s = t,and so S = T. Thus wy € T, as
desired.

Part (b) is done in a similar fashion to part (a). Part (c) is a corollary of the proof
of part (a). O

6.4.5 Exercises

Exercise 6.27 For each compact classical group G in §6.4.2, verify that the Weyl
group and its action on t and (it)* is correctly calculated.

Exercise 6.28 Let G be compact Lie group with semisimple Lie algebra and t a
Cartan subalgebra. For « € A(gc), show that r, is the reflection of (it)* across the
hyperplane perpendicular to « and ry,, is the reflection of it across the hyperplane
perpendicular to /.

Exercise 6.29 Let G be a compact connected Lie group with a maximal torus 7.
Theorem 6.36 shows that the conjugacy classes of G are parametrized by the W-
orbits in 7'. In fact, more is true. Show that there is a one-to-one correspondence
between continuous class functions on G and continuous W-invariant functions on
T (c.f. Exercise 7.10).

Exercise 6.30 For each compact classical Lie group in §6.4.3, verify that the given
system of simple roots and corresponding Weyl chamber is correct.

Exercise 6.31 Suppose G is compact Lie group with semisimple Lie algebra g and
a Cartan subalgebra t.
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(1) If E is the union of all intersections of distinct hyperplanes of the form hl for
a € A(ge), show (it)\ E is path connected.

(2) Suppose y(¢) : [0, 1] — itis a piecewise linear path that does not intersect &
with y (0) and y (1) elements of (different) Weyl chambers. Show there is a piecewise
linear path y’(¢) : [0, 1] — it that does not intersect E, satisfies y'(0) = y(0) and
y'(1) = y), y(si_1,8) € Ci, 1 <i < N,and y(s;) € hj;‘ 1 <i<N-—1,for
some partition {si}il\’: o of [0, 1], some Weyl chambers C;, and some roots «;.

Exercise 6.32 Let G be compact Lie group with semisimple Lie algebra g and t a
Cartan subalgebra of g. Fix a basis of (it)*. With respect to this basis, the lexico-
graphic order on (it)* is defined by setting o« > g if the first nonzero coordinate
(with respect to the given basis) of @ — f is positive.

M Letll = {0 € A(ge) | @ > Oand ¢ # By + B, for any B; € A(ge) with
Bi > 0}. Show IT is a simple base of A(gc) with AT (gc) = {@ € A(ge) | @ > 0}
and A~ (gc) = {@ € A(ge) | @ < 0).

(2) Show that all simple systems arise in this fashion.

(3) Show that there is a unique § € AT (gc), so that § > B, B8 € At (gc)\(8}. The
root § is called the highest root. For the classical compact Lie groups, show § is given
by the following table:

G|SU(n) Sp(n) SO(Exw) SO(Exwi1)
Slei—€n 261 e+ € +e.

(4) Show that B(8, 8) > 0 forall 8 € AT (gc).
(5) For G = SO(E»,+1), n > 2, show that there is another root besides § satisfying
the condition in part (4).

Exercise 6.33 Let G be compact Lie group with semisimple Lie algebra g and
t a Cartan subalgebra of g. Fix a simple system I1 = {«&;} of A(gc). For any
B € AT(gc), show that B can be written as 8 = o, + @, + -+ - + «;,, Where
o, +a, + -+ a, € At(ge) for1 <k < N.

Exercise 6.34 Let G be compact Lie group with a Cartan subalgebra t. Fix a simple
system IT of A(gc).

(1) For o € T and B € At (ge)\{a}, write ro8 = B — 2?&:2;0{ to show that
B € A% (gc). Conclude that 7o (A™ (go)\{a}) = AT (go) \{a}-

(2) Let

p/=% > 8

BeA*(gc)

and conclude from part (1) that r,p" = p’ — «. Use the definition of r, to show that
P =p.

Exercise 6.35 Let G be compact Lie group with semisimple Lie algebra g and t a
Cartan subalgebra of g. Fix a simple system IT = {«;} of A(gc) and let W (A(gc))’
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be the subgroup of W(A(gc)) generated {rg, }.

(1) Given any 8 € A(gc), choose x € (£8)* not lying on any other root hyperplane.
For all sufficiently small ¢ > 0, show that x + ¢8 lies in a Weyl chamber C’ and that
B eIl =T1(C).

(2) Write pp for the element of (it)* satisfying 2% = 1 from Equation 6.39
(c.f. Exercise 6.34) and choose w € W(A(gc))’ so that B(wprr, pr) is maximal. By
examining B(rq, woerr, pr), show that wory € C(IT). Conclude that wB € II.

(3) Show that rg = w‘lrwﬁw. Conclude that W (A(gc)) = W(A(ge)).

Exercise 6.36 Let G be compact Lie group with semisimple Lie algebra g and t a
Cartan subalgebra of g. Fix a simple system IT = {¢;} of A(gc) and recall Exercise
6.35. For w € W(A(gc)), let n(w) = |[{B € AT (gc) | wB € A~ (gc)}|- For w # 1,
Write W = 1y, - - - Iy, With N as small as possible. Thenr, - - - ry, is called a reduced
expression for w. The length of w, with respect to I1, is defined by /(w) = N. For
w=1,1(I)=0.

(1) Use Exercise 6.34 to show

n(w) — 1 ifwa; € A™(ge)

n(wry,) = {n(w) +1 if wa; € AT (ge).

Conclude that n(w) < [(w).
(2) Use Theorem 6.43 and induction on the length to show that n(w) = I(w).

Exercise 6.37 (Chevalley’s Lemma) Let G be compact Lie group with semisim-
ple Lie algebra g and t a Cartan subalgebra of g. Fix A € (it)* and let W, =
{fw € W(A(ge)) | wr = A}. Choose a Weyl chamber C, so that A € C and let
[T =TI(C).

1) If B € A(gc) with B(A, B) > 0, show that 8 € AT (gc).

Q) If @ € IT and w € W, with wa € A~ (gc), show B(A, @) < 0.

(3) Chevalley’s Lemma states W, is generated by W(A) = {r, | B(A,a) = 0}.
Use Exercise 6.36 to prove this result. To this end, argue by contradiction and let
w € W, \ (W(A)) be of minimal length.

(4) Show that the only reflections in W(A(gc)) are of the form r, for @ € WA(ge).
(5) If W, # {I}, show that there exists & € A(gc) so A € at.

Exercise 6.38 Let G be compact Lie group with semisimple Lie algebra g and t a
Cartan subalgebra of g. Fix a simple system I1 = {«;} of A(gc). Forw € W(A(gc)),
let sgn(w) = (—1)!™ (c.f. Exercise 6.36). Show that sgn(w) = det(w).

Exercise 6.39 Let G be compact Lie group with semisimple Lie algebra g and t a
Cartan subalgebra of g. Fix a Weyl chamber C and H € (it)*.

(1) Suppose H € C N wC for w € W(A(gc)). Show that wH = H.

(2) Let H € (it)* be arbitrary. Show that C is a fundamental chamber for the action
of W(A(gc)), i.e., show that the Weyl group orbit of H intersects C in exactly one
point.

Exercise 6.40 Let G be compact Lie group with semisimple Lie algebra g and t a
Cartan subalgebra of g. Fix a simple system IT of A(gc)-
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(1) Show that there is a unique wy € W(A(gc)), so that woIl = —TI1.

(2) Show that wy = —1 € W(A(gc)) for G equal to SU(2), SO (Ez,+1), Sp(n), and
SO (Eqy).

(3) Show that wy # —1I,s0 —1 ¢ W(A(gc)) for G equal to SU(n) (n > 3) and
SO (E4n42).

Exercise 6.41 Let G be compact Lie group with simple Lie algebra g and t a Cartan
subalgebra of g. Fix a simple system IT = {o;} of A(gc).

(1) If «; and o are joined by a single edge in the Dynkin diagram, show that there
exists w € W(A(gc)), so that we; = ;.

(2) If G is a classical compact Lie group, i.e., G is SU(n), Sp(n), SO(E,,), or
SO(E3,+1), show the set of roots of a fixed length constitutes a single Weyl group
orbit.

Exercise 6.42 Let G be compact Lie group with semisimple Lie algebra g and t a
Cartan subalgebra of g. Fix a simple system Il = {«;} of A(gc) and let 7; € (it)*
be defined by the relation 2% B(”’ = ) =4 ;.

(1) Show that {«;} is a Z- b351s for the root lattice R and {rm;} is a Z-basis for the
weight lattice P.

(2) Show the matrix (B(a;, &;)) is positive definite. Conclude det (2;(5’—";’;) > 0.
Jo

(3) It is well known from the study of free Abelian groups ([3]) that there exists a
Z-basis {}A;} of P and k; € 7Z, so that {k;};} is a basis for R. Thus there is a change
of basis matrix from the basis {};} to {z;} with integral entries and determinant £1.

Show that |P/R| = det (2 . )) The matrix (2 g;gf:gf;) is called the Cartan

matrix of gc.

Exercise 6.43 Let G be a compact Lie group with semisimple Lie algebra g and
t a Cartan subalgebra of g. Fix a simple system Il = {«;} of A(gc). For each
B € A(gc), choose a standard s[(2, C)-triple associated to 8, {Eg, Hg, Fg}. Leth =
> pen+(ge) Hp and define ko, € Zoo, 50 h = 3, ko, Hy,. Sete = 3 \/ko, Eq,
=Y . ky Fy,,and s = spang{e, h, f}.

(1) Show g = 1 (c.f. Exercise 6.34).

(2) Show that 5 = sl(2, C). The subalgebra s is called the principal three-dimensional
subalgebra of gc.

o; €l

Exercise 6.44 Let G be a compact Lie group with semisimple Lie algebra g and let
T be a maximal torus of G. Fix a Weyl chamber C of it and let Ng(C) = {g € G |
Ad(g)C = C}. Show that the inclusion map of Ng(C) — G induces an isomor-
phism Ng(C)/T = G°/G.



7

Highest Weight Theory

By studying the L? functions on a compact Lie group G, the Peter—Weyl Theorem
gives a simultaneous construction of all irreducible representations of G. Two im-
portant problems remain. The first is to parametrize G in a reasonable manner and
the second is to individually construct each irreducible representation in a natural
way. The solution to both of these problems is closely tied to the notion of highest
weights.

7.1 Highest Weights

In this section, let G be a compact Lie group, T a maximal torus, and AT (gc) a
system of positive roots with corresponding simple system I1(gc). Write

= P g

aeA*(ge)

so that
7.1 gc=n"®tcdn"

by the root space decomposition. Equation 7.1 is sometimes called a triangular
decomposition of gc since n* can be chosen to be the set of strictly upper, re-
spectively lower, triangular matrices in the case where G is GL(n, IF). Notice that
[tc®nT,nT]CnTand [tc ®n~,n ] Cn.

Definition 7.2. Let V be a representation of g with weight space decomposition V =
@AEA(V) Vi

(a) A nonzero v € Vy, is called a highest weight vector of weight 1, with respect to
At(ge) ifntv =0, i.e.,if Xv = 0forall X € n'. In this case, A is called a highest
weight of V.

(b) A weight X is said to be dominant if B(:, a) > 0 for all @ € I1(gc), i.e., if A lies
in the closed Weyl chamber corresponding to A™ (gc).
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As an example, recall that the action of su(2)c = sl(2, C) on V,(C?), n € Z=°,
from Equation 6.7 is given by

E- (5™ = ki 57!
H- (X = (n = 2k) 2807

Fo@hy ™) = (e —n) g

and recall that {V,(C?) | n € Z="} is a complete list of irreducible representa-
tions for SU (2). Taking it = diag(6, —0), 0 € R, there are two roots, £¢€,, where
€1n(diag(d, —0)) = 26. Choosing A* (s[(2, C)) = {ey,}, it follows that z} is a high-
est weight vector of V, (C?) of weight n<2. Notice that the set of dominant analyti-
cally integral weights is {n“} | n € 7). Thus there is a one-to-one correspondence
between the set of highest weights of irreducible representations of SU (2) and the set
of dominant analytically integral weights. This correspondence will be established

for all connected compact groups in Theorem 7.34.

Theorem 7.3. Let G be a connected compact Lie group and V an irreducible repre-
sentation of G.

(a) V has a unique highest weight, A.

(b) The highest weight Ay is dominant and analytically integral, i.e., Ao € A(T).

(c¢) Up to nonzero scalar multiplication, there is a unique highest weight vector.

(d) Any weight A € A(V) is of the form

)\.=)\.0— Z n;o;

a;€ll(gc)

forn; € Z7°,

(e) Forw € W, wV, = V,,, so that dim'V, = dim V,,,. Here W(G) is identified
with W(A(gc)), as in Theorem 6.43 via the Ad-action from Equation 6.35.

(f) Using the norm induced by the Killing form, |A|| < ||Ao|| with equality if and only
if A = wko for w € W(gc).

(g) Up to isomorphism, V is uniquely determined by .

Proof. Existence of a highest weight 1 follows from the finite dimensionality of V
and Theorem 6.11. Let vy be a highest weight vector for A and inductively define
Vo, = Vu_1 + n=V,_; where Vy = Cug. This defines a filtration on the (n~ @ t¢)-
invariant subspace Vo, = U, V,, of V. If o € I1(gc), then [gy, n7] S n™ @ t¢. Since
9. Vo = 0, a simple inductive argument shows that g,V,, C V,. In particular, this
suffices to demonstrate that V, is gc-invariant. Irreducibility implies V = V and
part (d) follows.

If A; is also a highest weight, then A; = Ao — > _m;; and Ag = A} — Y m;q;
for n;,m; € Z=°. Eliminating A; and Ao shows that — Y n;e; = Y m;a;. Thus
—n; = m;,sothatn; = m; = 0and A = X¢. Furthermore, the weight decomposition
shows that Vo, NV, = Vi = Cuy, so that parts (a) and (c) are complete.

The proof of part (e) is done in the same way as the proof of Theorem 6.36. For
part (b), notice that r,, Ao is a weight by part (e). Thus
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B()"Oa O‘L

)»() - 2— = )»() - Z nja;
Blag, ) ! o, e (ge)
forn; € 7ZZ%. Hence 238‘) g; = n;, so that B(Ao, ;) > 0 and Ay is dominant.

Theorem 6.27 shows that Ag (in fact, any weight of V) is analytically integral.

For part (f), Theorem 6.43 shows that it suffices to take A dominant by using the
Weyl group action. Write A = Ao — Y_ n;¢;. Solving for Ao and using dominance in
the second line,

Ioll> =17 +2 > miBG, @)+
a;€ll(gc)

E n;Q;

a;€ll(gc)

E n;a;

a;€ll(gc)

2

> A% + > A%

In the case of equality, it follows that Za, eM(ge) Mi%i = 0,sothatn; = 0and A = A.

For part (g), suppose V' is an irreducible representation of G with highest weight
Ao and corresponding highest weight vector v). Let W = V @ V' and define
W, = W,_1 + n"W,_1, where Wy = C(vo, vy). As above, Woo = U, W, is a
subrepresentation of V @ V’. If U is a nonzero subrepresentation of W, then U
has a highest weight vector, (uo, u). In turn, this means that u, and u;, are highest
weight vectors of V and V', respectively. Part (a) then shows that C(uo, uy) = Wo.
Thus U = Wy and W, is irreducible. Projection onto each coordinate establishes
the G-intertwining map V = V', O

The above theorem shows that highest weights completely classify irreducible
representations. It only remains to parametrize all possible highest weights of irre-
ducible representations. This will be done in §7.3.5 where we will see there is a
bijection between the set of dominant analytically integral weights and irreducible
representations of G.

Definition 7.4. Let G be connected and let V' be an irreducible representation of G
with highest weight A. As V is uniquely determined by X, write V (1) for V and write
X, for its character.

Lemma 7.5. Let G be connected. If V ()) is an irreducible representation of G, then
V()* = V(—wod), where wy € W(A(ge)) is the unique element mapping the
positive Weyl chamber to the negative Weyl chamber (c.f. Exercise 6.40).

Proof. Since V (1) is irreducible, the character theory of Theorems 3.5 and 3.7 show
that V (1)* is irreducible. It therefore suffices to show that the highest weight of
V (A)* is —woh.

Fix a G-invariant inner product, (-, -),on V (1), sothat V(L)* = {u, | v € V(Q)},
where u,(v) = (v, v) for v’ € V(1). By the invariance of the form, g, = g
for g € G, so that Xy, = uyx, for X € g. Since (-, -) is Hermitian, it follows that
Zuy = po(zy for Z € gc.
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Let v; be a highest weight vector for V (1). Identifying W (G) with W(A(gc)")
and W(A(gc)) as in Theorem 6.43 via the Ad-action of Equation 6.35, it follows
from Theorem 7.3 that wyv;, is a weight vector of weight woA (called the lowest
weight vector). As (Y) = —Y for Y € it and since weights are real valued on it, it
follows that fi,,., is a weight vector of weight —woA.

It remains to see that n"wov, = 0 since Lemma 6.14 shows n™ = n~. By
construction, woA™* (gc) = A~ (gc) and w} = I, so that Ad(wo)n~ = n™. Thus

n~wovy, = wo (Ad(wy " n") vy = went v, =0

and the proof is complete. O

7.1.1 Exercises

Exercise 7.1 Consider the representation of SU(n) on /\” C". For T equal to the
usual set of diagonal elements, show that a basis of weight vectors is given by vectors
of the form e;, A --- A ¢, with weight 3P | &,. Verify thatonly e; A --- Ae, is a
highest weight to conclude that /\” C" is an irreducible representation of SU (n) with
highest weight Y /| ;.

Exercise 7.2 Recall that V,(IR"), the space of complex-valued polynomials on R"
homogeneous of degree p, and H,(IR"), the harmonic polynomials, are representa-
tions of SO (n). Let T be the standard maximal torus given in §5.1.2.3 and §5.1.2.4,
let hj = Ezj_sz — E2j,2j—1 et,l <k<m= L%J, 1.e., hj is an embedding of
01
-10
(1) Show that /; acts on V,(R") by the operator —x3;0y,,_, + X210k,
(2) For n = 2m + 1, conclude that a basis of weight vectors is given by polynomials
of the form

), and let €; € t* be defined by €;(h ) = —ié; ;s (c.f. Exercise 6.14).

. i . im .k . k1
(ep A+ ixp)?t - (o1 X0 (X1 — 0x2)™ -+ (o1 — 1X0) ™ Xy

lo+ Y., ji + Y., ki = p, each with weight >, (k; — ji)e;.
(3) For n = 2m, conclude that a basis of weight vectors is given by polynomials of
the form

. i . jm . k . ki
(x1 F+ixp)’ o (et A i) (g — i)™ -+ (g1 — ixn)™,

> i Ji + > ; ki = p, each with weight ), (k; — ji)e;.

(4) Using the root system of so(n, C) and Theorem 2.33, conclude that the weight
vector (x; — ix2)” of weight pe; must be the highest weight vector of H,(R") for
n>3.

(5) Using Lemma 2.27, show that a basi's of highest weight vectors for V,(R") is
given by the vectors (x; — ixy)P=% ||x||21 of weight (p — 2j)e;, 1 < j <m.

Exercise 7.3 Consider the representation of SO (n) on /\” C" and continue the no-
tation from Exercise 7.2.
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(1) For n = 2m + 1, examine the wedge product of elements of the form e;;_; iey;
as well as ey, 1 to find a basis of weight vectors (the weights will be of the form
*e€j,---xe€j, withl < j; < ... < j, < p). For p < m, show that only one is
a highest weight vector and conclude that /\” C" is irreducible with highest weight
i1 €i-

(2) For n = 2m, examine the wedge product of elements of the form e;;_; £iey; to
find a basis of weight vectors. For p < m, show that only one is a highest weight vec-
tor and conclude that /\” C" is irreducible with highest weight "7 €;. For p = m,
i"z_ll € e, In
C" is the direct sum of two irreducible representations.

show that there are exactly two highest weights and that they are )
this case, conclude that A"

Exercise 7.4 Let G be a compact Lie group, T a maximal torus, and A" (gc) a
system of positive roots with respect to tc with corresponding simple system IT(gc).
(1) If V(1) and V ()') are irreducible representations of G, show that the weights of
V(X)) ® V(1) are of the form w + u’, where u is a weight of V (A) and u’ is a weight
of V(1.

(2) By looking at highest weight vectors, show V (A + A’) appears exactly once as a
summand in V(1) ® V(L)).

(3) Suppose V (v) is an irreducible summand of V(1) ® V(1') and write the highest
weight vector of V (v) in terms of the weights of V(1)® V (1). By considering a term
in which the contribution from V (L) is as large as possible, show that v = A + u’ for
a weight u’ of V().

Exercise 7.5 Recall that V,, ,(C") from Exercise 2.35 is a representations of SU (n)

on the set of complex polynomials homogeneous of degree p in zy, ... , z, and ho-
mogeneous of degree ¢ in 7y, ... , Z, and that H, ,(C") is an irreducible subrepre-
sentation.

1) If H = diag(zy, ... ,t,) with Zj tj = 0, show that H acts on V, ,(C") as
>t (=2;0:, +7;0).

(2) Conclude that ' - - - Zoz7! ... 0, > jkj=pand} ;l; = q,is aweight vec-
tor of weight Zj(lj —kj)E;.

(3) Show that — pe, is a highest weight of V), o(C").

(4) Show that ge; is a highest weight of V ,(C").

(5) Show that ge; — pe, is the highest weight of H, ,(C").

Exercise 7.6 Since Spin, (R) is the simply connected cover of SO(n), n > 3, the
Lie algebra of Spin, (R) can be identified with so(n) (a maximal torus for Spin, (R)
is given in Exercise 5.5).

(1) For n = 2m + 1, show that the weights of the spin representation S are all weights
of the form % (e - - - + €,) and that the highest weight is % (€14 -+ €n).

(2) For n = 2m, show that the weights of the half-spin representation S* are all
weights of the form % (+£e; - - - £ €,) with an even number of minus signs and that
the highest weight is % (14 -+ €1+ e€n).

(3) For n = 2m, show that the weights of the half-spin representation S~ are all
weights of the form % (L€ - - - £ €,) with an odd number of minus signs and that

the highest weight is % €1+ -+ €n_1 — €n).
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7.2 Weyl Integration Formula
Let G be a compact connected Lie group, T a maximal torus, and f € C(G). We
will prove the famous Weyl Integration Formula (Theorem 7.16) which says that
1

dg = d “NdeT dt,
/Gf(g) g Wl ) ) G/Tf(gtg )dgT dt

where d(t) = ]_[%N(gc) |1 —&_o(t)|* fort € T. Using Equation 1.42, the proof
will be based on a change of variablesmap ¢ : G/T xT — G givenby ¥ (gT,t) =
gtg~'. In order to ensure all required hypothesis are met, it is necessary to first
restrict our attention to a distinguished dense open subset of G called the set of
regular elements.

7.2.1 Regular Elements

Let G be a compact Lie group with maximal torus 7 and X € g. Recall from Def-
inition 5.8 that X is called a regular element of g if 35(X) is a Cartan subalgebra.
Also recall from Theorem 6.27 the bijection between the set of analytically integral
weights, A(T), and the character group, x(7), that maps A € A(T) to &, € x(T)
and satisfies

& (exp H) = e
for H € t.

Definition 7.6. Let G be a compact connected Lie group with maximal torus 7.

(a) An element g € G is said to be regular if Z;(g)° is a maximal torus.

(b) Write g™ for the set of regular element in g and write G™# for the set of regular
elements in G.

(¢)Fort e T, let

dny =[] ad—&.0).

acA(gce)

Theorem 7.7. Let G be a compact connected Lie group.

(a) g'°¢ is open dense in g,

(b) G™¢ is open dense in G,

(c) If T is a maximal torus andt € T, t € T™ if and only if d(t) # 0,

(d) For H € t, e is regular ifand only if H € B = {H € t | «(H) ¢ 27iZ,
o € A(go)},

() Gt = Ugeq (gT™8g7").

Proof. Let [ be the dimension of a Cartan subalgebra and n = dim g. Any element
X € g lies in at least one Cartan subalgebra, so that dim(ker(ad(X))) > [. Thus

det(ad(X) — AI) = Z cr (XA,
k=l
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where ¢ (X) is a polynomial in X. Since ad(X) is diagonalizable, X is regular if and
only if dim(ker(ad(X))) = [. In particular, X is regular if and only if ¢;(X) # 0.
Thus g™¢ is open in g. It also follows that g™ is dense since a polynomial vanishes
on a neighborhood if and only if it is zero.

For part (b), similarly observe that each g € G lies in a maximal torus so that
dim(ker(Ad(g) — I)) > [. Thus

det(Ad(g) — A1) = Y () — D,
k=l

where ¢ (g) is a smooth function of g. From Exercise 4.22, recall that the Lie algebra
of Zg(g) is 34(g) = {X € g | Ad(g)X = X}. Since Zs(g)? is a maximal torus if
and only if 34(g) is a Cartan subalgebra, diagonalizability implies g is regular if and
only if ¢;(g) # 0. Thus G™2 is open in G.

To establish the density of G™, fix a maximal torus T of G. Since the eigenval-
ues of Ad(e") are of the form ¢**) for @ € A(gc)U{0}, it follows that e is regular
if and only if H € E. Since E differs from t only by a countable number of hyper-
planes, E is dense in t by the Baire Category Theorem. Because exp is onto and con-
tinuous, 77 is therefore dense in T. Since the Maximal Torus Theorem shows that
G = Ugeg (§Tg™"), counting eigenvalues of Ad(g) shows G™8 = U,cq (g7™¢g™").
Density of G™# in G now follows easily from the density of 7% in T'. O

Definition 7.8. Let G be a compact connected Lie group and 7 a maximal torus.
Define the smooth, surjective map ¢ : G/T x T — G by

v(gT, 1) = gtg™".

Abusing notation, we also denote by i the smooth, surjective map ¥ : G/T x
Tr¢ — G'™¢ defined by restriction of domain.

It will soon be necessary to understand the invertibility of the differential d :
Ter(G/T) X T{(T) — T4e-1(G) for g € G and ¢ € T. Calculations will be sim-
plified by locally pulling G/T x T back to G with an appropriate cross section for
G/T.Write m : G — G/T for the natural projection map.

Lemma 7.9. Let G be a compact connected Lie group and T a maximal torus. Then
g=1t (g N @%A(gm ga) and there exists an open neighborhood Uy of 0 in
(gn PBocaiao) 8« ) s0 that, if Ug = exp Uy and Ug,r = nUg, then:

(a) the map U, ity Ug 5 Ug,t is a diffeomorphism,

(b) Ug,r is an open neighborhood of eT in G/ T,

(c) UsT = {gt | g € Ug, t € T} is an open neighborhood of e in G

(d) The map & : UgT — G/T x T given by £(gt) = (gT,t) is a smooth, well-
defined diffeomorphism onto Ug,7 x T.

Proof. The decomposition g = t @ (g NP, Algo) ga) follows from Theorem 6.20.
In fact, (g N @%A(gc) ga) is spanned by the elements 7, and K, for ¢ € A(gc)-
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Since the map (H, X) — efeX, H e tand X € (g al EB%A(M) ga), is therefore a
local diffeomorphism at 0, it follows that there is an open neighborhood Uy of 0 in
(6 N Poeage) 9«) on which exp is a diffeomorphism onto Ug.

Recall that 7,7 (G/T) may be identified with g/t. Thus by construction, the dif-
ferential of 7 restricted to T, (Ug) at e is clearly invertible, so that 7 is a local diffeo-
morphism from Ug at e. Thus, perhaps shrinking Uy and Ug, we may assume that

Ug/r is an open neighborhood of eT in G/T and that the maps Uy ey Ug = Ug/r
are diffeomorphisms. This finishes parts (a) and (b).

For part (c), UgT is a neighborhood of e since the map (H, X) — efeX isa
local diffeomorphism at 0. In fact, there is a subset V of T so that UgV is open.
Taking the union of right translates by elements of T, it follows that U T is open.

For part (d), suppose gt = g't’ with g, ¢’ € Ug and t,t' € T. Then rg = ng/,
so that g = g’ and ¢ = ¢’. Thus the map is well defined and the rest of the statement
is clear. O

Using Lemma 7.9, it is now possible to study the differential dvr : To7r (G/T) X
T,(T) — T4-1(G). This will be done with the map & and appropriate translations
to pull everything back to neighborhoods of e in G.

Lemma 7.10. Let G be a compact connected Lie group and T a maximal torus.
Choose Ug € G asin Lemma 7.9. Forg € Gandt € T, let¢ : UgT — G be given
by

¢ =ly g1 0% oy x1) 0,
where & is defined as in Lemma 7.9. Then the differential d¢ : g — g is given by
dg(H + X) = Ad(g) [(Ad(t™") — 1) X + H]
for H € tand X € (8N Pyenqe) 9o) and
det(d¢) = d(1).

Proof. Calculate

d ) d 5 _
do(H) = £¢(e*”>|s:o = agemg =0 = Ad(9)H

d sX d -1 sX, —sX _—1 -1
dp(X) = —p(e7 )= = gt e te " g [s—0 = Ad(gr" )X — Ad(g)X,
ds ds
so that the formula for d¢ is established by linearity. For the calculation of the de-
terminant, first note that det Ad(g) = 1. This follows from the three facts: (1) the
determinant is not changed by complexifying, (2) each g lies in a maximal torus, and
(3) the negative of a root is always a root. The problem therefore reduces to show-
ing that the determinant of (Ad(t’l) — I) on @aeA(gc) o 18 ]_[%A(gﬁ)(l — ey,
Since dim g, = 1 and Ad(z~") acts on g, by e™*1"? where "’ = ¢, the proof fol-
lows easily. The extra negative signs are taken care of by the even number of roots
(since A(gc) = A™(gc) U A7 (go)) o
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Theorem 7.11. Let G be a compact connected Lie group and T a maximal torus.
The map

¥ :G/T x T™ — G given by
y(eT, 1) = gtg™!
is a surjective, |W(G)|-to-one local diffeomorphism.

Proof. For g € G and t € T™, Lemma 7.10 and Theorem 7.7 show that v is a
surjective local diffeomorphism at (g7, t). Moreover if w € N(T), then

(7.12) Y(gw T, wrw™) = v(gT, 1).

Since gw™!'T = gT if and only if w € T, it follows that |y ~'(grg™")| > [W(G)|.

To see that ¥ is exactly |W(G)|-to-one, suppose gtg~' = hsh™! forh € G
and s € T, By Theorem 6.36, there is w € N(T), so that s = wtw~!. Plugging
this into gtg~! = hsh™! quickly yields w' = g~'hw € Zg(t). Since t is regular,
Zo =T. Being the identity component of Z5(T), ¢,y preserves T, so that w’ €
N(T). Hence

(hT,s) = (gw'w™'T, wrw™") = (gw'w™'T, ww 'rww™).
Since this element was already known to be in ¥~ (gzg~") by Equation 7.12, we
seethat W’l(gtg’l)| < |W(G)|, as desired. O
7.2.2 Main Theorem

Let G be a compact connected Lie group and 7 a maximal torus. From Theorem

1.48 we know that
/ f(g)dg = f ( / f(gt)dt> 4T
G 6/t \JT

for f € C(G). Recall that the invariant measures above are given by integration
against unique (up to 1) normalized left-invariant volume forms wg € /\TOP(G)

and wg/r € /\I*OP(G /T). In this section we make a change of variables based on
the map ¢ to obtain Weyl’s Integration Formula. To this end write n = dim G,
| = dim T (also called the rank of G when g is semisimple), and write ¢t : T — G
for the inclusion map. Recall that w : G — G/ T is the natural projection map.

Lemma 7.13. Possibly replacing wr by —wr (which does not change integration),
there exists a G-invariant form or € )\ (G), so that

wr = "or
and

wG = (ﬂ*wc;/T) AN (37/“
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Proof. Clearly the restriction map (*|, : g* — t* is surjective. Choose any (&7), €
N\ (G)e, s0 t* (@71), = (wr),r. Using left translation, uniquely extend (@7), to a
left-invariant form @7 € /\;(G). Since ¢ commutes with left multiplication by G,
it follows that (*@w7r = wr. Since 7 also commutes with left multiplication by G,
m*wg/r € /\i_;(G) is left-invariant as well. Thus (7*wg,7) A @7 € N\, (G) is
left-invariant and therefore (n*a)(; /T) A &7 = cwg for some ¢ € R by uniqueness.

Write 7r; for the two natural coordinate projections 7y : G/T x T — G/T and
my ¢ G/T x T — T. Using the notation from Lemma 7.9, observe that 7|y,r =
7y o &, so that

mrwe)r = E T wG)T
on UgT. Similarly, observe that I|; = 7, o £ o ¢, so that (* (S*nz*a)r) = wr. Thus
g ior = o7 + o

on UgT for some w € A\J(UgT) with *o = 0.

We claim that (7*wg,7) A @ = 0 on UgT. Since  is a diffeomorphism, this is
equivalent to showing (ni“a)g/r) A =0, where o = (5’1)*60 € /\7(UG/T x T)
satisfies 1*§*w’ = 0. Now «’ can be written as a sum o' = le:o fi (n]*a);) A
(nfw}%), where f; is a smooth functionon G/T x T, a)/j € /\7(UG/T), and a)LJ €

/\I*—j(T)' Without loss of generality, we may take 7wy = 1. As I|lr = my o0& o1
and (my o0& o) (1) = eT fort € T, it follows that 0 = (*§*0’ = fyw;'. Therefore

w = Z‘I/:, fi (nl*a/]) A (n;a);’_j). Since w7 is a top degree form, wg,r A = 0,

Jj =1, so that (7T1*CUG/T) A =0, as desired.
It now follows that

cwg = (T*wer) A or = (T*w6)T) A (O + ©)
(7.14) = E*[(ﬂrwg/r) AN (JT;C()T)]
on UgT. Looking at local coordinates, it is clear that (nika)g/f) A (ng‘a)T) # 0,
so ¢ # 0. Replacing wr by —wr if necessary, we may assume ¢ > 0. Choose any

continuous function f supported on UgT and use the change of variables formula to
calculate

Cf /fo&'il(gT,t)dtdgTzc/‘ /f(gt)dtdgT:c/f(g)dg
G/T JT G/T JT G

= / fewg = fE U we ) A (T50r)]
UgT UsT

:/ fO§71 (ﬂrwg/r)/\(ﬂ;a)T).
Ug/rxT

Since it follows immediately from the definitions (Exercise 7.7) that
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(7.15) fo& ! (nfwg 1) A (Tfwr) :/

UgrxT G/T

/ fo& NgT, t)dtdgT,
T

¢ =1, as desired. O

Theorem 7.16 (Weyl Integration Formula). Let G be a compact connected Lie
group, T a maximal torus, and f € C(G). Then

1
dg = d “NdgT dt,
/Gf(g) g Wl ) ) G/Tf(gtg )dgT dt

where d(t) = [Tyear(ge) |1 — - () fort € T.

Proof. Since Theorem 7.7 shows that G™* is open dense in G and 7™ is open dense
in T, it suffices to prove that

flg)dg =

d(;)/ (gtg~ Y dgT dt.
s WG Jrow @O Jp T (878 8

To this end, recall that Theorem 7.11 shows that ¢ : G/T x T™ — G™ is a
surjective, | W (G)|-to-one local diffeomorphism. We will prove that

(7.17) lﬂ*wG =d(t) (7'[1*CUG/T) AN (JTZ*CL)T) y

where | and 7, are the projections from Lemma 7.13. Once this is done, the theorem
follows immediately from Equation 1.42.

To verify Equation 7.17, first note that there is a smooth function§ : G/T xT —
R, so that

V0 lger = [8 (Twesr) A (TFwr)] .

since the dimension of top degree form is 1 at each point. Since Ug,r x T is
a neighborhood of (eT, €), Equation 7.14 shows [(7fwe;r) A (Tjwr)] ler.e =
(S’l)* wge, SO that

w*l;t—lg—le|e = w*a)(;|g,g71 = (lg—l X lt—l)* [5 (7'[1*(1)6/7") A\ (ﬂz*a)T)] |(eT,e)
= (g1 x 1) (") [80 (g x 1) 0 & w] .-
Thus
¢*wcle = (lg-1g-1 0¥ o ly x 1) 08)  wgle = [8 0 (g x I;) 0 £ wG] .

By looking at a basis of A\[(G),, it follows that §(gT, 1) = § o (lg X lt) o&l, =
det(d¢). This determinant was calculated in Lemma 7.10 and found to be

dn= [] a-t.n= [] N-&.0F. o

aeA(ge) aeAt(ge)
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7.2.3 Exercises

Exercise 7.7 Verify Equation 7.15.

Exercise 7.8 Let G be a compact connected Lie group and 7 a maximal torus. For
H € t, show that

. .o (a(H)
d(ely = 270l 1_[ sm2< T )

aeA*(ge)
Note that @ (H) € iR.

Exercise 7.9 Let f be a continuous class function on SU (2). Use the Weyl Integra-
tion Formula to show that

2 (7 : 0 =0\ cin2
f(g)dg = — f(diag(e'”, e ")) sin” 0 d6,
SUQ2) T Jo

c.f. Exercise 3.22.

Exercise 7.10 Let G be a compact connected Lie group and 7 a maximal torus (c.f.
Exercise 6.29).
(1) If £ is an L'-class function on G, show that

1
/Gf(g)dgz |W(G)|/Td(t)f(t)dt.

(2) Show that the map f — |W(G)|_1 df|r defines a norm preserving isomorphism
between the L'-class functions on G land the W-invariant L'-functions on 7.

(3) Show that the map f — |W(G) | > D f |7 defines a unitary isomorphism between
the L class functions on G to the W-invariant L* functions on T', where D(e”) =
]_[%N(QC) (1 - e“”(H)) for H € t(so DD = d).

Exercise 7.11 For each group G below, verify d(t) is correctly calculated.
(1) For G = SU(n), T = {diag(e'®) | >, 6 = 0}, and ¢ = diag(e'%),

0; — 6
d(t) = 2" in? ( 2L—=1).
) | | sin 5

1<j<k<n

(2) For either G = SO(2n + 1), T as in §5.1.2.4, and

t = blockdiag << _C(;isnggk 2:)22]; ) ' 1)

or G = SO(Ez,41), T as in Lemma 6.12, and ¢ = diag(e'®, e7%, 1),

0; — 06 0; +6 0;
_ A2n? .2 J k -2 (Y k .2 J
d(it)y=2 | | sin (—2 )sm (—2 ) | | sin (—2>.

1<j<k=<n 1<j<n
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A3 For either G = SO(2n), T as in §5.1.2.3, and

_ . cos Oy sin0
t = blockdiag (( —sinfy cosf ))
or G = SO(Ey,), T asin Lemma 6.12, and ¢ = diag(e'%, e /%),
0, —06 0;+06
d() = 22"=D | 1_[ sin’ (—" 5 k> sin’ (—] —; k) .
<j<k<n
@ For G = Sp(n) realized as Sp(n) = UQRn) N Sp(n,C) and T =

{t = diag(e®%, e~1%)},

d(t) =22 l_[ sin? <¥> sin’ (ej ;9k> l_[ sin® (6;) .

1<j<k=<n l<j=n

7.3 Weyl Character Formula

Let G be a compact Lie group with maximal torus 7. Recall that Theorem 3.30
shows that the set of irreducible characters { x; } is an orthonormal basis for the set of
L? class functions on G.

Assume G is connected and, for the sake of motivation, momentarily assume G
is simply connected as well. In §7.3.1 we will choose a skew-W -invariant function
A defined on T, so that |A(t)|> = d(¢). It easily follows from the Weyl Integra-
tion Formula that {A x, |7} is therefore an orthonormal basis for the set of L> skew-
W-invariant functions on 7" with respect to the measure |W(G)|’1 dt (c.f. Exercise
7.10).

On the other hand, it is simple to write down another basis for the set of L? skew-
W-invariant functions on 7 by looking at alternating sums over the Weyl group of
certain characters on 7. By decomposing x;|r into characters on 7, it will follow
rapidly that these two bases are the same. In turn, this yields an explicit formula for
x> called the Weyl Character Formula.

7.3.1 Machinery

Let G be a compact Lie group with maximal torus 7'. Recall that Theorem 6.27
shows there is a bijection between the set of analytically integral weights and the
character group given by mapping A € A(T) to &, € x(T). The next definition sets
up similar notation for more general functions on t.

Definition 7.18. Let G be a compact Lie group with maximal torus 7.
(a) Let f : t —> C be a function. We say f descends to T if f(H + Z) = f(H) for
H, Z e twith Z € ker(exp). In that case, write f : T — C for the function given by

fey = f(H).
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() If f : t —> C satisfies f(wH) = f(H) forw € W(A(gc)Y), f is called W-
invariant.

(©If F: T — C satisfies F(cy,t) = F(¢t) forw € N(T), F is called W-invariant.
@If f:t— Csatisfies f(wH) = det(w) f(H) for w € W(A(gc)), f is called
skew-W -invariant.

(@) If F: T — C satisfies F(c,t) = det(Ad(w)|¢) F(¢) forw € N(T), F is called
skew-W -invariant.

In particular, for A € A(T), the function H — ¢*) on t descends to the function
& on T. Also note that detw € {£1} since w is a product of reflections.

Lemma 7.19. Let G be a compact connected Lie group with maximal torus T.

(a) If f : t = Cdescends to T and is W-invariant, then f : T — C is W-invariant.
(b) Restriction of domain establishes a bijection between the continuous class func-
tions on G and the continuous W -invariant functions on T .

Proof. For part (a), recall that the identification of W(G) with W(A(gc)Y) from
Theorem 6.43 via the Ad-action of Equation 6.35. It follows that when f descends
to T and is W-invariant, then f(c,t) = f(¢t) forw € N(T)andr € T.

For part (b), suppose F' : T — C is W-invariant and fix gy € G. By the Maximal
Torus Theorem, there exists iy € G, so ty = c,80 € T. Extend F to a class func-
tion on G by setting F(go) = F (). This is well defined by Theorem 6.36. It only
remains to see that if F is continuous on 7', then its extension to G is also continuous.

For this, suppose g, € G with g, — go. Choose h, € G,sot, = cj,8, € T.
Since G is compact, passing to subsequences allows us to assume there is 1, € G
and 7y € T, so that h, — hj and #, — ¢;. In particular, 7, = cy,go so that, by
Theorem 6.36, there exists w € N(T) with wty = #;. Thus

F(gn) = F(t,) — F(ty) = F(ty) = F(g).
Since we began with an arbitrary sequence g, — g, the proof is complete. O

Let G be a compact Lie group, T a maximal torus, and AT (gc) a system of
positive roots with corresponding simple system I1(gc) = {«y, ... , &}. Recall from
Equation 6.39 the unique element p € (it)* satisfying p(hy,) = 2 g((;’ 0;)) =1,
1<j<L ’

Lemma 7.20. Let G be a compact Lie group with a maximal torus T.

(@) p =33 enrge)®

(b) For w € W(A(gc)), wo — p € R € A(T), and so the function &,,_, descends
toT.

Proof. For part (a), write I[1(gc) = {og,...q;} and let p’ = %Z%A+(gc)a (c.f.
Exercise 6.34). By the definitions, it suffices to show that ra,.p’ = p’. For this, it
suffices to show that r,; preserves the set At (go)\fe;}. If = At (go)\{a;} is
written as o = Xm0y with ng, > 0, kg # j, then the coefficient of oy, in ry, a0 =
a — a(hy;)aj is still ng,, so that ry o € AT (go) \ e}

Part (b) is straightforward. In fact, it is immediate that

wp — p = > * )
ae[wA+(ge)INA~ (gc)
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Definition 7.21. For G a compact Lie group with a maximal torus 7', let A : t - C
be given by

A(H) = (ea(H)/2 _ e—a(H)/z)
aeﬂgc)

for H € t.

Lemma 7.22. Let G be a compact Lie group with a maximal torus T.

(a) The function A is skew-symmetric on t.

(b) The function A descends to T if and only if the function H — e~ ") descends
toT.

(c) The function |A|2 always descends to T and there |A(t)|2 =d@),teT.

Proof. For part (a), it suffices to show that A o r,, = —A for @ € AT (g¢).
This follows from three observations. The first is that composition with r;,, maps
(e“/z — e""/z) to — (e‘)‘/2 - e’“/z). The second is that if B € AT (g¢) satisfies
ref = P, then composition with ry, fixes (ef/> — e7#/2). For the third, suppose
B € AT (gc) \{a} satisfies r, 8 # B. Choose B/ € AT (gc), so that either 7, 8 = B’
or re 8 = —B'. Then composition with r, fixes (ef/> — e #/%) (e#/2 — e=F'/2).

For part (b), write p = % Zaem(gc) o to see that

(7.23) e PAH) = l_[ (1 _ ew(H))

aeAt(go)

for H € t. Since the function H — [],ca+ (g, (1 —€7*") clearly descends to 7,
part (b) is complete. For part (c), calculate

IAH)|? = e " A(H)e P A(H) = 1_[ - e—ct(H)|2

a€AT(gc)
to complete the proof. O

Note that although e™” often descends to a function on T, it does not always
descend (Exercise 7.12). Also note that the function d(¢) plays a prominent role
in Weyl Integration Formula. In particular, we can now write the Weyl Integration
Formula as

1
7.24 dg = A 2/ NdgTd
(7.24) /Gf(g) g |W(G)|/T| @®)| G/Tf(gtg )dgT dt

for connected G and f € C(G).
For the next definition, recall from the proof of Theorem 7.7 that

E={H et|a(H) ¢ 2riZ for all roots o}

is open dense in t and exp E = T™.
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Definition 7.25. Let G be a compact Lie group with a maximal torus 7. Fix an ana-
lytically integral weight . € A(T). Let ®, : E — C be given by

A ) I(H
Zwew(A(gC)) det(w) elwG+p)I(H)
A(H)
det(w) elwG+p)—pl(H)

0,(H) =

— ZWEW(A(QC))
HaeA*(gc) (1 - e—oz(H))

for H € E.

Lemma 7.26. Let G be a compact connected Lie group with a maximal torus T. Fix
an analytically integral weight . € A(T). The function ©, descends to a smooth
W -invariant function on T™®. In turn, this function, still denoted by ®;, uniquely
extends to a smooth class function on G™&.

Proof. The first expression for ®, shows that it is symmetric since the numerator and
denominator are skew-symmetric. The second expression for ®; shows it descends
to a function on 7"# since the numerator and denominator both descend to 7" and the
denominator is nonzero on E. The final statement follows as in Lemma 7.19. O

7.3.2 Main Theorem

Let G be a compact connected Lie group with a maximal torus 7. For 1, 1 € A(T),
the function &, : T — C can be viewed as a 1-dimensional irreducible representation
of T. As aresult, &, and &,/ are equivalent if and only if the are equal as functions.
This happens if and only if A = A". By the character theory of T, it follows that

1ifx=A
(7.27) /Téx(t)é-w(t) dt = { 0ifA£A.

Theorem 7.28 (Weyl Character Formula). Let G be a compact connected Lie
group with a maximal torus T. If V(L) is an irreducible representation of G with
highest weight A, then the character of V (X), x», satisfies

Xx1.(8) = ©x(g)
for g € G™8.

Proof. First note it suffices to prove the theorem for g = e, H e E. Next for
vy € A(T),let D, : t = C be the skew-symmetric function defined by

D,(Hy= Y det(w)e™
weW(A(ge))

The proof will be completed by showing that x; (e)A(H) = D, ,(H) for H € t.
To this end, by considering the weight decomposition of V (1), write x, =
>_y,eaqr i€y, as afinite sumon T forn; € ZZ°. Thus
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0(eMAH) =TT (1—e) 3= njen

aeAt(gc) v €A(T)

— Z mje(V.ier)(H)

vi€A(T)

for some m; € Z. Since Y is symmetric and A is skew-symmetric, x; (e"YA(H)
is skew-symmetric as well. Noting that the set of functions {e"/** | y; € A(T)}
is independent, the action of r, coupled with skew-symmetry shows that m; = 0
if y; + p is on a Weyl chamber wall. Recalling that the Weyl group acts simply
transitively on the open Weyl chambers (Theorem 6.43), examination of the the Weyl
group orbits of A(T) + p and skew-symmetry imply that

H
Xu(e™)A(H) = > m; Dy, (H),
y;i€A(T), y;j+p strictly dominant

where strictly dominant means B(y; + p, ;) > 0 for o; € Il(gc), i.e., ¥j + p lies
in the open positive Weyl chamber.

Next, character theory shows that f G| Xx|2 dg = 1. Thus the Weyl Integration
Formula gives

1
(7.29) 1= —/ IA1? X2 )? dt
W) Jr ’

m] DV} +p dt.
+p str. dom.

i
WO T, carn.s;

2
Here ‘ZyjeA(T), y4p str. dom. mijJ,er‘ descends to T since |A|? |x,|* descends to
T. In fact, the function H — e"’(H)Dyf+p(H) descends to T since e®"itP =P does.

Therefore D, 1, D, +, = (¢7°D,,1,) (e77D,, ,) descends to T and

! f D,.,D, . dt ! > det(ww) / £ £ dt
— , } =— et(ww w(y+0)5—w(yy :
\W(G)| Jr Vit =yptp |W(G)| v T o r (vj+p) (yy+p)

Since y; + p and y; + p are in the open Weyl chamber, w(y; + p) = w'(y; + p) if
and only if w = w’ and j = j’. Thus

1 _— 1ifj=j
D, . D, ., dt = o .
|W(G)|/; vith ke {olfné/.

In particular, this simplifies Equation 7.29 to

1= Z m?

y;€A(T), yj+p str. dom.

Finally, since m; € Z, all but one are zero. Thus thereisay € A(T) with y + p
strictly dominant so that x,(e”)A(H) = +=D,,(H). To determine y and the &
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sign, notice that the weight decomposition shows that x; (ef') = e*) + ... where
the ellipses denote weights strictly lower than L. Writing

(e AH) = "My (eMe P AH) = (9D 1) T (1—e™),
a€AT(ge)

we see ;. (e)A(H) = e?+PUH) 1 In particular, expanding the function H —
x:(e)A(H) in terms of {e”i™ | y; € A(T)}, it follows that ¢*** appears with
coefficient 1. On the other hand, similarly expanding £D, ,, we see that the only
term of the form e?/*# appearing for which y; + p is dominant is e? . Therefore
A = y, the undetermined = sign is a +. O

7.3.3 Weyl Denominator Formula

Theorem 7.30 (Weyl Denominator Formula). Let G be a compact connected Lie
group with a maximal torus T. Then

A(H)= Y det(w)e™ ™
weW(A(ge))

for H € t.

Proof. Simply take the trivial representation V (0) = C with x¢(g) = 1 and apply

the Weyl Character Formula to g = e for H € E. The formula extends to all t by
continuity. O

Note the Weyl Denominator Formula allows the Weyl Character Formula to be
rewritten in the form

At+p)I(H
1y Duewiaiqey etlw) e

7.31
( ) X)»(e ZWEW(A(QC)) det(U)) e(wp)(H)

for H € twithe € T™ je, H € B.

7.3.4 Weyl Dimension Formula

Theorem 7.32 (Weyl Dimension Formula). Let G be a compact connected Lie
group with a maximal torus T. If V(X)) is the irreducible representation of G with
highest weight )\, then

B+ p, )

dim V(L) = ]_[ B0o. )

a€AT(gc)

Proof. Since dim V(L) = x;(e), we ought to evaluate Equation 7.31 at H = 0.
Unfortunately, Equation 7.31 is not defined at H = 0, so we take a limit. Let u,, € it,
so that p(H) = B(H, u,) for H € t. Then it is easy to see that itu, € E for small
positive ¢ (Exercise 7.13), so that
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dim V() = lin(l) O, (itu,)
—

(7.33) = lim 2 wew(age detw) elw it
’ (=0 Zwew(A(gr)) det(w) e(we)litu,y)

Now observe that
(W + p)(tu,) =it(A + p)(wilup) =it B +p, wilup)
= it B(Wity 1, up) = itp(wityy,) = (W' p)(itUs1).

Since detw = det(w™'), the Weyl Denominator Formula rewrites the numerator in
Equation 7.33 as

det(w) eWOFIGtu,) Z det(w) WP itusg,) A(itqu)
weW(A(ge)) weW(A(ge))

— 1—[ (ea(iruw)/z B e—a(itqu)/Z)
a€A*(gc)

= 1_[ (it()l(u)h_,.p)%—---)
aeAt(ge)

= @@l TT Bl i+p) +--

a€A*(go)

where the ellipses denote higher powers of ¢. Similarly, the Weyl Denominator For-
mula rewrites denominator in Equation 7.33 as

det(w) e@P 1) — (it)|A+(96)| l_[ B(a,p) +---
weW(A(gc)) aeAt(gc)

which finishes the proof. O

7.3.5 Highest Weight Classification

Theorem 7.34 (Highest Weight Classification). For a connected compact Lie group
G with maximal torus T, there is a one-to-one correspondence between irreducible
representations and dominant analytically integral weights given by mapping
V(A) — A for dominant . € A(T).

Proof. We saw in Theorem 7.3 that the map V (L) — A is well defined and injec-
tive. It remains to see it is surjective. For any A € A(T), Lemma 7.26 shows the
function ®; descends to a smooth class function on G™¢. The Weyl Integral Formula
to calculates

0,1° d A(1)O,|* dt
/| a”d |W(G)| ngl (1)6; ]
1 2
- / det(w) Eyrpy| dt
WO e @aon
1
- det , w —w’ dt.
|[W(G)| Z € (ww)/TE ()Hrp)é: (A+p)

w,w'eW(A(gc))
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When 1 is also dominant, A + p is strictly dominant so that, as in the proof of the
Weyl Character Formula, Equation 7.27 shows that

/ sw()Hﬁp)gfw’()Hrp) dt = 8w,w’-
T

As a result, fG 10, dg = 1 for any dominant A € A(T). In particular, ®, is a
nonzero L? class function on G.

Now choose any irreducible representation V (1) of G and note that the function
©®, extends to the character x,,. By the now typical calculation,

_ 1 _
X0, dg = IA)>©,0, dt
/G we (W(G)I Jree e

1
= det(ww/)/ Sw(u+o) 6w Gitp) di
|W(G)| w,w'eW(A(gc)) T
T 10 if £ A

Since Theorems 7.3 and 3.30 imply that {x,, | there exists an irreducible representa-
tion with highest weight u} is an orthonormal basis for the set of L? class functions
on G, the value of |, G X..©;. dg cannot be zero for every such . In particular, this
means that there is an irreducible representation with highest weight A. O

7.3.6 Fundamental Group

Here we finish the proof of Theorem 6.30. This is especially important in light of
the Highest Weight Classification. Of special note, it shows that when G is a simply
connected compact Lie group with semisimple Lie algebra, then the irreducible rep-
resentations are parametrized by the set of dominant algebraic weights, P. In turn,
this also classifies the irreducible representations of g (Theorem 4.16). At the oppo-
site end of the spectrum, Theorem 6.30 shows that the irreducible representations of
Ad(G) = G/Z(G) (Lemma 5.11) are parametrized by the dominant elements of the
root lattice, R. The most general group lies between these two extremes.

Lemma 7.35. Let G be a compact connected Lie group with maximal torus T. Let
G = G\G™E. Then G*¢ is a closed subset with codim G*"¢ > 3 in G.

Proof. Tt follows from Theorem 7.7 that G is closed and the map ¥ : G/T x
TS — GS" is surjective. Moreover ¢ € T*" if and only if there exists @ €
At (ge), s0 &, () = 1 so that Tsing — Uea+(ge) ker&y. As a Lie subgroup of T, ker&,
is a closed subgroup of codimension 1. Let U, = {gtg~' | g € G and ¢ € ker£&,}, so
that G¥"¢ = UEA*(QC) U,.

Recall that 34(t) = {X € g | Ad(z) X = X} (Exercise 4.22). Since Ad(¢) acts on
Oo as &, (t), it follows that g N (g—o D go) C 34(t) when ¢ € ker,. Now choose a
standard embedding ¢, : SU(2) — G corresponding to « and let V,, be the compact
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manifold V, = G/(p,(SU(2))T) x ker&,. Observe that dim V, = dimG — 3 and
that ¥ maps V,, onto U,. Therefore the precise version of this lemma is that G*" is
a finite union of closed images of compact manifolds each of which has codimension
3 with respect to G. O

Thinking of a homotopy of loops as a two-dimensional surface, Lemma 7.35 cou-
pled with standard transversality theorems ([42]), show that loops in G with a base
point in G™# can be homotoped to loops in G™&. As a corollary, it is straightforward
to see that

71 (G) = m(G™®).

Let G be a compact Lie group with maximal torus 7. Recall from Theorem 7.7
that e € T™2 if and only if H € {H € t | a(H) ¢ 2miZ for all roots o}. The
connected regions of {H € t | a(H) ¢ 2miZ for all roots a} are convex and are
given a special name.

Definition 7.36. Let G be a compact Lie group with maximal torus 7'. The connected
components of {H € t | «(H) ¢ 2miZ for all roots «} are called alcoves.

Lemma 7.37. Let G be a compact connected Lie group with maximal torus T and
fix a base ty = e € T™ with Hy € t.
(a) Any continuous loop y : [0, 1] — G™ with y (0) = ty can be written as

y(s) = cg e
with go = e, H(0) = Hy, and the maps s — g,T € G/T and s — H(s) € t¢
continuous. In that case, g, € N(T) and

H(1) = Ad(g1) "Hy + X,

for some X, € 2miker&. The element X, is independent of the homotopy class of

y.
(b) Write Ay for the alcove containing Hy. Keeping the same base t,, the map

71 (G™8) = AgN{wHy+ Z | w € W(A(ge)") and Z € 2mi A(T)*}
induced by y — X, is well defined and bijective.

Proof. Using the Maximal Torus Theorem, write y (s) = ¢, T(s) with 7(s) € T™%,
7(0) = 1y, and gp = e. In fact, since y : G/T x T™ — G2 is a covering, the lifts
s > 1(s) e T™ and s — g,T € G/T are uniquely determined by these conditions
and continuity. Since exp : t*¢ — T is also a local diffeomorphism (Theorem
5.14), there exists a unique continuous lift s — H(s) € t*°¢ of 7, so H(0) = Hy and
y(s) = cg e,

As y is a loop, y(0) = y(1), so e = ¢, eV, Because e and eV are
regular, T = Zg(e™)? = ¢, Zg(e# M) = ¢, T, so that g; € N(T) is a Weyl group
element. Writing w = Ad(g;), it follows that Hy = wH (1) modulo 27i ker &, the
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kernel of exp : t — T. Therefore write H(1) = w™'Hy + X, for some X, €
2riker€.

To see that X, is independent of the homotopy class of y, suppose y’ : [0, 1] —
G*™¢ with y’(0) = 1, is another loop and that y (s, ¢) is a homotopy between y and
y’. Thus y(s,0) = y(s), y(s,1) = y'(s), and y(0,¢) = y(1,t) = ty. Using the
same arguments as above and similar notational conventions, write y’(s) = cgieH )
and H'(1) = w'~'Hy + X; Similarly, write y (s, t) = cgueH(S") and H(l,s) =
w; ' Hy + X, (s). Notice that wy = w, w1 = w', X,,(0) = X, and X, (1) = X;.
Since w; and X, (s) vary continuously with s and since W(T) and 2miker £ are
discrete, wy and X, (s) are constant. This finishes part (a).

For part (b), first note that continuity of H (s) implies that H (1) is still in Ay,
so that the map is well defined. To see surjectivity, fix H € Ao N {wHy + Z |
w € W(A(ge)Y) and Z € 2miA(T)*} and write H' = w'~'Hy + Z' for w' €
W(A(ge)Y) and Z' € 2miker £. Choose a continuous path s — g, € G, so that
gy = e and Ad(g)) = w’. Let H'(s) = Hy + s(H' — Hp) € Ao and consider the
curve y'(s) = cge'®. Since y'(0) = fp and y'(1) = e¥'7' = M*Z =15, y' is
a loop with base point #y. By construction, X,, = H’, as desired. To see injectivity,
observe that if X, = X,» with ¥ (s) = ¢, e and " (s) = ¢z, e @, then y (s, 1) =
cg eI TDHO+H"() s 3 homotopy between the two. O

Lemma 7.38. Let G be a compact connected Lie group with maximal torus T.
(a) Each homotopy class in G with base e can be represented by a loop of the form

y(s) = e

for some X, € 2mwikeré, i.e., for some X, in the kernel ofexp : t — T. The surjec-
tive map from 2mi ker € to 1 (G) induced by X, — y is a homomorphism.

(b) Fix an alcove Ay and Hy € Ay. The above map restricts to a bijection on
{Z e2nikerE | wHy + Z € Ag for some w € W(A(ge)Y)}

Proof. Lemma 7.37 shows that each homotopy class in G with base #y can be repre-
sented by a curve of the form y (s) = cg e/ with H(1) = Ad(g1)"'Hp + X, for
some X, € 2miker €. Using the homotopy y (s, 1) = ¢, eI HO T Hots(HD=Ho)l
we may assume H (s) is of the form H(s) = Hy + s (Ad(gl)_l Hy+ X, — Ho).

Translating back to the identity, it follows that each homotopy class in G with
base e can be represented by a curve of the form

y(s) = e~ Hoc, oHis (A Hot X, —Ho)

Using the homotopy y (s, 1) = e 'Hoc, ¢!Hots(tAden™ Hot Xy —1H) - we may assume
y(s) = cge**r. Finally, using the homotopy y (s, ) = c,,e**7, we may assume
y (s) = ¢**». Verifying that the map y — X, is a homomorphism is straightforward
and left as an exercise (Exercise 7.24). Part (b) follows from Lemma 7.37. ]

Note that a corollary of Lemma 7.38 shows that the inclusion map T — G
induces a surjection 7 (T) — 7 (G).
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Definition 7.39. Let G be a compact connected Lie group with maximal torus 7.
The affine Weyl group is the group generated by the transformations of t of the form
H — wH + Z forw € W(A(gc)Y) and Z € 2wiRY.

Lemma 7.40. Let G be a compact connected Lie group with maximal torus T.

(a) The affine Weyl group is generated by the reflections across the hyperplanes
a~'Qmin) fora € A(ge) andn € Z.

(b) The affine Weyl group acts simply transitively on the set of alcoves.

Proof. Recall that h, € RY and notice the reflection across the hyperplane
a~'2nin) is given by rp, n(H) = rp, H + 2mih, (Exercise 7.25). Since the Weyl
group is generated by the reflections ry,,, part (a) is finished. The proof of part (b) is
very similar to Theorem 6.43 and the details are left as an exercise (Exercise 7.26).
]

Theorem 7.41. Let G be a connected compact Lie group with semisimple Lie alge-
bra and maximal torus T. Then w,(G) = kerE/RY = P/A(T).

Proof. By Lemma 7.38, it suffices to show that the loop y(s) = X, X, €
2miker€, is trivial if and only if X, € 2mi RY. For this, first consider the stan-
dard su(2)-triple corresponding to « € A(gc) and let ¢, : SU(2) — G be the
corresponding embedding. The loop y,(s) = e*"*%« is the image under ¢, of the
loop s — diag(ez””, e~y in SU(2). As SU(2) is simply connected, y,, is trivial.
Thus there is a well-defined surjective map 27i ker £/2mwi RY — m1(G).

It remains to see that it is injective. Fix an alcove Ag and Hy € Ay. Since
2rikeré C 2miPY, Ag — X, is another alcove. By Lemma 7.40, there is a
w € W(A(ge)Y) and H € 2miRY, so that wHy + H € Ay — X,. Thus
wHy + (X, + H) € Ay. Because the loop s — e is trivial, we may use a ho-
motopy on y and assume H = 0, so that wHy + X, € Ag. Butas Hy + 0 € Ao,
Lemma 7.38 shows that y must be homotopic to the trivial loop s — €*°. O

7.3.7 Exercises

Exercise 7.12 Show that the function ¢” descends to the maximal torus for SU (n),
SO((2n), and Sp(2n), but not for SO (2n + 1).

Exercise 7.13 Let G be a compact Lie group with a maximal torus 7. Let u, € it,
sothat p(H) = B(H, u,) for H € t. Show that itu, € & for small positive .

Exercise 7.14 Show that the dominant analytically integral weights of SU(3) are
all expressions of the form A = nm| 4+ mm, forn,m € 7ZZ% where m;, 7, are the
fundamental weights w; = %el,z + %62,3 and m, = %61_2 + %62’3. Conclude that

n+1D(m+Dn+m+2)
5 )

dim V() =
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Exercise 7.15 Let G be a compact Lie group with semisimple g and a maximal torus
T. The set of dominant weight vectors are of the form A = Zi n;m; where {m;} are
the fundamental weights and n; € Z=°. Verify the following calculations.

(1) For G = SU(n),

dimvoy = [] (1 + H—W)

I<i<j<n J 1

(2) For G = Sp(n),

dim V(1) = H (1+w>

I<i<j<m J 1
ni+...+nj71+2(nj+...+nm71)
IT 1+ P S
1<i<j<m n+li—i—j
ni+"'+nm—l+nm
T (1+ , ~
1<im n+1-—i

(3) For G = Spin,,,, (R),

dmvoy = ] (1+w>

I<i<j<m J 1
I <1+ni+~-~+n,-1 +2(nj+~~nm1)+nm>
I<i<j<m 2m+1—i _j
Y (12t e
1i<m 2n+1—2i

(@) For G = Spin,,,(R),

dmvoy = ] (1 +M)
_]—l

I<i<j<m
1_[ 1+nl.+...+nj71+2(I’lj+"'+nmfl)+nm
L 2m—i—j '
<i<jsm

Exercise 7.16 For each group G below, show that the listed representation(s) V of
G has minimal dimension among nontrivial irreducible representations.

(1) For G = SU (n), V is the standard representation on C" or its dual.

(2) For G = Sp(n), V is the standard representation on C?".

(3) For G = Spin,,, . (R) withm > 2, V = C*"*! and the action comes from the
covering Spin,,, , | (R) — SO(@2m + 1).

(4) For G = Spin,,,(R) withm > 4,V = C?" and the action comes from the
covering Spin,,, (R) — SO(2m).
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Exercise 7.17 Let G be a compact Lie group with a maximal torus 7. Suppose V
is a representation of G that possesses a highest weight of weight A. If dimV =
dim V (1), show that V = V(X) and, in particular, irreducible.

Exercise 7.18 Use Exercise 7.17 and the Weyl Dimension Formula to show that the
following representation V of G is irreducible:

(1) G = SU®n) with V. = A" C" (c.f. Exercise 7.1).

2) G =S0(n) with V = H,, (R") (c.f. Exercise 7.2).

3) G=S5S0@2n+ 1) with V. = A’ C**! 1 < p < n (c.f. Exercise 7.3).
4) G=S0@2n)withV = A\’ C>, 1 < p < n (cf Exercise 7.3).

(5) G =SUm) with V =V, o(C") (c.f. Exercise 7.5).

(6) G = SU(n) with V =V, ,(C") (c.f. Exercise 7.5).

(7) G =S8U(n) with V ="H, ,(C") (c.f. Exercise 7.5).

(8) G = Spiny,,,,(R) with V = S (c.f. Exercise 7.6).

(9) G = Spin,,, (R) with V = S* (c.f. Exercise 7.6).

Exercise 7.19 Let A be a dominant analytically integral weight of U(n) and write
A=Areg+- -+ A€, A € Zwithiy > --- > A,. For H = diag(H,, ..., H,) € t,
show that the Weyl Character Formula can be written as

det (045

Hy _
16.(e7) = det (eG—DH:)

Exercise 7.20 Let G be a compact connected Lie group with maximal torus 7.

(1) If G is not Abelian, show that the dimensions of the irreducible representations
of G are unbounded.

(2) If g is semisimple, show that there are at most a finite number of irreducible
representations of any given dimension.

Exercise 7.21 Let G be a compact connected Lie group with maximal torus 7. For
A € (it)*, the Kostant partition function evaluated at A, P()), is the number of ways
of writing A = ZaeN(gC) mgo with my, € Z79.

(1) As aformal sum of functions on t, show that

[T G+e+e™+-)=> Pe?
A

aeAt(ge)

to conclude that

1=<Z£P(k)e“> [T (1—e™).

aeAt(gc)

For what values of H € t can this expression be evaluated?

(2) The multiplicity, m,,, of @ in V (1) is the dimension of the p-weight space in
V(2). Thus x; = Y uMubu. Use the Weyl Character Formula, part (1), and gather
terms to show that m,, is given by the expression
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me= Y detw)PWh+p)— (n+p).

weW(A(ge))

This formula is called the Kostant Multiplicity Formula.
(3) For G = SU (3), calculate the weight multiplicities for V (€1 2 + 3€2.3).

Exercise 7.22 Let G be a compact connected Lie group with maximal torus 7. The
multiplicity, m,,, of V(u) in V () ® V(1) is the number of times V' (1) appears as a
summand in V (1) ® V(1'). Thus x; x,y = Zu m, X, Use part (1) of Exercise 7.21
and compare dominant terms to show m,, is given by the expression

my= Y detww)P (wk+p) +w' K +p) — (u+2p)).
w,w'eW(A(gc))

This formula is called Steinberg’s Formula.

Exercise 7.23 Let G be a compact connected Lie group with maximal torus 7" and
o € A(ge). Show that ker &, in T may be disconnected.

Exercise 7.24 Show that the map y — X, from Lemma 7.38 is a homomorphism.

Exercise 7.25 Let G be a compact connected Lie group with maximal torus 7.
Show that the reflection across the hyperplane a~!(27rin) is given by the formula
Thyn(H) =rp,H + 2mwinh, for H € t.

Exercise 7.26 Let G be a compact connected Lie group with maximal torus 7. Show
that the affine Weyl group acts simply transitively on the set of alcoves.

7.4 Borel-Weil Theorem

The Highest Weight Classification gives a parametrization of the irreducible repre-
sentations of a compact Lie group. Lacking is an explicit realization of these repre-
sentations. The Borel-Weil Theorem repairs this gap.

7.4.1 Induced Representations

Definition 7.42. (a) A complex vector bundle V of rank n on a manifold M is a man-
ifold V and a smooth surjective map = : V — M called the projection, so that: (i)
for each x € M, the fiber over x, V, = n’l(x), is a vector space of dimension n
and (ii) for each x € M, there is a neighborhood U of x in M and a diffeomorphism
@' (U) = U x C", so that p(Vy) = (y,C") for y € U.

(b) The set of smooth (continuous) sections of V are denoted by I'(M, V) and con-
sists of all smooth (continuous) maps s : M — V,sothatw os = I.

(c) An action of a Lie group G on V is said to preserve fibers if for each g € G and
Xx € M, there exists x’ € M, so that gV, C V,. In this case, the action of G on V
naturally descends to an action of G on M.
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(d) V is a homogeneous vector bundle over M for the Lie group G if (i) the action
of G on V preserves fibers; (ii) the resulting action of G on M is transitive; and (iii)
each g € G maps V, to V,, linearly for x € M.

(e) If V is a homogeneous vector bundle over M, the vector space I'(M, V) carries
an action of G given by

(g5)(x) = g(s(g"'x))

fors e '(M, V).
(f) Two homogeneous vector bundles V and V' over M for G are equivalent if there
is a diffeomorphism ¢ : V — V', sothatr' o = g o 7.

Note it suffices to study manifolds of the form M = G/H, H a closed subgroup
of G, when studying homogenous vector bundles.

Definition 7.43. Let G be a Lie group and H a closed subgroup of G. Given a rep-
resentation V of H, define the homogeneous vector bundle G x g V over G/H by

GxgV=(GxV)/",
where ~ is the equivalence relation given by

(gh,v)~ (g, hv)

forg € G,h € H,and v € V. The projectionmap w : G xy V — G/H is given by
(g, v) = gH and the G-action is given by g’'(g, v) = (g'g, v) for g’ € G.

It is necessary to verify that G x y V is indeed a homogeneous vector bundle over
G/H. Since H is a regular submanifold, this is a straightforward argument and left
as an exercise (Exercise 7.27).

Theorem 7.44. Let G be a Lie group and H a closed subgroup of G. There is a
bijection between equivalence classes of homogenous vector bundles V on G/H and
representations of H.

Proof. The correspondence maps V to V,y. By definition V,y is a representation of
H. Conversely, given a representation V of H, the vector bundle G x g V inverts the
correspondence. O

Definition 7.45. Let G be a Lie group and H a closed subgroup of G. Given a repre-
sentation (7, V') of H, define the smooth (continuous) induced representation of G
by

Ind% (V) = Ind$, (;r) = {smooth (continuous) f : G — V | f(gh) =h~"' f(g)}

with action (g1 f)(g2) = f(g; 'g2) for g; € G.

Theorem 7.46. Let G be a Lie group, H a closed subgroup of G, and V a represen-
tation of H. There is a linear G-intertwining bijection between I'(G/H, G xg V)
and Ind$, (V).
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Proof. Identify (G xy V), with V by mapping (1, v) € (G xy V),y to h~ v €
V. Given s € T'(G/H,G xg V), let f; € Indg(V) be defined by fi(g) =
g '(s(gH)). Conversely, given f € Indg(V), let sy € I'(G/H,G xp V) be de-
fined by s, (gH) = (g, f(g)). It is easy to use the definitions to see these maps are
well defined, inverses, and G-intertwining (Exercise 7.28). O

Theorem 7.47 (Frobenius Reciprocity). Let G be a Lie group and H a closed sub-
group of G. If V is a representation of H and a W is a representation of G, then as
vector spaces

Homg (W, Ind% (V)) = Homy (W|y, V).

Proof. Map T € Homg (W, Indg(V)) to S € Homy(W|y, V) by Sr(w) =
(T (w))(e) forw € W and map S € Homy(W|g, V) to Ts € Homg (W, Indf,(V))
by (Ts(w))(g) = S(g~'w). Verifying these maps are well defined and inverses is
straightforward (Exercise 7.28). O

In the special case of H = {e} and V = C, the continuous version gives
I'(G/H,G xg V) = Indg(V) = C(G). In this setting, Frobenius Reciprocity al-
ready appeared in Lemma 3.23.

7.4.2 Complex Structure on G/T

Definition 7.48. Let G be a compact connected Lie group with maximal torus 7.
(a) Choosing a faithful representation, assume G C U (n) for some n. By Theorem
4.14 there exists a unique connected Lie subgroup of G L (n, C) with Lie algebra gc.
Write G for this subgroup and call it the complexification of G.

(b) Fix A*(gc) a system of positive roots and recall n* = . A+ (ge) 8- The corre-
sponding Borel subalgebra is b = tc ® n™.

(c) Let N, B, and A be the unique connected Lie subgroups of GL(n, C) with Lie
algebras n*, b, and a = it, respectively.

For example, if G = U (n) with the usual positive root system, G¢c = GL(n, C),
N is the subgroup of upper triangular matrices with 1’s on the diagonal, B is the sub-
group of all upper triangular matrices, and A is the subgroup of diagonal matrices
with entries in R>°. Although not obvious from Definition 7.48, G is in fact unique
up to isomorphism when G is compact. More generally for certain types of non-
compact groups, complexifications may not be unique or even exist (e.g., [61], VII
§1). In any case, what is important for the following theory is that G¢ is a complex
manifold.

Lemma 7.49. Let G be a compact connected Lie group with maximal torus T.

(a) The map exp : nt — N is a bijection.

(b) The map exp : a — A is a bijection.

(¢) N, B, A, and AN are closed subgroups.

(d) The map from T x a x w* to B sending (t, X, H) — teXe" is a diffeomorphism.
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Proof. Since T consists of commuting unitary matrices, we may assume 7" is con-
tained in the set of diagonal matrices of GL(n, C). By using the Weyl group of
GL(n, C), we may further assume u, = diag(cy, ... , ¢,) with ¢; > ¢;4. Therefore
if X € go, @ € AT(ge), with X =3, ki E; j, then

Z(Ci —cjkijEij =[uy X]=a,)X = Z B(a, p)ki jE; ;.

i,j i,j

Since B(c, p) > 0, it follows that k; ; = 0 whenever ¢; — ¢; < 0. In turn, this shows
that X is strictly upper triangular.

It is well known and easy to see that the set of nilpotent matrices are in bijection
with the set of unipotent matrices by the polynomial map M — e™ with polynomial
inverse M - In(I+(M —-1)) =), (_lk)kﬂ (M — D*. In particular if X,Y € n*,
there is a unique strictly upper triangular Z € gl(n, C), so that eXe! = e?.

Dynkin’s formula is usually only applicable to small X and Y. However, A™ (gc)
is finite, so [X, ..., X\"]is 0 for sufficiently large i; for X; € n*. Thus all
the sums in the proof of Dynkin’s formula are finite and the formula for Z is a
polynomial in X and Y. Coupled with the already mentioned polynomial formula for
Z, Dynkin’s Formula therefore actually holds for all X, Y € n*. As a consequence,
Z € nt and expn™ is a subgroup. Since N is generated by exp n, part (a) is finished.
The group N is closed since exp : n™ — N is a bijection and the exponential map
restricted to the strictly upper triangular matrices has a continuous inverse.

Part (b) and the fact that A is closed in G¢ follows from the fact that a is
Abelian and real valued. Next note that AN is a subgroup. This follows from the
two observations that (an)(a’'n’) = (aa’)((cg-1n)n’), a,a’ € A and n,n’ € N,
and that coneX = exp(e®™X), H € a and X € n*. Since the map from
b=t®adn" — Gg¢ given by (Hy, Hy, X) — efle™eX is a local diffeomor-
phism near 0, products of the form tan,t € T,a € A, and n € N, generate B. Just
as with AN, TAN is a subgroup, so that B = Te%" . It is an elementary fact from
linear algebra that this decomposition is unique and the proof is complete. O

The point of the next theorem is that G/ T has a G-invariant complex structure
inherited from the fact that G¢/ B is a complex manifold. This will allow us to study
holomorphic sections on G/T.

Theorem 7.50. Let G be a compact connected Lie group with maximal torus T. The
inclusion G — G induces a diffeomorphism

G/T = G¢/B.

Proof. Recallthatg = {X+6X | X € gc}, so that g/t and gc /b are both spanned by
the projections of {X, + 60X, | X4 € go» @ € AT (gc)}. In particular, the differential
of the map G — G/ B is surjective. Thus the image of G contains a neighborhood
of eB in G¢/B. As left multiplication by g and g“, g € G, is continuous, the image
of G is open in G¢/B. Compactness of G shows that the image is closed so that
connectedness shows the map G — G¢/B is surjective.



180 7 Highest Weight Theory

It remains to see that G N B = T. Let g € G N B. Clearly Ad(g) preserves
gNb =t sothat g € N(T). Writing w for the corresponding element of W(A(gc)),
the fact that g € B implies that w preserves A1 (gc). In turn, this means w preserves
the corresponding Weyl chamber. Since Theorem 6.43 shows that W(A(gc)) acts
simply transitively on the Weyl chambers, w =7 and g € T. O

7.4.3 Holomorphic Functions

Definition 7.51. Let G be a compact Lie group with maximal torus 7. For A € A(T),
write C, for the one-dimensional representation of 7 given by &, and write L, for
the line bundle

L)\ =G Xr C)\.

By Frobenius Reciprocity, I'(G/T, L,) is a huge representation of G. However
by restricting our attention to holomorphic sections, we will obtain a representation
of manageable size.

Definition 7.52. Let G be a compact connected Lie group with maximal torus 7" and
r e A(T).
(a) Extend &, : T — C to a homomorphism & : B — C by

£F(te'feX) = & ()™

forteT,H et,and X e n™.
(b) Let LE = G¢ x g C; where C;, is the one-dimensional representation of B given
by £F.

Lemma 7.53. Let G be a compact connected Lie group with maximal torus T and
A € A(T). Then T(G/T, L;) = I'(Ge/B, L) and Ind§ (&,) = Ind$°(£C) as G-
representations.

Proof. Since the map G — G¢/B induces an isomorphism G/T = G¢/B, any
h € G¢ can be written as h = gb for g € G and b € B. Moreover, if h = g'V/,
g €Gandb' € B, thenthereist € T so g’ = gt and b’ =t~ 'b.

On the level of induced representations, map f € Ind? (&) to Fr € IndgC (Sf)
by Fs(gh) = f(g)eC,(b) forg € G and b € B and map F € Ind5°(£C) to fr €
Ind? (&) by fr(g) = F(g). It is straightforward to verify that these maps are well
defined, G-intertwining, and inverse to each other (Exercise 7.31). O

Definition 7.54. Let G be a compact connected Lie group with maximal torus 7 and
A€ A(T).

(a) Asections € I'(G/T, L,) is said to be holomorphic if the corresponding func-
tion F € Indg“C (E;\C), c.f. Theorem 7.46 and Lemma 7.53, is a holomorphic function
on Gg, i.e., if

dF(iX) = idF(X)

ateach g € Ge and for all X € T,(G¢) where dF(X) = X(Re F) +iX(Im F).
(b) Write I't,o;(G/ T, L;) for the set of all holomorphic sections.
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Since the differential d F' is always R-linear, the condition of being holomorphic
is equivalent to saying that d F' is C-linear. Written in local coordinates, this condition
gives rise to the standard Cauchy—Riemann equations (Exercise 7.32).

Definition 7.55. Let G be a connected (linear) Lie group with maximal torus 7.
Write C*°(G) for the set of smooth functions on G¢ and use similar notation for
G.

(@) For Z e gc and F € C*(Gy), let

d
[dr(Z)F](h) = EF(he’Zn,:o

forh € Ge.For X € gand f € C*(G), let

d
[dr(X)f1(g) = Zf(ge’x)lz:o

forg € G.
(b)For Z =X +iY with X, Y € g, let

drc(Z) =dr(X) +idr(Y).

Note that drc(Z) is a well-defined operator on C*°(G) but that dr(Z) is not
(except when Z € g).

Lemma 7.56. Let G be a compact connected Lie group with maximal torus T, A €
A(T), F € IndgC (éf), and f = F|g the corresponding function in Ind(T; &).
(a) Then F is holomorphic if and only if

drc(Z)F =0

for Z e nt.
(b) Equivalently, F is holomorphic if and only if

drc(Z)f =0
for Z ent.

Proof. Since dl, : T,(Gc) — T,(Gc) is an isomorphism, F is holomorphic if and
only if

(7.57) dFdl, (iZ)) =idF(dl,Z)
for all g € G¢ and X € gc where, by definition,
d
dF(dlyZ) = —F (g¢'li=o = [dr(Z)F1 (2)-
If Z € n*, then e'? € N, so that F(ge'?) = F(g). Thus for Z € n*, Equation

7.57 is automatic since both sides are 0. If Z € t¢, F(ge'?) = F(g)e "*® . Thus for
Z € t¢, Equation 7.57 also holds since both sides are —iA(Z) F(g).



182 7 Highest Weight Theory

Since gc = n~ @ tc @ nt, part (a) will be finished by showing Equation 7.57
holds for Z € n~. However, Equation 7.57 is equivalent to requiring dr (i Z)F =
idr(Z)F which in turn is equivalent to requiring dr(Z)F = drc(Z)F.If Z € n™,
thenf0Z e n* and Z + 0Z € g. Thus

dr(Z)F = dr(Z + 0Z)F —dr(0Z)F = drc(Z + 02Z)F = dre(Z) + dre(02),

sothat dr(Z)F = drc(Z)F if and only if drc(6Z) = 0, as desired.

For part (b), first, assume F is holomorphic. Since f = F]|g, it follows that
drc(n™) f = 0. Conversely, suppose drc(n™) f = 0. Restricting the above argu-
ments from G¢ to G shows dr(Z)F|, = drc(Z)F|, for g € G and Z € gc. Hence
ifXeg,

d d
(dr(X)F)(gh) = EF(gbe’Xn,:o = EF(ge’Ad(b)Xb)lzzo

— ) %F(ge’ Awxy)
— £, (b) (dr(AdB)X) F)(g) = £,(b) (dre(AdB) X) F)(g)

forge Gandb € B.Thusif Z = X +iY € n" with X, Y € g, note Ad(h)Z € n*
and calculate

(drc(2)F)(gb) = (dr(X)F)(gb) +i(dr(Y)F)(gh)
= &_(b) [(drc(Ad(B)X)F)(g) + (drc(i Ad(D)Y) F)(g)]
= £_(b) (drc(Ad(D)Z) F)(g) = 0,

as desired. O

7.4.4 Main Theorem
The next theorem gives an explicit realization for each irreducible representation.

Theorem 7.58 (Borel-Weil). Let G be a compact connected Lie group and )\ €
A(T).

V(wod) for — A dominant

Fhot(G/T, Ly) = { (O} else

where wy € W(A(gc)) is the unique Weyl group element mapping the positive Weyl
chamber to the negative Weyl chamber (c.f. Exercise 6.40).

Proof. The elements of I',(G/T, L) correspond to holomorphic functions in
Ind(T; (&,). It follows that the elements of I't,(G/T, L;) correspond to the set of
smooth functions f on G, satisfying

(7.59) f(gt) =8, f(8)
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forg e Gandt € T and
(7.60) drc(Z2)f =0

for Z e n™.
Using the C*°-topology on C*°(G), Corollary 3.47 shows that C*°(G)g.fin =
C(G)¢-fin s0 that, by Theorem 3.24 and the Highest Weight Theorem,

C*Grem= P Vv evy)
dom. yeA(T)

as a G x G-module with respect to the r x [-action. In this decomposition, trac-
ing through the identifications (Exercise 7.33) ?? shows that the action of G on
Iot(G/T, L;) intertwines with the trivial action on V (y)* and the standard action
on V(y). Recalling that Lemma 7.5, write ¢ for the intertwining operator

o: P VEwr) @ V) S C(G)m

dom. yeA(T)

Given f € C*°(G), use Theorem 3.46 to write f = > ... ca(r) f, With respect to
convergence in the C*°-topology, where f, = ¢(x,) withx, € V(—woy) @ V(y).

Equation 7.60 is then satisfied by f if and only if it is satisfied by each f,.
Tracing through the identifications, the action of drc(Z) corresponds to the standard
(complexified) action of Z on V (—wypy ) and the trivial action on V (y). In particular,
Theorem 7.3 shows that x,, can be written as x,, = v_,,, ® y, where v_,,, is a
highest weight vector of V(—wgy) and y, € V(y).

Tracing through the identifications again, Equation 7.59 is then satisfied if and
only if tv_y,, = & 5 (F)V_yyy. But since tv_y, = &_yy (£)V_yyy, it follows that
Equation 7.59 is satisfied if and only if woy = A and the proof is complete. O

As an example, consider G = SU (2) with T the usual subgroup of diagonal ma-
trices. Realizing 'y (G /T, §_, esz) as the holomorphic functions in Indg‘c (Eicn )
2

Thot(G/T,§_,2) =

{holomorphic f : SL(2,C) - C| f(g <g aél >) =a"f(g),g e SL22,0C)}.

Since Z1 23 I'b = (& bz +z3 , the induced condition in the case of
22 24 01 22 bzy +z4

a = 1 shows f € IndgC (éicn <, ) 1s determined by its restriction to the first column of
2

-1
SL2,C). Since (Z' 3 ) (a 91 ) = <az] ailz3 ), the induced condition for
22 24 0a azx a= 74

the case of b = 0 shows that f is homogeneous of degree n as a function on the first
column of SL(2, C). Finally, the holomorphic condition shows I',o;(G/T, &_, @ )
can be identified with the set of homogeneous polynomials of degree n on the first
column of SL(2, C). In other words, I'noi(G/T,§_,2) =V, (C?) as expected.



184 7 Highest Weight Theory

As a final remark, there is a (dualized) generalization of the Borel-Weil Theorem
to the Dolbeault cohomology setting called the Bott—Borel-Weil Theorem. Although
we only state the result here, it is fairly straightforward to reduce the calculation to
a fact from Lie algebra cohomology ([97]). In turn this is computed by a theorem of
Kostant ([64]), an efficient proof of which can be found in [86].

Given a complex manifold M, write AP (M) = /\;TO’I(M ) for the smooth dif-

ferential forms of type (0, p) ([93]). The £, operator maps AP (M) to APTY(M) and
is given by

p

(Buo) Xo. ... . X)) =D (D Xpo(Xo, ... . X, ... . X))
k=0
+ ) (D oX X)) Koo Ko X X))
i<j

for antiholomorphic vector fields X ;. If V' is a holomorphic vector bundle over M,
the sections of V K) A?(M) are the V-valued differential forms of type (0, p) and
the set of such is denoted A?(M, V). The operator 3 : A”(M,V) — APYY(M, V) is
given by 3 = 1 ® 3 and satisfies 3’ = 0. The Dolbeault cohomology spaces are
defined as

HP(M,V) =kerd/Im3a.

Theorem 7.61 (Bott-Borel-Weil Theorem). Let G be a compact connected Lie
group and » € A(T). If L+ p lies on a Weyl chamber wall, then HP (G/T, L;) = {0}
for all p. Otherwise,

V(w( + p) — p) for p=|{e € A (gc) | B+ p, ) < 0}

HP(G/T, L) = { {0} else,

where w € W(A(gc)) is the unique Weyl group element making w(A + p) dominant.

7.4.5 Exercises

Exercise 7.27 Let G be a Lie group and H a closed subgroup of G. Given a repre-
sentation V of H, verify G x y V is a homogeneous vector bundle over G/ H.

Exercise 7.28 Verify the details of Theorems 7.46 and 7.47.

Exercise 7.29 Let G be a compact connected Lie group with maximal torus 7" and
A€ A(T).

(1) Show that g;f: is a homomorphism.

(2) Show that éf is the unique extension of &, from 7 to B as a homomorphism of
complex Lie groups.

Exercise 7.30 Let G be a compact connected Lie group with maximal torus 7" and
A € A(T). If V is an irreducible representation, show that V = V(1) if and only if
there is a nonzero v € V satisfying bv = Ef (b)v for b € B. In this case, show that v
is unique up to nonzero scalar multiplication and is a highest weight vector.
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Exercise 7.31 Verify the details of Lemma 7.53.

Exercise 7.32 Let G¢ be a complex (linear) connected Lie group with maximal torus
T. Recall that a complex-valued function F on Gg¢ is holomorphic if
dF(dl, (iX)) = idF(dl,X) for all g € Gc and X € gc, where dF(dl,X) =
% F(ge'®)|,—o. Note that d F is R-linear.

(1) In the special case of Gc = C\{0} = GL(1,C), z € G¢, and X = 1, show that
dF(dl.(iX)) = &£ F|. and id F(dl.X) = i~ F|., where z = x + iy. Conclude that
dF is not C-linear for general F and that, in this case, F is holomorphic if and only
if uy = v, and uy, = —v,, where F' = u +iv.

(2) Let {Xj};le be a basis over C for gc. For g € Gg¢, show that the map
¢ : R? — G given by

WXy X g1 Xy i X

(p(xla"-7-xn7y17"~7yn)=ge 4
is a local diffeomorphism near 0, c.f. Exercise 4.12.
(3) Identifying gc with 7, (G ), show dp(9y;10) = dl, X j and dp(dy, |o) = dlz (i X ;).
(4) Given a smooth function F on G¢, write F in local coordinates near g as f =
@*F. Show that F is holomorphic if and only if for each g € G¢, u,; = v, and
Uy, = —vy; where f = u + iv. In other words, F' is holomorphic if and only if it
satisfies the Cauchy—Riemann equations in local coordinates.

Exercise 7.33 In the proof of the Borel-Weil theorem, trace through the various
identifications to verify that the claimed actions are correct.

Exercise 7.34 Let B be the subgroup of upper triangular matrices in GL(n, C). Let
A = Ai€; + --- + X, €, be a dominant integral weight of U (n), i.e., Ay € Z and
M= A

1) Let f : GL(n,C) — C be smooth. For i < j, show that drGE;;) fl, =
idr(E;y) f|g if and only if

n af
0="3 "z,
2T

where g = (zj ) € GL(n, C) and aza,_k = % (aijk + zﬁ) with 2 = xjx +iyjk-
Conclude that dr G E; ;) f = idr(E;y) f if and only if % =

(2) Show that the irreducible representation of U (n) with highest weight A is realized
by

V., = {holomorphic F:GL(n,C)— C| F(gh) = ESHE] e —ae, (DVF(8),
g€ GL(n,C),be B}

with action given by left translation of functions, i.e., (g1 F)(g2) = F (gf1 g2).
(3) Let Fy, : GL(n, C) — C be given by

Fuy(g) = (det )™~ - (det, 1 @)™ (det, g) ™",
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where det;(g; ;) = det; j<x(g; ;). Show that F, is holomorphic, invariant under
right translation by N, and invariant under left translation by N'.

(4) Show that F,,; € V, and show F,,; has weight A,,€; 4 - - 4+ A;¢,. Conclude that
F,». 1s the lowest weight vector of Vy, i.e., that F,, is the highest weight vector for
the positive system corresponding to the opposite Weyl chamber.

(5) Let F,(g) = Fyp(wog), where wo = Ey,, + Eypo + ..., E, 1. Write F, in
terms of determinants of submatrices and show F; is a highest weight for V;.

Exercise 7.35 Let G be a compact Lie group. Show G is algebraic by proving the
following:

(1) Suppose G acts on a vector space V and O and O’ are two distinct orbits. Show
there is a continuous function f on V thatis 1 on O and —1 on O'.

(2) Show there is a polynomial p on V, so that [p(x) — f(x)| < 1forx e OUO'.
Conclude that p(x) > 0 when x € O and p(x) < Owhenx € O'.

(3) Let P be the convex set of all polynomials p on V satisfying p(x) > 0 when
x € O and p(x) < 0 when x € (O'. With respect to the usual action, (g - p) (x) =
p(g~'x) for g € G, use integration to show that there exists p € P that is G-
invariant.

(4) Show that G-invariant polynomials on V are constant on G-orbits.

(5) Let Z be the ideal of all G-invariant polynomials on V that vanish on O. Show
that there is p € Z, so that p is nonzero on (0. Conclude that the set of zeros of Z is
exactly O.

(6) By choosing a faithful representation, assume G € GL(n, C) and consider the
special case of V = M, ,(C) with G-action given by left multiplication of matrices.
Show that G is itself an orbit in V and is therefore algebraic.
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