2 Multifactorial

2.1 Double Factorial
2.1.1 The definition of a Double Factorial

Definition 2.1.1

When M, N denote a natural number,

mU=nQ-2- (-4 ~ 531
=n-(n-2)-(h-4)  ~ 642
=1

Example.

20 =2 4N =24 61 =246,

inm=1 3nM=13 50 =1-35

on=Ccpn=1

2.1.2 The basic formulas of a double factorial

Formula 2.1.2

m=2n-1
m=2n
m=0, -1

@t
@°
@)

When N, 77 and F(Z) denote a natural number, a circular constant and a gamma function respectively,

the following expressions hold.
n! =nil-(h-D!!

@

Cn-Dn :2”1‘(n+%) /d%) I’(n+—) /J— @Y
@n)n = 2”1‘(n+%) /d %) =2"I(n+1) =2"n! 39
2n)! = o0, on=1 @)
-n 2
{—(2n+1)}!! = (—1) m , (—l)!! =1 )
Proof
First, calculate (1) x (1), as follows.
cnHn-Cn-D!' = @n-1-@n-3-@n-5: - 531
x2n -@n-2)-@n-4)- - -6:4-2=2n)! 0

Replacing 2N with n, we obtain (2).
Next ,since /{(1+2) =z71(z),

faed) -3
Horg ) =r{1+5
ford) rfoed)-

):
):

N

3 /3
—2' 2
5 (5
2°\2

4
4

N

3
2
5
2

3

1
2

N|

i RN

N|w N



I_(n+%);135 -(@n-1) ;) (2n2n1)" r(i)

o
(2n—1)!!=2”l<n+% /( ) I‘(n+— /N 3

In a similar way, we obtain
Substitute N=0 for (3% ; then

on=2r=1

Replace N with =N in (3% ; then

2N = F(l—n)2‘” = 00 (approach from +) 4
Next, from (2) and (3°)
2n)! 1+2
en-pn = ML _ 1d+2n) W
@Ml 2n@a+n)
Substitute N=0 for (w) , then
ey o!
-Hn = = =1
D 2 or1

This secures the justification of the definition|(1)| conjointly with O11=1.
Finally, replace N with =N in (w), then

a-2n) _ 2'"-@ni}
27" (1-n) I'-(n-1)}
According to the Formula 1.3.1 in (Singular Point Formulas) ,

r'{-@nl} _ (1) -D-C-D (- _ (_1)—nﬂ

{-@n+D) NN =

r{-(h-1} @Cn-D1 @n-D)!
Then
= (—D'”m ( 2“nn! = (20-1)!!) 5)
Example 1

131 = (2-7-DN = 2747+%) /d%) = 274%) /N7

= 128x1871.25430543/1.77245385 = 135135.0000

Example 2

2
QL _(_l) 1|| =-2, 5N _(_1) 3" = 3

2.1.3 Expression by the double factorial of Maclaurin expansion

Formula 2.1.3

f (O 0 f" f @@
f(%) - O(ll) . 2(") t 4(") * 6'(')
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Calculation

(0) 11O 2 £ ©

fx) =)+ S T
EIOPRICONRERECOIE f<3>()23 3 .
BN TR T T 2331
BIOPAREO PSR OPRCHALQ.

on @O 5 O~ (20—, @)%+ -

Replacing X with X/2, we obtain (6).

2.1.4 Expansion by the double factorial of an elementary function
Applying Formula 2.1.3 to an elementary function, we obtain the following expressions.

(1) Expansion by the double factorial of the exponental function

7z X + X + x° + X + X! +
€ Tow T2m TZm Tem Tgm -
(2) Expansions by the double factorial of the trigopnometric function
X _ x° xZ N x? x° N x®
€S ~om ~ 2w Tgm T 12m T 1em C
X x* x> N x> X’ N x°
SIS =2m ~“6n T 10m T 14m C 18m

(3) Expansions by the double factorial of the hyperbolic function

X0 X2 X4 X6 X8
cosh> =om *2m "ew Tt 16" T
X X x> x> X’ x°
s> =2w * s Y 1om T 14w T Ism T
(4) Expansions by the double factorial of the logarithmic function
X o 1 , 21 , 31,
'°9<1i§) B TR T TR TR TR
2+ o). 21 . 4v . 61
logy/ 5= T2u* T euX tionX foamX T
1 24 o). 21 . 4r . 61
21992 T 2uX "X T ouX T 1gmX
(5) Expansions by the double factorial of the inverse trigonometric function
o DN xt oA x® 31 x> 51 !
Sn"X ="3uw 1 "o2n3 "Tans Ten 7
. x _ 01 21 5, 4 5 6! ;

@an "5 =suX -~ suX T 1on



(6) Expansions by the double factorial of the inverse hyperbolic function

CDU Xt o1 3 3nm xS sm 7

Sfh™“X =—Fw 717 " 20 3 " 20 5 ~ 60 7

.x _ O 7] BR'Y B Y B
tanh =5 = Zyx* 5w ¥ Tou X * T X

2+
tanh ™' =logy/ 5 IxI<2

(7) Expansions by the double factorial of the irrational function

1
E D" 1m , 3u , s5u,
€Ea) S TR T TR TR T TR

i 3w, su._. 7m,
s Xt X T e X T guX

CHUl, w1 3,
/V1+de‘x— 2w 3X T an 5X Fen 7* T
LI E W R W W
0

1+x2

+ ..

1
A+x) % =1

+H

XTow 33X Tan s’ Ten X T

2.1.5 The double factorial series of the elementary function
The following series are obtained as the special values of 2.1.4 .

2 1 1 1 1 1
e “onm "omw Tzm Tem Tam T
-3 1 1 1 1 1
€ =omw " 2m TZm " em T 8m
1 1 1 1 1 1
oS5 ~omW " am T gum " 121 T iem
1 1 1 1 1 1
sins =2 T en T 1om T 14m T 1gm
1 1 1 1 1
cshz  =gmw *Zmw tguw T 1om tiem t
_ 1 1 1 1 1
sinhS =Zw Y " Tom T 1zm T1sm Y
or 11 21 31
log > “2mw " 2nm Tem ~gm *
or 11 21 31
log 2 “Suw tzuw tenm Tagn *
o1 21 41 61
logv3 =55 * 5w *Tom T 1am t



tan'11
. o1
tanh'11 o g
L 62!! * 14(;! ;
! n - !
o! 14
61
+ .

1 1
= 51

=1+
_1n
. 3n
u 511
o . 7n
gn

_ (-21)!! 1
L n
i, 31
L 511
g

V2
1
V2
1

2n
TR
61l
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2.2 Triple factorial

2.2.1 The definition of a Triple Factorial

Definition 2.2.1

When M, N denote a natural number,
mM=m-(Mm-3)-(m-6)
=m-(M-3)-(m-6)
=m-(M-3)-(m-6)

=1

Example.
1m=1 4m=1.4
2m =2 5mM =25
3m =3 oM =36
om = (-71) m = (-2)’!!!

e 741 m=3n-2

- 852 m=3n-1
. -.9.6-3 m=3n

m=0, -1, -2
Tm =147 -
gm =2.5.8 -
om = 3.6-9, -
=1

2.2.2 The basic formulas of a triple factorial

Formula 2.2.2

When N and F(Z) denote a natural number and a gamma function respectiwely,

n! =nM.-(-DHM-(H-2)m

@Gn-2)m = 3”1‘(n+%

@Gn-Hm = 3”1‘(n+§) /

3

@Gom = 3”/‘(n+§) /

(-3n)M = oo,
CDmM--)m =1

(-@Gn+D) M. (-Bn+2); M =

Proof

N
SR e R

3" (n+1) =3"n!

wlw wN Wl

I

=

3
@n-D)M-(Bn-2) M

First, calculate (1) x (1Y) x (1°), as follows.
Gn-2m-Gn-Hm-GEn)Mm
=@n-2-Gn-5-@n-8) -~ 741
x@Bn-1D-@Bn-4)-Gn-7)- - 852
x3n  -@Gn-3)-@Gn-6)- ~ -9-6-:3=Cn)!

Replacing 2N with n, we obtain (2).

(1%
()
(1%
@)

@

39

@h

3%

4)
®)

(6)



Next, since /{(1+2) =z

~

RARH
o) oot 48] =434
(o) =T A7) - 433

I‘(n+%) | 1473n(3n )d%) _ (Sn;?!!!r(%)

1 1
@Gn-2)m = 3”1‘( n+3 /f< 3 ) )

In a similar way, we obtain (3%),(3°).
Substitute n=0 for{(3°)} then

om =37 ()=1
Replace N with =N in (3% ; then
-3n)m = 3'”F(1—n) = 0o (approach from +) (4)
Next, from (2) and (3°

@Gn-1)M-@n-2)Mm =

@n)! _ I(1+3n)
@M 3 14n)

W)

Substitute N =0 for (w) ; then
@) o!
-Hm.c-2ym = = =1

This secures the justification of a definition|(1 )|conjointly with QM =1

Finally, replace N with =N in (w) , then
r@-3n) _ 377-Gn-1)}
3" r@a-n)  -(-D}
Accordmg to Formulas1.1 |n 3| (Singular Point Formulas) ,
-@Gn-H} _ (-1)"-D-G-D -D! _ (-D!
-(n-1} Gn-D!  Gn-D!

(-Gn+D M- (-GBn+2) M) =

Then
-DI3" _ 3n(-!3"
(-@n+DyW-(-@n+) M) = ((nSn—)l)! i n((n?’”))!

— 3nl3"
- GnMm -Gn-))m-Gn-2)m {from (2) }

— 3n13" 0
= 3"n1 -(3n _]_) m .(3n _2) m { from (3°)}

3

T @Gn-Dm-@n-2m ©
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Example 1

72 ~coom =ilo) 11 3] <51 2) (3]

= 729x389.03492617/1.35411794 = 209439 .9998

Example 2

HM. (-5Mm = ﬁ = 5

| W

2.2.3 Expression by the triple factorial of Maclaurin expansion

Formula 2.2.3
f (O f (O f (O f(3) 0
(%) = O o, 3(m) L, 65") MONHS .
Calculation
(3)
F6O = f(0)+ (0) W (0) 3'(0) N
f©@ 4o, (0) it O 2 f(3()33 .
30 o! 31 11 32 21 33.31
f@ o, fO .o f O t D)

=om GO zm GO gm GO g GO -

Replacing X with X/3, we obtain (7).

2.2.4 Expansion by the triple factorial of an elementary function
Applying Formula 2.2.3 to an elementary function, we obtain the following expressions.

(1) Expansion by the triple factorial of the exponental function

X
i§ _ XO Xl X2 X3 .\ X4

e =om T3m Tem Tom tom T

(2) Expansions by the triple factorial of the trigonometric function

X XO X2 X4 X6 X8

COS3 =om ~em © 1om ~ 18m T 22m "

x* x> x° X' x°

X
SN =3m ~om T i5m ~21m o7m

(3) Expansions by the triple factorial of the hyperbolic function
0 2 4 6 8

X X X X X X
cosh3 =om *sm ¥ Tom " 1gm T oqm t

X Xl X3 X5 X7 X9
sinh— = + + + + -

3~ 3m " om is5m 21m 2/m



(4) Expansions by the triple factorial of the logarithmic function

_ o 1, 21 ., 3
'09(1+§) =tzwX - emX fomX - TomX
3+x _ 0! ot . 41 . 61

g/ 3% “3m**omX * smX t ormX
3+xi _ 0! 21 3, 41 6!
2.'093 xi _amX " omX * ST TR Ty TR

(5) Expansions by the triple factorial of the inverse trigonometric function

ax _ 0! 21 5, Al 6!

an”3 = zwx - om* * smX "~ zimX *
) 1 X —il 3+xi
an 3 2i0g 3-xi

(6) Expansions by the triple factorial of the inverse hyperbolic function
I 21 41 61

ax _ Ot - .3 - 5 - 7

tanh "3 = 3@ X * gm X * 5w X * 1w X

3+
tanh'1% = log 3—_))(( Ix]<3

(7) Expansions by the triple factorial of the irrational function

1
A+)° =1+

am X~ emX TomX T TomX
1
-3 . 1m 4w, 7m _ 10m
A" =17 gx+tsmX FomX T TomX

X -pHm 1 2m 1 5m
/31ix3dx=x_( DL x* - !
0

/ imi1, 4m71 ., 7m 1
S =X T 5 X t mg X T
0 113 3m 4 6m 7 om 10%

2.2.5 The triple factorial series of the elementary function
The following series are obtained as the special values of 2.2.4 .

DHm 2m , s5m . gm

= 1 1 1 1 1
e ~om " 3m Tem Tom T om *
-3 1 1 1 1 1
e = - + - + -
om ~3m T em ~om ' 1om

1 1 1 1 1 1
cos3 ~om ~6m " 12m T 1gm | o4m
1 1 1 1 1 1
sin3 ~3m " om T is5m T 21m | o7m

+ ...

4

1

lO

am 2% ~sm 7* Tom 10*

+ ...

4

10



1 1 1 1 1 1
+ +

coshz  =om *em *om t1gm toam *
11 1 1 1 1
sinhz =3m *om " 1sm T 21m t o7m
4 o111 2 31
log3 3w ~sm tom " Tom *
2 o1 11 21 31
gz 3w tEm tom tom
or 21 41 61
o2 = zw *gw *tiEm toim T
L1 o1 2 41 61
@an "3 3w ~“om T 15m "~ 21m
L1 o1 2 41 61
anh "3 =3w *om " 1sm toym *
. B (DM 2m  s5mM  gm
V2 =1+ 3w ~sm tom "~ 1om *
1 1m  4m  7m  1om
35 =1-3m *em ~om *ow -

CDHm 2m sm am

3m  em om  1om

-10 -

+ -



2.3 Multi factorial
2.3.1 The definition of a Multi factorial

Definition 2.3.1
When M, N denote natural number and m..1 (K pieces) = !k ,

ml, =n-(-k) - (h-2k) -~ (1+k)1 m=kn-(k-1)

=n-(-k)-("-2k) - {k-D+k} k-1 m=kn-1

=n-(-k) - (h-2k) - &+tk)k m=kn

=1 m=0,-1, -, -(k-1)

Example

11,=1, 51,=15 gr,=1.5-9, 131,=1-5-9-13,
21, =2 61,=26 10!,=2-6-10, 14!,=2-6-10-14,
3y,=3 ,=37 111,=3-7-11, 151,=3-7-11-15,
41, =4, 81,=4-8, 121,=4-8-12, 16!, =4-8-12,16,
0L, =D =CDL =L, =1

2.3.2 The basic formulas of a multifactorial

Formula 2.3.2

When k, n and F(Z) denote a natural number and a gamma function respectively,

n!=nl--D' -2 - {n-K-D}!,
Gn-s)1, :knl‘(n+k—;5) /I‘(k—;s) . s=12 k-1

kn)!, :knl‘(n+%) /I‘(%) =k"I'(h+1) =k"n!
(-kn) 1, = =, o1, =1
DL EDY o {-ED =1
{(-kn+D)} {-&n+D)}1, - {-Cn+k-1)}1,
_ k
T on-DI -2, {kn-K-D}1,

Proof

First, calculate (1€%) x - x (1) x (1°), as follows.
{kn=G-D31 - &n=D) 1 Gn)ly
= {kn-&-D}{kn-Ck-D}{kn-GBk-1} ~ (k+1) -1
*{kn-k-2}{kn-k-2)}{kn-k-2)} - (k+2) -2

-11 -

@

@ah
%
@)

@
@)
3%

4)
®)

(6)



. &n-1)  {kn-Gk+D} {kn-k+D} - {k+&k-D} k-D
x kn &kn-k) kn-2k) = (k+k) -k
= (kn)!

Replacing 2N with n, we obtain .
Next, since /(A+2) =z/1(z),

k=s\ _ k-s k-s

r(“ K ) T Tk K )

F(2+ k-s ) —r(1+ 2k-s ) 2k-s 2k-s ) _ 2k-s k-s k-s )
k B K k k -k k k

F(3+ k-s ) —r(1+ 3k-s ) 3k-s 2k-s k-s k-s )
k B K k k k k

r(n+k;8.) ] (nk_s),....(kznk—s)(k—s) k;s ) _ (knl::)!kr( k;s)

(kn—s)!k:k”f(n+k;ks) /f(k;ks) (3°)

Especially substituting S=0 for (3%) , we obtain (3°)
Substitute N =0 for; then
— 1,0 —
o1, =k°r@=1
Replace N with =N in (3% ; then
(—kn)!k = k'”F(l—n) = (approach from +) 4)
Next, from (2) and (3°)

Substitute N =0 for (w) ; then
w _ ot
— 1 .(- I . .. —-C(k- 1 = = =

This secures the justification of a definitior{ (1) Jconjointly with O, =1.

Finally, replace N with —N n (w) , then
&+ =GN+ (=kn+k-D)T,
_ I'(A-kn) _ k"I'{-kn-1}
Ckr@-n)  T{-(-Dy
According to Frmulas1.1 in[L.3](Singular Point Formulas) ,
I'{-kn-1 _1)—(kn- n-11 “(k— n-11
F{{—((knn—l))}} = EDTEE G(<n—1))! =D G(<n—1))!

Tthen

{-kn+D} - {-&n+D} - -{-Kn+tk-D}I,

-12 -
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-(k-Dn (n 1) ~(k-1)n kn(n—l)! K"

S G = 6D !

= (=)~ &-Dn kn? k"

=D & - kn-D 1 - &n-2D 1, - -~ - {kn-&-D} !, { from (2) }

= (-1~ &-Dn kn? k" rom (3°
D k"n! -kn-D 1 - &n-2)1,- - -{kn-&-D}!, {from (3") }

= (_1)-(k-1)n Kk .

Gn-D1 - &n-2)1,- -~ -{kn-&k-D}!,

Example 1

9,310 1 {5) - F)o(

= 15625%x240.83377994/2.21815954 = 1696464 .0025

Example 2

_1y-G-D.
COLs DI B D = 17 31 2 =

2.3.3 Expression by the k-fold factorial of Maclaurin expansion

Formula 2.3.3
X JOR f(D(Q) f<3(p) fCﬂ(p)
f(?) = o1, T, x 1+ @Ot 24 DI 3 .. @
Calculation
) @ ®
160 = 1@+ Dt o2, O e,
) @ ©F%)
:fO(O)kXo fl(O)kxl f2(0) 2,24 f3()
k”-0! k--11 k<-21 k
0 @D 0 @) 0 (3)
_ f( ) O+ f ( ) O+ f(2k)(!) O+ (3k)(') O3+

Replacing X with X/k , We obtain (7).

2.3.4 Expansion by the multifactorial of an elementary function
Applying Formula 2.3.3 to an elementary function, we obtain the following expressions.

(1) Expansion by the multifactorial of the exponental function

X
J_FF _ XO Xl XZ X3 X4

¢ Tor thr T emr T el @,

-13-



(2) Expansions by the multifactorial of the trigonometric function

cosi _ %0 i «2 . w4 i %6 . 8 i
n or, @n)!, (4n)!, ®n)!, @én)!,

sini _ x* _ x> N x> _ x’ N x° _
n nt, @Gm!,  Gn!, wn!,  On),

(3) Expansions by the multifactorial of the hyperbolic function

hi = X + x° + X + x° + X +
Sy =or, " '@, T @, T G, T @Gl
] X X1 XS X5 X7 X9
sinh— = + +

IYET) YN T LN /) L Gl 1 B

(4) Expansions by the multifactorial of the logarithmic function

X 0! 1! 2! s 31
IO ( 1i_ ) = +— X - X + — X
91+ nt X7 et TTeoL* T @,

| /n+x_oI 21 41 s, 6 .
W i T AL @R et ant

L nexi_ 01 21 . 41 . 6l

21199 ki T nt X7 @)1 * * G * T amr”

(5) Expansions by the multifactorial of the inverse trigonometric function
1 X (0} 21 41 6!
1= = T X~ 3 |x3+—' x5——l X’
n nl,”  @Gml, Gn)!, !,
_42S __}_0 n+Xxi
n 27 %9 1 =i

tan

tan

(6) Expansions by the multifactorial of the inverse hyperbolic function

a1 X 2O 20 . 4t 5 6! o
T T €D IR DI O
1 X n+x
—_— <
tanh ™ 0 =log — IxI<n

(7) Expansions by the multifactorial of the irrational function
1

T DL @D, @D, Gn-DY,
d=x)" =1+ nl. T @I, . Gn!, - “@nt,

1 11 +1 2n+1)1! 3n+1)!
A0 "= 1% 'n (n )nz @n+D!, . @Gn+D!,

47 cee

) I CD I CTS YR
DL X" 1_ h-D1I, x2”+1+(2n-1)!n x 3+l )
n!, n+tl @n)!, 2n+1™ (@Gn)!, 3n+l

Xn n
/ 1+xdx=x+
0

-14 -



/x dx __ 1L x™ @D M @Dt
o Miaen o N+l @I, 20+l @n)!, 3n+1

2.3.5 The multifactorial series of the elementary function
The following series are obtained as the special values of 2.3.4 .

= _1 1 1, 1 1

e SO T T @em T @, @y T

COSi = O]; - (21I + L - L + L -
5 nt, @l  Gn!, @,

il _ 1I I S S S S
nt, @Gm!,  Gnt, Ml On!,

-t + ! + L + L + L +
coshir o1 T emr et Tenr et
1 1.1 1 .1 .1
o BLREE) I CD LN D YN CTH I}
Iog(li—) :io'! oo o2r o3t

n nt,  @n!, ~ @), (@Gn)!,
|Og n+1l = 0! + 2! + 4! + 6! + - (h:>1)
n-1 nt, Gn)!, Gn)!t, )1,
ooalo_ 02t oar et
T N D I D LN GO T
t h_11 - O + 21 + ek + 6! + ..
Y N D IR D I GO TR
. DY, G-, @-DY, Gn-DI,
2 =l cTemrn fTemrn T @m0
1 _ 4 1r .\ (h+1)!, @n+D)!, s Gn+D!,
2 T L@, T @Gl G@Gn)!,

DY, G-, @-DY,  Gn-DI,

L= o Yemyr tTenrn, TTamyr, T @b

Especially when n=1

1 1 1 1
1 "2t T3 T ar
1 SR S S S
e 11 " 21 31 T an

e =1+

I
|
+
|
+
|

cosl

-15-



=
=
=
=
[EEN

sinl - =37 -3r *sr 71 tor -
101011 1
coshl =Gy +57 + 21 T 61 ¥ 81
. 101 011 1
sinhl - =37 +*3r 51 " 71 * o1
1 1 1
log 2 =1- > + 3”72 + -
1 1 1
_1 _ _ = - _ =
tan™"1 =1 3+5 7+
1 1 1
1. _ 4 4 4 _
tanh 1—1+3+5+7+ 00
1
> =1-1+1-1+1- -

2.3.6 Expansions by the multifactorial of the Pochhammer Symbol

Pochhammer Symbol of a rational number smaller than 1 can be expressed by the multi-factorial.

Formula 2.3.4

When N , K are two or more natural numbers and @ is an integer such that |a I <n,

{atk-Dn}!
(E) = « k) - (when a>0)
n /g n
a{atk-Dn}!
= « " o}, (when a<0)
n
Calculation
When a>0,
n/, nin n N
_ {ar&k-Dn}1,
nk
When a<0,since al =1, a+1n>0, -, a+(k-1)n > 0, then
a =a-al, &=1)
a(@a+ln) =a-@+1n)!, &=2)

a@+ln)@+2n) =a-@+2n)!, &=3)
hence by inducton

a(@+in)-{a+k-Dn} _ a-{at&-Dn}!,

nk nk

-16-
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Example

( 1) 1-4-7-{143k-1)} _ {1+3(-1))m

K 3K 3¢
1 ~1-2-5{-1+3(k-1 -1-{-1+3-1)m

(?)k: {3k &-D} _ { 3k(k )} DM =1
2 ~2:1-4-{-2+3(K-1 -2 {-2+3(k-1)m

(?)k: {3k &-D} _ { 3k(k )} 2m =1

2.3.7 Expansions by the multifactorial of the Hypergeometric Function
The hypergeometric function of which parameters are rational number smaller than 1 can be exprssed by
the multifactorial.

Formula 2.3.5

When n is two or more natural number and @ is an integer such that |a I <n,

a ) » {atn&-D1! @), xK
2F1(F’b’°’x) =1+ ©, aor. @9 o
_ » {atn&-D! @), xK
- l+a|§1 (C)k (nk)!n (a<0) )
When N is two or more natural number and a,b,c are integers such that |a | , |b | , |c|< n,
F ( a b c. )
2P o ok
B « {atnk-1)}! -{b+nk-11, X
_1+k;1 {ctnk-1)} 1, OO, @b,c>0) o
_ - {atnk-D}! - {(b+nk-D3T, X
Slrag {ctn-1D 1, o1, (onlya<0) ao
_q e L {atn-D}!,-{b+nk-D}1, K
) c & {ctnk-D31, Qo (only c<0) qo
Calculation

From (8),(8) and N Kk1= (L1

)
<_ (b)k k
o n
zFl(%,b,c;x):k;o o |)<(!
. {a+&-Dnil, @), XK

R o, o, @9 o
. (@D L), &
S S oy o I
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L7,

2':1(32’%”‘):20 (c) K1
k

n
{at&-Dn}!, {b+&-Dn}!,
_ o nk nk Xk
T A [c+&-Dn}1, i1 @bc>0)
nk
_ o {atnk-D}! {b+nk-D}, ¥
=l kgl {ctnk-1)}!, !, @bc>0) qo

Next, because a symbol whose sign is negative among a,b,C senves as a coefficient of ) ,

(10" and (10") are obvious.

Example 1
1 -
2F1(§,c,c,x)
» {1+3k-D}1;-(c k m -2ym
14 &-D3s @y :1+2(3k2) X
k=1 ©), Gk, =1 @Bkm
1
~ im  4m , 7m . jom _ =
=ltgwmxrgm* tomX T omx o T E-0
Example 2

-1
2F1(?,C,C; X)
o (FI8E-DH @ X 15 G,

=1+
kgl (C)k (3k)!3 k=1 (3k m
1
~ Dm 2m , s5m . gm ~ 5
=l-"3m X-smX ~gmX "~ 1omX - =@
Example 3
113 ,
2F1(§’§’§’X )
14 {1+2K-D 1, {1+2K-D1, x3
=1+
& BR2K-DI1; @1,
o _11Ir. -1Hn 2k
—1+ Ck-DN-@Rk-DN
& Ck+D 11 eon
11 x> 31m x4 5n S sin”t x
“ltow 3 tans few T T T
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Example 4

1 n-1 n+l_ |
ZFI( n"n ' n ’ X
—1+ ¥ {Itnk-D}!,{n-1+nk-D}!, x™
- k=1 {n+1+nk-D}1, K1,
— 1+ i {n(k_l)+l}!n'(nk_l)!n Xnk
k=1 (k+D1, k!,
(n_l)!n x" (Zn_l)!n in (Bn_l)!n X3n
=1+ + + + -
n!, n+l @n)!, 2n+l @Gn)!, 3n+l
2004.05.08

K. Kono

[ Alien's Mathematics |
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