Summary of Super Calculus

01 Gamma Function & Digamma Function
Although the factorial N ! and the harmonic number H,, (=1+1/2+--+1/n) are usuallydefined for a natural
number, if a gamma function and a digamma function are used, these can be defined for the real number p. That is,
p! =7 @+p) , H, =y(@+p)ty (y=0.57721-)

The former is convenient to express the coefficient of the higher order primitive or derivative of a power function, and the
latter is indispensable to non-integer order calculus of the logarithmic function.
Although some formulas about these functions are described here, the following two formulas proved in Section 3 are

especially important. That is, when m, n=0,1,2,3, -
A(n) _ = D™ mt w(—n) = 1) n!
I(-m) ! - In)
These show that the ratios of the singular points of [(Z) or l//(Z) reduce to integers or its reciprocals. The former is

necessary to express the higher order derivative of fractional functions, and the latter is required for the super calculus
of a logarithmic function.

02 Multifactorial
The relational expression of multifactorial and the gamma function is shown here.
For instance, in case of double factorial,

Cn-Dn :2”1‘(n+%) /d%) :2”1‘(n+—) e

@n)n :2”1“(n+§) /I‘(%) =2"T(n+1) = 2"n!

These are used to express the half-integration of a integer-power function later.
Moreower, we obtain the following Maclaurin expansions as by-products.

f (O f 0 f 0 f(3)0
f (O ' (0 f &
f(%) - o(m) X+ 3(m) "+ 65") * 9!!(!)X3+

03 Generalized Multinomial Theorem
First, the binomial theorem and a generalized binomial theorem are mentioned. The Leibniz rule and the Leibniz rule
about super-differentiation are expressed just like these later.

Next, multinomial thorem and generalized multinomial thorem are shown as follows.

Theorem 3.3.1

For real numbers X1, Xo, =+, Xy, and a natural number N , the following expressions hold.
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Theorem 3.4.1
The following expressions hold forreal numbers & and Xq1,X2, " , Xy S-i-
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Where, |X1| =|Xp+Xz++Xy| is allowedat a>0.

Higher order calculus of the product of many functions and super order calculus of the product of many functions are
expressed just like these later.

What should be paid attention here are the following property of generalized binomial coefficients.

n o [N
So=5(7)

r=0 \ I

That is, once generalized binomial coefficients was used, the upper limit of 2’ should be . Therefore, when N is

a natural number and D is a real number, the following holds in most cases.

n->p - éonCr f(nh,x) — go(r: )f(p,x)

When the original coefficient is not binomial coefficient e.g. 1,

n->p == éonCr f(n,x) — 20(2 )f(p,x)
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Although i 1 'f(p ,X) is difficult, Z ( f(p ,X) is satisfactory. What enables super calculus in this text
r=0 o\r

is just this property of the generalized binomial coefficient. Newton is great !

04 Higher Integral
(1) Definitions and Notations

The 1st order primitive function of f (X)) is usually denoted F (X ). However, such a notation is unsuitable for the
description of the 2nd or more order primitive functions. Then, ~~ (X)), f<2>(X), —  f77(X) denote the each order

primitive functions of f(X) in this text. Here, for example, when f(x)=sin x, f**"(x) might mean —C0S X or
might mean —COS X+ C. Which it means follows the definition at that time.

Furthermore, each order integrals of f (X)) are denoted as follows.

[reome [ [ 6w, - [ 6o

And these are called higher integral with variable lower limits . On the other hand,

/axf(x)jx1 , /axaxf(x)sz | ,/ax-"/axf(x)jx”

are called higher integral with a fixed lower limit.

(2) Fundamental Theorem of Higher Integral
There is Fundamental Theorem of Calculus for the 1st order integral. The same theorem holds for the higher order
integral.



Theorem 4.1.3
<> . . . .
Let f r—O, 1, = N be continuous functions defined on a closed interval | and f<r+1> be the arbitrary

<>
primitive function of f 7. Then the following expression holds for a, , X € l.

/a:-/ale(x)dx”: 6 -5 / / X'

A_r+1

Especially, when a,= a for r=1,2,

/{jl?(../:f(x)dxn Z £ 60 - me oy &) (x a)r

(3) Lineal and Collateral
We call Constant-of-integration Polynomial the 2nd term of the right sides of these. And when Constant-of-integration
Polynomial is 0, we call the left side Lineal Higher Integral and we call f<n>(X) Lineal Higher Primitive Function.
Oppositely, when Constant-of-integration Polynomial is not 0, we call the left side Collateral Higher Integral and we
call the right side Collateral Higher Primitive Function.

For example
3_ Left: Lineal 3rd order integral
smxdx = COSX o o
3,[ 2 Right: Lineal 3rd order primitive
YX X q 3 + X2 1 Left: Collateral 3rd order integral
0 0 SINXAX ™= COSX 2 Right: Collateral 3rd order primitive

Furthermore, from Theorem 4.1.3, we see that @, must be all zeros of f<r> forr=1,2,--,n in order for the
higher integral of f (X)) to be lineal.

(4) Higher Integral and Reimann-Liouville Integral

The higher integral with a fixed lower limit reduce to the 1st order integral which called Reimann-Liounille Integral.

Theorem 4.2.1 ( Cauchy formula for repeated integration )
When f(X) is continuously integrable function and [(Z) denotes a gamma function ,

/a . / teodx" = % / “G-D" @)t

Reimann-Liouville Integral of the right side is important. However, in the higher integral, since the left side itself has
an operation functions, the right side is not indispensable.

By the way, replacing the left side in Theorem 4.1.3 for Reimann-Liouville Integral and shifting the index by —n,
we obtain the following.
(x a)r

@ SO G + s [ 0 OO

This is the Taylor expansion of f (X)) around &. And Reimann-Liouville Integral of f™is the remainder term called

Bernoulli form

(5) Higher Integrals of Elementary Functions.

When M is a natural number, the 2nd order integral of X™ becomes as follows.

X[x my. 2 — 1 m+2 _ m! m+2
/o/ox =@ D@D T @1



Then, when ¢ is a positive number, it is as follows.

/7)( — al a+2
+2) 1%
Here, a! can be expressed by gamma function 7(1+¢) . Thus
/7XX aqx? = _[dta)
0o Ita +2)
By such an easy calculation, we obtain the following expressions for elementary functions. Where, 1, { denote the

ceiling function and the floor function respectively.

Higher Integrals of Power Function etc.

/O'X"/Oxx“dx” . %Xw (a = 0)
/ ? X = (—D”%Xthn (@@=
/+ e dx" = @D "e™

/O---/O log x dx" ::—:(Iogx—él%) x>0

X X X . . nﬂ'
/ / / sinxdx" =sin (X—? )
nr 27nY 1rx
2 2 7z
X X X n;z'
/ / / cosxdx" = cos(x—T)
-V Az 0x
2 2 2

X X X DH"e X
/ / / sinhxdx" = (2 ) e
nzi Y271 ixi
2 2 2
/X /X /X coshxdx” = S D%
o-Dri 17 oxi 2
2 2 T2

Higher Integrals of Inverse Trigonometric Functions

X X
/0---/0 tan Ixdx"= ——— tan X Z (—1) nChnoak X"
( )

2:n
/g ( ) “Cﬂ+1—2r{l//(1+n)—1//(2r)}xn+1‘2"

/21
Z (_1)kn Criraxx" 12
k=1
1n
Tt

tan X n/2!
/ / cot 'x dx"= ,cot 2 DX Croax"”
2+j|_ n/2t
—|092( ) Z - 1)knCn+1-2an+l_2k

i! g (_1)rnCn+1—2r{ w(@d+n)- W(zr)}xn+1_2r
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XX . 1 o0 _ & X" o1
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Where, a; =i-1.508879~, a, =0, ag = -i-0.475883~, a, = 0,
X X _ Xn _ /24 Xn-2r o
// cos x dx" = —costx - X > sin "x
a, Ja, n: =1 2r)N“(n-2r)!
n/2t n-2r+1 (S_l)!! 2 Xn_2r+1 >
- _1 Sn- r+ S 1_
2 2z Gl G+2r-Du2 (-2r+niv =
Where,alzl,aZZO,a3:?,a420,
-2r-1
XX g a o XD g e Qr-DN X" 2
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Where, a1, a5, , &, are all complex numbers.

Higher Integrals of Inverse Hyperbolic Functions

-1 2
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Where, 8, = 1.508879 , a, =0, az = -0.475883-, a, = 0,
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Where, a7 =az = a5: =0, ap,a,,ag, - are complex numbers.
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Where, a; =0, a, = 0.6079 , a3 =0, a, = 1.5539,
(6) Termwise Higher Integral and Taylor series of higher primitive function

Theorem 4.6.1

Let f ¥ r=0,1, - ,n be continuous functions defined on [a,b] and f

be the arbitrary primitive function
of f <r>. At this time, if f(X) can be expanded to the Taylor series around @, the following expressions hold for
x e[a,b].

f<n>(x):§:f <n—r>( )M Z £ (r)( ) (E(n fr))l gof <n—r>( )M

This expression shows that the Taylor series of f > consists of the constant-of-integration polynomial and the

termwise higher integral of f (X). The following can be said from this.

(1) A termwise higher integral with a fixed lower limit is collateral generally.
(2) It is the following case that a termwise higher integral with afixed lower limit is lineal.

f¥7@)=0 for r=1,2,n & f(s)(a)¢ 0,z foratleastone s=0

For example,

X X . (X _a)n+ r
X g N — a . . .
= e dx = e —FV—— T N1 A #—0 s collateral higher integral.
/a /a ;O (+r)!
X [X
// tan "*x dx"
0o Y0

@n! n+2r+1
Next, the following is obtained from the Taylor series of the higher integral of Iog X.

x (— 1)rmx is lineal higher integral.
r=0 -
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/01 a-xy dx = 2°{log2- w(@+p) -y} + 21 (F; ) {w(@+r)+y}

1+x
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05 Termwise Higher Integral (Trigonometric, Hyperbolic)
In this chapter, for the function which second or more order integral cannot be expressed with the elementary functions

among trigonometric functions and hyperbolic functions, we integrate the series expansion of these function termwise
and obtain the following expressions. Where, 1, { denote the ceiling function and the floor function respectively. And

Bernoulli Numbers and Euler Numbers are as follows.

B 1 1 1 1 _ 5
Bo=1, 82‘6’ 54-'%’ Be=22 B~ 30 Bu~ge

(1) Taylor Series
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(2) Fourier Series
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-k +1)x

/oo/w sechxdx"= (D" 22 D Ganr @k+1)"

(3) Riemann Odd Zeta & Dirichlet Odd Eta

x>0

Comparing Taylor series and Fourier series, we obtain Riemann Odd Zeta and Dirichlet Odd Eta. For example,
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06 Termwise Higher Integral (Inv-Trigonometric, Inv-Hyperbolic)

| Eax| ( 4 )2k+2n+él(‘1)k 1'3((22+)2'k)(%) ’

Here, we integrate the series of an inverse trigonometric function or an inverse hyperbolic function term by term.
Then, we obtain formulas simpler than what were obtained in "04 Higher Integral". Moreover, both are compared and

we obtain various by-products.

(1) Taylor Series
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(2) By-products
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07 Super Integral (Non-integer order Integral)

m
It is i a=ap which extended the domain of index j of >’ @ to the real number interval [0, p ] from the natural
j=0 j=1

number intenal [1,m7]. Anditis lgI b =D which extended the domain of index K of H b to the real number
k=1

interval [0, ] from the natural number interval [1,n]. It is called analytic continuation to extend the domain

generaly. Although usually analytic continuation is used for extending the domain of a function, it can be used also

for extending the domain of the index of a operator. Here, extending the domain of the index of the integration operator,
we obtain Super Integral (Non-integer order Integral ).



(1) Definitions and Notations
f7(x) denotes the non-integer order primitive function of f (X)) And we call this Super Primitive Function of

f(X). Since there is a super primitive function innumerably, which f<p>(X) means follows the definition at that time.

We call it Super Integral to integrate a function f with respect to an independent variable X from a (0) to a (p)
continuously. And it is described as follows.

X X X X
/ ~ [ fx)dxP {:/ ~ [ f()dx ~dx}
a(@) Ya0) a@) Ya@)
And

when a(k)=a for all ke[O,p]. we callit super integral with a fixed lower limit,
when a(k)= a for some k [0, p] , we call it super integral with variable lower limits .

(2) Fundamental Theorem of Super Integral
Let T~ re [0, p] be an continuous function on the closed interval | and be arbitrary the I -th order primitive
function of f. And let a (r) be a continuous function on the closed interval [O,p].

Then the foIIowing expression holds for a(r), xe | .

X X X
/ ~ [ H60dx = £ TG0 - z £ (oD -r)) / - / dx"
a() “a©) a@) Ya(p-r+1)

Especially, when a(r)=a for all ke[0, p],

[ 100 =160 - S @

(3) Lineal and Collateral
We call Constant-of-integration Function the 2nd term of the right sides of these.
And when Constant-of-integration Function is 0, we call the left side Lineal Super Integral . and we call f<p>(X)

Lineal Super Primitive Function.

Oppositely, when Constant-of-integration Function is not 0, we call the left side Collateral Super Integral and we call
the right side Collateral Super Primitive Function.

For example,

X . V4 Left: Lineal P th order integral
/~/ smxdxp:sm(x—%)
pz’ Ox Right: Lineal P th order primitive

/XN/ xSin dxP = i (— 1)r 2r+1+p Left: Collateral P th order integral
o YO =0 1'(2r+2+ p) Right: Collateral P th order primitive

(4) Super Integral and Reimann-Liouville Integral
The super integral with a fixed lower limit reduce to the 1st order integral which called Reimann-Liounlle Integral.

[ 1600 = F(p)/ -0t

This is what extended the parameter N to the real number in Cauchy formula for repeatedintegration. Since the left
side has lost the operating function, Reimann-Liouville Integral of the right side is very important. All the super integral
with a fixed lower limit can be verified numerically by this. On the other hand, since the super integral with variable
lower limits cannot apply Reimann-Liouville Integral, the verification is vary difficult.

(5) Fractional Integral & Super Integral
In traditional Fractional Integral, the super primitive function is drawn from Riemann-Liouville Integral.

For example, in the case of f(X)= X% itis as follws.

-10-



Let
x-D°*

f(t) :ta ) g(X—t) = ]—v(p)

Then
(x1)¥ = % /o “te-)PLdt = /0 fOgx-Ddt

We find out that this is a convolution (f *g) (X) . Then we take the Laplace transform of (f *g) (X)

(RLDI €Y —  FG)GE)
f(x) =x“ — % =FG)
_ Xt 1 7 _ 1
99 * TH o 5y "0
Ma+l) 1 _ I(a+l) r(a+p+1)
F(S) G() - —+1 Sp - [(a+p+1) Sa+p+l
Finally, taking the inverse Laplace transform, we obtain ;;i—ﬁi)xa+p

Because the technique of Fractional Integral is difficult like this, it is more difficult to obtain the super primitive
function of 10g X by this technique.

Abowe all, the problem is that Fractional Integral cannot treat the lineal non-integer order integral such as sinx.
Because Riemann-Liouville Integral cannot be applied to the integral with variable lower limets.

On the other hand, in Super Integral that | advocates, first of all, we obtain the following higher integral.

X [x IQ+a
/.../ Xadxn = #Xa*'n (a > O)
o Jo I1+a+n)
And replacing the index of the integration operator N with a real number P, we obtain the following very easily.
X X b +a) a+p
~ o x%dxT = X (az0)
o Jo IMlta+p)

Furthermore, performing the higher integral with variable lower limits and replacing the index of the integration operator
with a real number, we can obtain the super integral such as sin x easily.

(6) Super Integrals of Elementary Functions.
In this way, the following super integrals obtined from "|04 Higher Integral [,

[ agp o AAFD) o

/oN/oX dxP = F(1+a+p)x P (a=0)
X X a — F(_a_p) ot

/OO’V/OOX dx? = CD)P——~= r:_a)x P (a<-p)

/XN/Xeixdxp = @D)Pe**

* [ logx -~y (@A+p) -y
/O /O log xdx ) X

X X T
/ ~/ sinxdx” =sin(x—p7)
oz Jox
2 2
X X p;z-
/ ~/ cosxdx? = cos(x—7 )
¢-Dr 7 -1z
2

2
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'~ DPe”
hxdx? =
/p_ /omsm XaxX >
2

/x N /X cosh xdxP e+ CDPe”
’ 2

p-D7zi Y -1zi
2
X [x 4 _ tan @ _2k
/o~/0 tan " x dxP = Ta+p )Z( Dk (p Zk)xp
Iog(l X ) P +1-2k
*mﬂ' D (g g
‘ P +1-2r
,(1+p) 5D | | vay-p@
o | _ 1 tan 'x & k 2k
/O/Ocot xdxp_—j_(1+p)cot X - F(1+p)2( D (p 2k)xp
log(1+x?) &

K p +1-2k
) 2f(1+p) % 6D (p+1-2k)Xp

' P +1-2r
r(1+p) 5D (pJ,l_Zr){e//(1+|o)-w(2r)}xp

tanh™ X o P -
p—= p-2k
/ /tanh XdX F(] p) kgo(p—Zk)X

+ M S ( p )Xp+1—2k

27(A+p) =1\ p+1-2k
1 o +1-2r
- Ia) ;1(p+:|r_)—2r ) {y@+p)-y @I
(7) By-products
$ Dk (n) __@mn $ DX (n) _ B(@+n, 1/m)
k=0 2k+1 k (2n+1)'! ' =0 mk+1 k m
G P> _ 5 D'
an-5 5 () 0TI a5 ()

Where, B (X,Y) is the beta function.

08 Termwise Super Integral
The following termwise super integrals are obtained from "[05 Termwise Higher Integral (Trigonometric,Hyperbolic)|"

and "[06 Termwise Higher Integral (Inv-Trigonometric, Inv-Hyperbolic)|".
Where, 1, { denote the ceiling function and the floor function respectively. And Bernoulli Numbers and Euler Numbers

are as follows.

_ 1 1 1 1 _ 5
Bo=1,B2=5.B4s=—35, Be=25: Bs=" 35, Bio=gg:
E,=1 E,=-1, E,=5, E,=-61, E,=1385, E;,=-50521, -
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X [x . 2%(2%-1)|B
/N/O tan xdxP :Z | 2k| X2k+p—1 O<X<£
0

k=1 2k I(2k+p) 2
X [x . 2%(2%-1)B,,
N p— 2k+p-1 <y< X
/O /0 tanhxdx k;l ok TCk+p) X 0<x >
X [ ] | Ex| /4
~ p —y el 2k+p il
/O /O secxdx & Tk+p+D) X O<x< 2 collateral
/XN/X hxd p —iL 2k+p O< <£ il |
o Jo secn xax _k:O 1_,(2k+p +1) X X > collatera
X [x . 2%(2%-1) |By| 7\ 2kep-1 -
~ P=_ -= i
/,, /,,COthX 2T KTk p) (X 2) pSX=7
2 2
X/X 0 |E2k| 2k+p T
/N csexdxP =) (X——) - < X< 7 collateral
vz k=0 [ (2k+p+D) 2 2
2 2 P
x/x ) oo & e-(2k+1)x
~ =CD"2Y ——— >0
/oo ; cschxdx”= (-1 k;O D)y X
/x/x i 192 o ! ) e—(2k+1)x 0
~ = —_ —_ _ >
), seehxdx= G2 2 GO o s X
X X S 2k)!
~ 1 P = —1\k ( 2k+p+1
/O /Otan X dx k=0( D 1'(2k+p+2)x O<x<1
o P 9 !
~ t~1xdxP A S kMR 2keprl ey <]
/o /oco XX =2 Ty &Y Tkt X
X [ 5 {(Rk-1DM}?
/“’/0 sin‘lxdxp = {]g(2kk+3+2}) X2k+p+l 0<x<1 colateral
0 k=0

X X p —1)ym2
" 1,400 - X _a {@k-D M oripia
/O /0 cos ~xdx =5 —1_,(1+p) kgo f(2k+p+2) X 0<x<1 colateral

X [x _ o 2k)1!
~ 1 P — ( 2k+p+1 O<x<1
/O /Otanh xdx k=o—1'(2k+p+2)x X
X e {@k-DM)° o,
. 1, 4P = _1)k 2k+p+l <yx<1
/O/Osmh xdx k;O( ) ]_,(2k+p+2)x 0<x collateral
S RO P 2 2 {@k-DNy?
/O /0 sech ™ “xdx a+p) log~ ty(Q+p)ty kgl 2k I'(2k+p+1) X
0<x<1 collateral

x [x P 2 8 Qk-1p1my?
y 1 p:X_{ 2 }_ _k L 2k
/0 /0 esch ™~ xdx” =y 1109 MACHD LV RPN GO b [Ckp+D) *

0<x<1 colateral

09 Higher Derivative

(1) Definitions and Notations
When f(n)(X) denotes the derivative function of f(”'l)(x) for n=1,2,3,, we call f(n)(X) Higher Derivative
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of f(x)..

Moreover, we call it Higher Differentiation to differentiate a function f with respect to an independent variable X
repeatedly. And it is described as follows.

(2 & Z0)) ) 2rme

(2) Fundamental Theorem of Higher Differentiation

The following theorem holds from Theorem 4.1.3 .

When f(r) r=0,1, -, N are continuous functions on a closed interval | and are the I th derivative functions of f,

the following expression holds for X € | .

= {90

This theorem guarantees that only the lineal exists in the higher differentiation.

(3) Higher Derivative of Elementary Functions

When M is a natural number, the 2nd order derivative of X m becomes as follows.

1
(x™® = m@m-Dx™? = ™2

-

Then, when ¢ is a positive number, it is as follows.
(x)® = = ogx
@1
Here, a! can be expressed by gamma function 1—’(1+0£) . Thus
@ _ _[(+ta)
(x) s Tara-2*

By such an easy calculation, we obtain the following expressions for elementary functions.

@ _ [Q+a) 4 _
(x*)™" = mx (o z0)
= (_1)-”MX06-” (a < 0)

I(-a)
(eix)(n) = @) e

Uog )™ = D" -1 x™"

Ginx)®  =sin

)
o7

Cosx)®™  =cos 5
: o _ - D™
Ginhx)*’ = >
X -n_-X
o _ €T De
(coshx)™7 = >
etc.

(4) Higher Derivative of Inverse Trigonometric Functions

When 1, { denote the ceiling function and the floor function and n is a natural number,

-14-



=1 ns .
(tan—lx)( ( )n (n ) Z ( 1) Cn+1 Zan 1-2r
(x2+1)" =2
-1 +
(Cot—l ) _( )n 1 ((n )) 2 (_1) Cn+1 Zan 1-2r
x2+1
(Sin_lx)(n) : n/2l( n-1 ) QCr-DN (2n-3-2)Ny" -2
n-1-2r nr-2
(1-x%)
(cos™x)" = _n’Z*( - ) @r-Dit@n-3-201"
n-1-2r nr-2
(1-x%)
etc.

(5) Higher Derivative of Inverse Hyperbolic Functions

When 1, { denote the ceiling function and the floor function and n is a natural number,

-1 nr2 1
(tanh‘lx)(n): (coth ~x ) —( D" (=Dt ZTnCn+l—2an 1-ar

( 1) r=1
n-1 )(2|r—1)!!(2n—3-2|r)!!x”‘1‘2r

(sinh~2x) ™= (—1)”4j§§(%1)r(

n-1-2r 1
(x3+1)
- n-1-2r
(cosh %)= ™t 2 e 1)r(n 112 ) @r-DN 2n —3-22!!x
(x2-1) 2

etc.

(6) By-Products

n§T(—1) nCh+1-2 = —2”’23|n¥
{k+ (h 1)}' (h-D!
Z D i =T
Example
—5C4 +5C2 —s5Co =4
1
12-23+34-45+ - =3

10 Termwise Higher Derivative (Trigonometric, Hyperbolic)

In this chapter, for the function which second or more order integral cannot be expressed with the elementary functions
among trigonometric functions and hyperbolic functions, we differentiate the series expansion of these function termwise
and obtain the following expressions. Where, 1,{ denote the ceiling function and the floor function respectively. And
Bernoulli Numbers and Euler Numbers are as follows.

_ 1 1 1 1 _ 5
Bo =1, Bz—g, B4—‘%, BG—E, Bs—‘ﬁ, Blo—%a"'
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(1) Taylor Series
. 2%(2%-1) |By|

® - 2k-n-1 1
2
22k(22k_1)B
") _ X 2k 2ok-n-1 1
Ganh)™ = 2. 2k@k-n-D1 * IxI< 5
=z
22k B
QPPN Bak|  akns
(COt X) - ( 1) Xn+1 k_;+1? 2k(2k—n—1)! X O<x<r
—z
2k
n ! ® 2 sz o
0™ =CD"55 - B ot 0T
X k:TT
2k
nt o (2%-2) Bu| e
Cse)® = D"—5 + > o kD1 21 ey n
X k= 5=
2k
nt . (2%-2)B, N
(csch)® = 1)" L %1 D1 N L R N
X k==t
Gee)® = 3 MXZk—n K< Z
=+l (2k—n)! 2
2
Gech0)® = 3 2ok Ix|< Z
k=n—+1¢ (2k_n)! 2
2
(2) Fourier Series
Ganh)@= CGDMI2M Y D e x>0
k=1
Cothx)® = (=D)"2"1 3 kNe 2K o0
k=1
@sch0)® = (D"2 3 @k+D)"e @D x>0
k=0
Gech )@ = (-D'2) D*@k+D)"e G x>0
k=0

(3) Dirichlet Odd Eta (minus) & Even Beta (minus)
Comparing Taylor series and Fourier series, we obtain Dirichlet Odd Eta (minus) and Even Beta (minus) .

_y"-t ., 2%(2%-1) B 2k-2n
pa-amy= 2 ()
o4n-1 2 2k(@k-2n)! |\ 4

v 4|  PRal )]
n(-2n) = W(;) @n-D! + é Sk@k—2n)1 (Z)

(22"-1)B,,
nd-2n) =
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2 B (_1)” o 22k(22k_1)|82k| (£
PE20) = it 2 2k@k—2n-D)T | 4

)Zk—Zn-l

B D" [ 4 Zn[ . 22k|sz| - Zk}
PE20) = o (;) G - 2 S Ck-2n-D)1 (Z)

k=n+1
E2n
pG2n) =
(4) Other by-products
12 3 . B
D —_— — — cee : l — n
el * e? * e? * e to=nit G k_;+1‘r 2k@k-n-1)1
=
o2 LE A (e
el e? e ¢t =CD T 2k k-n-1)!
e
1 3 57 Nt D" (2%-2)By
o+ e = _
et % e e 2 2 T 2k@k-n-D!
2
EANE N N S o
et e® e° ef 2 T @)
2
1P 2P 3P 4P
p p p p
%*%*% +l7 N1 )] p>0
e e e e 2

. (2%-2) 1Byl [ 7\
Cn-Dt = X S @k—2m1 (5)

. 2% |By | ) 2
Gl = 2 S Ck-2n-D)1 (5)

11 Termwise Higher Derivative (Inv-Trigonometric, Inv-Hyperbolic)
Among trigonometric functions and hyperbolic functions, there are functions that it is difficult to obtain the general
form of the second or more order derivative. In this chapter, we differentiate the series expansion of these functions

termwise and obtain the following expressions. Where, 1, { denote the ceiling function and the floor function

respectively.
(1) Taylor Series
1™ & 1\ (Zk)! 2k+1-n
(tan*x) _k—;_lr( 1) TR TR Ix] <1
T2
O O S 91 2k+1-n
(cot™x) = = k-;_lT( 1) k)T ¥ Ix]| <1
T2
o s {@k-DMY

T & @k+I-myrt

2
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(cos‘lx)(n): i ;O_ ((22kk+11)n)' x 2K+i-n Ix] <1

Q) o @2k-D @k+n)!

)= ED" 2 aon (2k+2)! X
k-1 2 !

(sec™)® = D" 120 (ékﬁ! ((2::11)) A Ix1>1

oW _ @ (Zk)! 2k+1-n
) ‘k:iT @k+1-n)1*

2k+
(coth %)™ = (1)@ Z EZLB' x~2K-1on Ix]>1

(csc™tx Ix]|>1

(tanh~*x Ix] <1

@ 2k-D M} ii1n
(sinh ™) :k_%l D' {((2k+1—)n)}! x* Ix]<1
_TT
1@ _ oo (- -1 @ktn-DE oy,
(cosh ™)™ = 1) x" D c1 (kMY x>
-1)m2
(csch )™ = pyn8=2° 1) -2 DX {Z(kZEZklzn)}l x2K-n 0< x<1
k=51
1 o -1 M2
(sech™ x) =CD"—— (- 1) - Zn {2(k222k12n)}' x 2" O< x<1
k=5t
(4) By-Products
8 2k)! S (-
2, (-1)'(% =D - ) Z D Craoan
k=——1 -
Example
1-2-34+56-78+- - = —%

12 Super Derivative (Non-integer times Derivative)
Here, extending the domain of the index function of a differenciation oprator, we obtain Super Derivative (non-integer
order derivative).

(1) Definitions and Notations
fPx) denotes the non-integer order derivative function of f (X). And we call this Super Derivaive of f(X).

Since there is a super derivative function innumerably, which f<p>(x) means follows the definition at that time.

We call it Super Differentiation to differentiate a function f with respect to an independent variable continuously.
And it is described as follows.

4 to { %~—f( y 2 pieces}

dxID

(2) Fundamental Theorem of Super Differentiation

Let f © r € [0, p] be an continuous function on the closed interval | and be arbitrary the r-th order derivative
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function of f. And let a (r) be a continuous function on the closed interval [0, p].

Then the following expression holds for a(r), xel.
160 = 19 + LK f(r){a(o—r)}/x~/x dx"
dxP dxP =0 a@) /a(p-1)
Especially, when a(r)=a for all ke[0, p],
dP ©) dP Q) (X a)r
—fC) =) +— 2 f
5100 = 1900 + - SO FTr

(3) Lineal and Collateral

We call the 2nd term of the right sides of these Constant-of-differentiation Function.
And when Constant-of-differentiation Function is 0, we call the left side Lineal Super Differentiation and we call f(p)(x)
Lineal Super Derivaive Function .

Oppositely, when Constant-of-differentiation Function is not 0, we call the left side Collateral Super Differentiation and
we call the right side Collateral Super Derivaive Function.
For example,

when a # = |

dP X_ X dP p-2 a (x—a)r Left: Collateral p-th order differenciation
— =g —— Y e ot
dxP dxP r=o I(+r) Right: Collateral p-th order derivative
when & = —0
d P e e Left: Lineal p-th order differenciation
pr Right: Lineal p-th order derivative

As seen from this example, the lineal and the collateral exist in the super differentiation unlike the higher differenciation

(4) Riemann-Liouville Differintegral
When the super integral of (X)) is the one with a fixed lower limit, the super derivativeof f (X )is obtained by
the following formula. In this formula, the N th order differenciation is subtracted from the N —P th order integration

and the P th order derivative is obtained. Then, this formula is called Riemann-Liouville Differintegral.

i _F(n;p) d” / G-D" POt n=ceil ()

Since the left side has lost the operating function, Reimann-Liouville Differintegral of the right side is very important.

(5) Fractional Derivative & Super Derivative
In traditional Fractional Derivative, the super derivative is drawn from Riemann-Liouville Differintegral.

For example, in the case of f(X )=log x, itis as follws.

1
5—1

1
(og x)(i) log t dt

r(1 1/2) i / -0

dx/ x-t) 2Iogtdt
%dil—m/?tanh‘l( —“j;) - 2/ x-t (logt-2)

Long calculation continues.
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logx +2log 2 X-%

T—{4J_(I092 - +2/xlogx} = N

Because the technique of Fractional Derivative is difficult like this, it is unknown in whether the case of P =1/3 is

calculable in this way.
Also, it is the same as the case of super integral that Riemann-Liouville Differintegral cannot be applied to the non-

integer order derivative such as Sin X.
On the other hand, in Super Derivative that | advocates, first of all, we obtain the following higher derivative.

X [x logx —y@+p)-y
~ P = P
/o /O log xdx T(@+p) X

Since differentiation is the reverse operation of integration, reversing the sign of the indexof the integration operator,
we obtain the following immediately.

e _ logx ~v(@-p)-y
(o920 -p)

Substituting p = 1/2 for this,

_ logx -y(1/2)- =

1 1
logx = (=y-2log2)-y -3 _ logx + 2log2 -5
X - X
AT AT
Thus, we obtain the desired super derivative very easily.
By the way, when p = 2, according to the formulas

e GO COREE
it is as follows.
Q0g 0@ = log x[(c,fgl) ! 32 = _ DM X_12

Furthermore, in a similar way, we can obtain the super derivative such as sin x easily.

(6) Super Derivatives of Elementary Functions

In this way, the following super derivatives obtined from | 09 Higher Derivative| "

(x*)® = %x“‘p (a = 0)
=D [5_(?05 ) e (e <0)

(eix)(p) — (+1 p +X

logx —y(@A-p)-y _
logx)® = x P
(l0g2) I'1-p)
(sinx)(p) =sin x+%)
(cosx)(p) = Cos x+%)

X _ _1 -p.-X
Ginhx)® = < (2) :
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e+ (—1)'r’e'X

(cosh)® =
(tan"x)® = zt%] px) i( )k( o Zk) _p-2k
' % 1 ( +_1IO 2% )X_pﬂ_ZK
f(l p) i= e )r( +_1p or ){W(l‘P)-V/(Zr)}x‘p”‘zr
(o) = It?(: px) A (- _—p2k )X_Hk
_ log(14x°%) &

k -P p+1-2k
2r(1 oy =D (—p+1—2k )X p

r p -p+1-2r
5Dy | r@sm-v@di

f(l p) i

(7) By-Products
$ D* n) __B@+n, -1/m)
&6 mk+(m-21) ~ m(mn+m-1
®_ q*1lp & CD' (A) gy
)™= Tpy & i X

-1 q—l
B(q,-p)=- q P Z I’S'l)p ( . ) B () is Beta function

B () is Beta function

13 Termwise Super Derivative
The following termwise super derivatives are obtained from "10 Termwise Higher Derivative (Trigonometric, Hyperbolic)'

and "l1 Termwise Higher Derivative (Inv-Trigonometric, Inv-Hyperbolic)" .

Where, 1,{ denote the ceiling function and the floor function respectively. And Bernoulli Numbers and Euler

Numbers are as follows.

_ 1 1 1 1 _ 5
Bo—l, Bz—g, By —-@, Be=75 Bs™~3p Bio=gg:
) 22k(22k_1) B |

® - 2k-p-1 O<x< £
(tanx) 2 T K@) X X< 5
2

22k(22k_1)B
® - v 2k 2k-p-1 O<y< Z
(tanhx) k:&T 2k TCk-p) X X< 5
2
(SECX)(p) =y ﬂxﬂ_p 0<X<£ collateral
5, T@kp+) 2

00 E k
(sech X)(p) = X : 2k-p O<x< z collateral

1, T (2k-p+1) X 2
2
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- A s
T2
Cscx)® =k_%¢r(2|ff2;|+1)(x—§)2k p Z<x<7
2
(cschx)®= (1) P2 ;O (Z(Ekjgxp x>0
Gech)®= D)2 2 D (2(‘2(“2; x>0
(tan"x)®= _i¢(_1)k1ﬂ(2(lf+)2-—p))(2k+l_p O<x<1
T2
(cot™1x )P = g % —k_%o_lT(—l)k[(z(%;imek”'p O<x<1
=2
(sin~'x )(p)= i %@1 ﬁ;k+lg ':)})2 2kt1-p 0<x<1 colateral
2
(cos_1X)(p): g ]“();___pp) _k_ :_1T {;(22kk_+12)_!:3})2 x2k+1-p 0<x< 1 colateral
=z
(tanh‘lx)®)=k_%Tm(E+)2imx2k+l'p O<x<1
T2
(Sinh'lx)(p): k:%O_;T(-l)k {]S(szk__,_lz)_!;})z x2kr1-p 0<x< 1 -colateral
(sechx) = Fé—_pp) { Iog%’“ w(l—p)+7} kZp z{k(?ékl );}1) -
2 0<x<1 coliateral
(csch '1x)(p)= Fé—__pp) { Iog§+l//(1-p)+7} _E;(_l)k 2{l<(12*22_|<12;;1}1; x2kp

O0<x<1l collateral

14 Higher and Super Calculus of Logarithmic Integral etc.
Here, the higher integrals and the super calculus of the double logarithm function and the following four functions are
shown.

sint

Ei(X):/_:eTtdt ,Ci(X):/ &Stdt Si(x)= /—dt , )= /mdt

(1) Higher Integrals of Logarithmic Integral etc.

/ /EI(X)dX = {x Eix)-e Zr' }
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XL n 1 . n Ly r n-1-2r
// Ci(x)dx =H{C|(x)x - sinx ;O D@ x

v
N

n-2y24
roosx S DI @r+DY x”‘Z'Z'] n
r=0
X [X 1 (-2}
// SiG)dx" =F[Si(x)x” +cosx > (-D'@rIx"
0 J0 - r=0
("-2Y24
+sinx. ﬁ' D'@r+)! x”'z‘zr}
r=0

O-1/2! Xn—l—2r

2 D’ Qr+) (-1-2r)

/'X"/Xli(x)dx” = i- io( D" Crx""Ei{ r+Dlogx}
1

/ / Iogllogxldx”—

(2) Super Calculus of Logarithmic Integral etc.

{x log Jlogx| + Z D' Cix™ rEl(rlogx)}

/ /II(X)dxp— r(1+ Y ; Z( D' ( )Xp‘rEi{(r+1)Iogx} x=0
(i)Y P= ——— 1-(1 0 ; Z( D' (_ )X_p_rEi{(r+1)|ogx} x=0
/o:/o)iogllogxldxp=m[xplog|Iogx| +§1(—1)r ( P )xp‘rEi(rIog x)}

(logllogxPD® = Ei(rlogx) }

15 Higher and Super Calculus of Elliptic Integral
when |x] =1, [kl =1, |cl =1, Elliptic Integrals of the 1st~3rd kind are expressed as follows.

_ X dx _ X
Feho = | e ¢ e = [

X
e,k = | ik
0 (1+ex?)y/ (1-x2)(1-k%3)
In this chapter, we expand these to a double series or a triple series and calculate the arc length of an ellipse and
a lemniscate using thiese. Next, we calculate these term by term.

(1) Double (triple) Series Expansion

00 r _1/2 _1/2
—_ 2s ., 2r+1
FOok) = rgo s;o 2r+l \ r-s ) ( S )k X
LR (_1)r ( -1/2 ) ( 172 ) 25 2r+1
Bk = rZO 520 2r+1 \ r-s S KX
o oo (- ) (—1/2) (—1/2) S
x,c,k) = IPIPN or+1 C ot ‘ k= x
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(2) Termwise Higher Calculus

/o’f../OXF(x,k)dx”—rZOSZO%( 2)( )

/ox'"/oXE(x,k)dx”—rzOSzo%( 1/2) (1/2) 25 orenit

R

r=0 s=0 t=0 s—t t
d" 5 & CEDIEN! -1/2 -1/2 k2S5 2N+l
o= & _;o @r-n+1)! (
2
3 Z (—1) @ (-1/72)\ (172 25y 2N+l
_r:n 1,570 (Zr n+D!
2
qn a &8 ED'en r_s(—l/Z) =172\ ot 2r-ne1
g 1S —_iﬁ:m;o_(zr-rwl)! © 1 s-t ( t )k "

(3) Termwise Super Calculus

X X w r (=1 -1/2 -1/2
[ Faione=g § COTCOD (T2 [ 72 )

=050 [ (@2r+p+2) r-s S
X X . -D'1rCr+1) (—1/2) (1/2) s oreptl
~ p— S r+p+
/o 0 B lodx r;o s;o F(2r+p+2) r-s S Kox

X X w T (—1)r](2r+1) ( 1/2) ( —1/2)
~ p— r-s 2t 2r+p+1
/o 0 Kdx =0s0t=0 [ Qr+p+2) s-t t k=X

p « (<D 7Cr+1) (-1/2)\ (-1/2 .
d—F(x,k) =3y 3 CD7@r+l) ( ) ( )kZSXZI’—p 1
dxP b-1,5%0 I'@r-p+2) r-s S
2
p « o (D' 7Cr+1) (-1/2)\ [1/2 .
d—E(X,k) =3y 3 D 7@r+l) ( ) ( )kZSXZr—p 1
dxP a0 I@r-pt2) |\ r-s S
2
d° _ Q< D7 @r+1) ol s( 1/2) ~L/2)\ ot or-pet
dpo(X’C’k) __pZ-l sgo;o I2r-n+2) s-t ( t )k X

16 Higher Integral of the Product of Two Functions
We obtain the following thorem for the product of two functions.

(1) Theorem 16.1.2
Let f = be the arbitrary I th order primitive function of f (X )and g~ be the I th order derivative function of § (X )
for r=1,2, - ,m+n-1. Let f g gg) be the function values of f ", g(r) on a, fork=1,2,-,n

And let B (n, m) be the beta functlon. Then, the following formulas hold.

0> 04N = m=1 =N <n+r>_ ()
[F a5 (7 )

-1m- -n+r X X
S I TR T L

S
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n-1r-1r-1 X
LD S S S G e £ [ [T g
a

r=1s=0 t=s 8- a

(_1)m =1 n-1Ck )_(”/Xf<m+k> (m+k)an
B(,m) =0 m+k a g

Especially, when a,=a for r=1,2, - ,n and

when f°@)=0 (r=1,2,~ ,m+n-1) or g®@)=0 (s=0,1, ,m+n-2),
X [X m-1/ -n (—l) n -1 1-1Ck <m+k>_ (m+k
v [ F P Ogxn = ( )f<n+r> ® 4 / /fm M+ "
/a /a 9 ;0 r J B(n,m) (= o m+k

(2) Higher Integral of the Product of Two Functions
We obtain the following expressions using this theorem.

/Xb/xb G@x+b)P(cx+d)%dx"

“a T a

n n-r+l

1

= (_n ) @)™ At @x+h)™M
=0\ r @sc)" I@+p+n+r)A+g-r)  (x+d)™™
/Xb/); Gx+b)P (cx+d)"dx"
=3 (_n ) @)™ A ra+m)  @x+h)™™M
=0\ I @/c)" I@+p+n+r)IA+m-r) (x+d)™

N\ logx-y@+n+r)-y [I(A+a)
I'+n+r) I'Q+a- r)

)) logx-w@+n+r)-y 7(A+m)
| Fanen
)7

Ms

/?(--/Xx"’logxdx”: (

0 0 r
// x"logxdx" = (

0 JO r=0 r

0

M=

I'(+n+r) I'A+m-r) X"
I@+m) (h+r)rz
SII’]{X—T}

-Nn

X X m
// x"sinx dx"= )
a r=0

/ /x cosx dx" = io

// x"sinhx dx"= 3 ( n) [+ m) xm ' e’ - D" e
a, ‘a1 r=0

r /) I(1+m- r)

_I(@d+m)

I(1+m-r)

-n

X COS{X—
r

r 1+m r) 2
/ /x coshx dx" = 20( rn) Fl(Jlr;qm)r)Xm_r eX+(-;) e”
o Jo Z
11 n+r 1
+ Z D" 1( ) F(1+(;)+r) logx— Z )

X [Xx X4 n=1aaC I (n-r+a, —-x)x
[ [ e = I '

o'®  @nt R
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0
R = [ -1 Cr I (n-r+a)x’

2isinar rZO G-DI
X X myyN — n) [(1+m) xm=r
/_m /_oo dx"=e Z ( I'l+m- r)
/X.../X Xloox dx” = x{l | |+"22“‘22‘r stx' ] E()nZlX
-/ e"logx dx” =e" log |x 2 2 sl i(x

|\
85><

o= [sn | e x-1
esmx X 4 e’sin| x- 4

/_: e*cosxdx" = ( —) e cos(x—%)
/OOX/OO “x%dx" = (( ))nl 2 CD O T -r+a, XX
/Oo?("/mxe'xxmdx”— D )n 2 D' (_rn ) lﬁl:mm)r) m-r

/DO /m “logxdx" = (-D"e 'X{Iog|x|+ Eznir%}

r=0 s=0
_( 1)nEI( ( )
=0
n
X ; N — £ 1\ [ cin % —X_; nz
/Oo /Ooe sinxdx" = (-1) (sm4)e sin x+4 )
n
/ /e “cosxdx" = (—1)”(sin£) e *cos X+M)
w Jo 4 4
(3) By-Products
2 (D _ 7 (n +1)7z
kZO PK+1 ——anCox = Z)
ns2t (=1 1 [ 7z (n+1)7r }
kgl 2k nCok-1 = T+l (sm 2 ) COS—4 -1
Example

8C0_8C2+8C4_8C6+8C8 16
1 3 5 7 9 9
_8C1+8C3_8C5+8C7 _E
2 4 6 8 3

17 Super Integral of the Product of Two Functions
We obtain the following thorems for the product of two functions.

(1) Theorem 17.1.2

Let I', p are positive numbers, f “"be an arbitrary I th order primitive function of f(x).g ® e the r th order
derivative function of g (X), B(n,m), T(p) are the beta function and the gamma function respectively. At this
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time, if there is a number @ such that

f@)=0 re[0,m+p] or g¢g®@)=0 se[0,m+p-1].

then the following expression holds.

/i/xfgdxp:mz-l(_p )f<p+r>g(r)+ RP
a Ya r=0 r

Rrﬁ)]_ (_1)m o° 1 p -1 //f<m+k> (m+k)pr
B@,m) & o m+Kk

(2) Super Integral of the Product of Two Functions
We obtain the following expressions using this theorem.

/ “ / Gx+b)” Cx+d)%dx®
b b

“a Ta

_ i ( ) ) (1/a)S+r IA+p)7(A+q) (ax+b)p+s+r
o\ r ) @/c)" [(@+rpts+r)I(A+q-r) (cx+d)™
[ ], @ xrayioe
= i ( - ) @/a)™" I(@+p)/(A+m) G@x+b)P*"
S\ r ) @) T@+p+s+)IA+m-1)  (ex+d)™"

p) logx-y@+p+r)-y I(1+a)

[ a b
/o /ox logxdx"= 3, prn  TQra-n*

/X~ Xxmlogxdxp— io( r ) |09X[(Wl£1pirgr) Y [g}:rrnm)r)
[ [oramaee [ ) D 030
/ /x cosx dxP = i( rp) Fj(}i:nm)r)x cos{x—@}

— X_f_ p+r_-X
//x sinhx dxP= ;0( p) i m) xm1 & CD" e

r | I(1+m-r) 2
m (=p\ I@+m) ., ef+CDP e
P —
/ /x cosh x dx rZO( ; )F(1+m—r)x >

p
X [* 2 p_ Xtlogx-y(1+p)-7} logx
/O /Olog xdx CL+p)

+yP Z( - 1( ) {logx- !//E1+p+r; 7H)
IT(A+p+r
/ / x%dxP = (_1); 20 ( p;l)r(p-ﬁa, -x)x"
[*[ewoe=e 5[ T ) rimon™
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/i/Xe'Xx“dxp— (;(p))p Z (—1)r(Io;l)l”(p—ﬁoz,x)xr
[ et D8 caye (P Ao
p

r=0

/ /e smxdxp—(—l)p(sm%) e %sin x+%)
p
/ /e cosxdxp—(—l)p(sm%) e *cos +%)
(3) By-Products
3 DX (P 1) (p+l)7z
k=0 2k+1 2k a p+1 4
DY p )1 {(1) (p+1)7r_ }
A 2k \2k-1) " per\SNa]  sTg 1

18 Higher Derivative of the Product of Two Functions
The following Leibniz rule is drawn from the Theorem 16.1.2.

Theorem 18.1.1 (Leibniz)
When functions f (X)) and g (X ) are n times differentiable, the following expression holds.

1009001 ” = £, [ ]165%

r=

(2) Higher Derivative of the Product of Two Functions
We obtain the following expressions using this theorem. Where, P >0, o are real numbers and M is a non-negative
integer. Furthermore, if & = =1,-2,-3, -+, it shall read as follows.
1+ _
& N D rAV®TlJ
Il+a-r) I'(-a)

®_ a (M) @)™ 1+p)I+g)  (@x+b) ™'
{@x+b)Pex+d)?} "= ;O ( " ) /) T@p-n+0) I+ (cx+d)"
o m (N @)™ r@+p)I+m)  (@x+b)P ™’
{@x+b)" xrd)") r20< r ) @/c)" IQ@+p-n+r)IA+m-r) (x+d)™"
o ®_ n\ Iih-nN/Qd+a) , IA+a) .
(X Iogx) = —;0(—1) ( " ) T+a-1) x“ "+ mx log x
(xlogx )= S enm r(n ) -NIdm) . n>m=0,1,2 3,

1_'(1 + m r) X H H L
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o n}_ n a+ae) ... _
(x“sinx) ;0 ( r ) I'+a-r) Sln{x+ @ 207[}

m M m (N (1 _
(x"sinx) :;0 ( r ) 1"(](_+-r;nl)r) X" in{x+ @ Zr)ﬂ}

m r_ 2 n ﬂ _
(x"cosx) ;o ( r ) I(L+m _r)X s{x+ @ zr)”}
(x%sinhx) = 3 (” ) I'(+a) o e = (1) e

=o\r ) I(l+ta- r) >
(x%coshx )= 3 (n ) Id+a) o X+ (=1) "™
=\ r ) IQ+a- r) >
( _ m n ]_(1+m) m—rex—(—l —(n-r)_ X
(x"sinhx ) rZ:O(r) Trm=n " )2 e
(X Coshx) = i (n ) I(1+m) Xm_rex+(_1)—(n-r)e_x
=o\r ) I'A+m-r) >
@ _ D' .
(log®x) " = ( - [2F(n)logx —Zl(rr] )F(n—r)F(r)}

Xx & (n): X\ [(1+6Z) a—r
(e*x%) e;o( )1_(1+a 2x

” m(n): xS n ﬂ m-r
(e*x™) eZ()[(l+mr)

(e"logx)™ = e*logx +e* 3, (-1 (rrl ) 1)
r=1 Xr

(eXSinX)(n) = (sin%)_nexsin x+%)
(eXCOSX)(n) = (sin% )_nexcos x+¥)
(¥sinhx ™ =X 3" (n ) e - D™

r=0 \ I 2
(e*coshx ) :exi (n ) e+ (1) e

r=0 \ I 2
( - a(): Xy —(n—r)(n)m a-r
S 5D r) TQ+a-n) "

( -X_m (n): X0 1y-(- r)(n) 1_(1+m) L
e X" T=e T R ¢ r ) TQ+m-n

0 Iogx—;l(r) [X(r)]

eX
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x
4
X o_( .7 " X _nz
(e cosx ) —( sm4) e cos(x v )
I O B _ n\e*- D'e™
(e™sinhx) ~ =e™ Y (-1 n+r(r) (2)
r=0

-X 0 _ 4 AT n) ex+(_1)—re—x
(e coshx) =e ;0( D (r >

(sin?x )(n) = —2”‘1cos( 2x+% )

_ n
(cos?x)® = 2 1(:os(2x+77r)
3@ _ 3. (N7 i( M)
(sin°x) = = 4sm(x+ 5 ) - sin| 3x+=

3 n

(cos3x)(n) = —cos(x+M) + —cos( 3X+M)
4 2

etc.

(3) By-Products

n n
n/2i > Nz (h-1D724 5 . N«
> DNWCax = 22COST , D"Corn = 223|n7
r=0 r=0
n/21. (n-1)/2!

nCar = 2n_1 nCoar1 = 2n_1
N2t o o 3"+ D" (-1/2 o 3"- D"
22 nCoar = -4 Y 250Cama = — 2
r=0 r=0

19 Super Derivative of the Product of Two Functions
The following Leibniz rule for Super Derivative is drawn from the Theorem 16.1.2.

Theorem 19.1.1
Let B((X,y) be the beta function and P be a positive number. And for r =0,1,2, -, let =" be arbitrary
primitive function of f (X )and ¢ ) be the I th order derivative function of g (X). Then the following expressions hold

16996)© =5 7 |1 060600 + ~;

D" & 1 (—p—l
B(—p,m)k;om+k k

Especially, when N=0,1,2, -

Rrrr)] — ) {f<m+k>(X)g(m+k)(X)}(p)
{fG)g (X)}(n) = io ( : )f (n_r)(x)g(r)(x) ( Leibniz )

r=

(2) Super Derivative of the Product of Two Functions

We obtain the following expressions using this theorem. Where, P >0, « are real numbers and M is a non-negative
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integer. Furthermore, if &« = =1,-2,-3, -+, it shall read as follows.
[(1"'&') (_1)—I’ [(_a+r)
Ml+a-r) I'-a)
SIS @)% r@+p)I+q)  G@x+b)P T
+h)P +d)4
@/2)~"" rA+p)ra+m)  @x+p)
@/c)" [Q@+p-s+tr)IA+m-r) (x+d)™™"

. o logx-y@-p+r)-y I(Q+a)
(x Iogx) =X (r) TC-p+1) I'(Q+a- r)

=0

{@x+b)? (ex+d)™} = 3 (i )

r=0

=

m _ o logx-y@-p+r)-y 7(1+m)
(x Iogx) - rgo( ) I'(A-p+r) F(1+m—r)
n A®_o (P @+m) G©-Dr
(xMsinx ) —go(r) arm-n " sm{x+—}
m ®_n (P 7A+m) (-NDr )7?
(x"cosx) _r;o(r) I+m-n "~ COS{ }
m ©r_o (P I(A+m) W r€ _(_1) g™
(x™sinhx )" = ;0( )1’(1+m 5 5
m ©r_o (P /(1+m) W« rex+(_1)—p+re—x
(x"coshx )" = Z( )1’(1+m 5 5
x 1 | 1-
(log2x)®= X ng{lci?f_pw; p)-7}
_ {logx-y@-p+r)-y}7(r)
pZ(l)( ) I{1-p+r)
(exxa)@):exngol ( p ) %x%r+ Rr‘r)]
__ D" s 1 (-l rd+e) X ammok ) @
Rn = B(-p,m) o m+k ( k ) IMl+a-m-k) (e X )
X, M (p)_ X m p F(1+m) m—r
(e"x") _er;( )F(1+m N
-p
(e*sinx)® = (sin%) e*sin x+%)
-p
(e*cosx )~ = (sin%) e*cos x+%)
(e SinhX)(p) :exg’o (t ) X - (—21)_ e
(e*coshx | :exgo (l: e+ (-21)_ e
D) m 1
(ex) = E=F (P | S ey gy
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RP = 1 i (—1)k (_p—l) I'(1+a) ( x @Mk )(P)
m " v

~ B(-p,m) & m+k T(1+a-m-kK)

(e~*x™)® (-1) P rio( N ( )% -
(e7sinx)® = ¢-1)° p(sm%) e sm(x—%)
(ecosx)® = (sm%) . XCOS( %)

(e smhx) = 2( 1" p+r(r: ) 21 ) Te
(e coshx |* = ¢~ 5 ¢ 1)p+r«:)e (D)
(sin?x)" " = -2P" 1003( %)

(cos™)™" = 2° 1005(2x+%)

)= G- 5| - Fon[ o005 |

etc.

(3) By-Products

p P
P pr k( P 2. P7
~1)X = 2°c0s—— , 1 = 2%sin——
k;o( ) (2k 4 k;o( ) 2k+1 4
00 p _1 00 _1 00 p
=21 P , = 2P
rgo ( 2 =0 2r+1 rgo r
20 Higher Calculus of the product of many functions
20.1 Higher Derivative of the product of many functions
The following theorems are drawn from the Theorem 18.1.1.
Theorem 20.1.1
When fk(r) denotes the I th order derivative function of fk (X) (k:]., 2, - ,ﬂ) ;
r
) _ n n M2 n r A-2 n-r ra-r r,_
(flfz f/l) _Z Z Z fi l)fé 1 2) f/(1 A 1)
r,=0r,=0 r/l_1=0 r I 1

Theorem 20.1.2

When f(r) denotes the I' th order derivativefunction of f (X) and A is a natural number,

ri=0r,=0 r,,=0 I M-1

M2 1 M2\ iy o ;
{fﬂ(x)}(n —Z Z 2 (rl) (r )( )f( l)f( 1 2) f( ,1_1)
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nor (n)(r) ([(1+a) @+t x

X e”sin
s ) IMl+a-n+r)
3Iogx nlt

g %= (" HE B et - 0" A Gy

(_1)“ Tn-ara nl
X" 2221 M-r)(-s)s

%)
2

Higher Derivatives of cos™x , sin™x
1 m/24

(cosmx)(n)= . 2 nCr(m- 2r)”cos{(m 2r)x+—}

m-1

m/214

(sin™) "= 2&_1 2, nCr(m-2r)" cos{(m 2r)( 2 )+%}
} a>0
|

(n) 1
+n7z} 450

(cos* ) a2

1 00

— i ( )(a -2nN" cos{(a -2r)x+
(Sinax)( _ ” rzo( )(a -2r)" cos{(a 2r)(x -

Nla N‘g

20.2 Higher Integral of the product of many functions
The following theorems are drawn from the Theorem 16.1.2 and Theorem 20.1.1.

Theorem 20.2.1
Let fk(r) be the I' th order derivative function of f (x) (k=1,2,,1),

function of fk(X) , M, N are natural numbers and B (N, M)be the beta function. If there is a number @ such that
f17@)=0 (r=1,2,~ m+n-1)or fk(s)(a) =0 (s=0,1, ,m+n-2) forat least one k >1, then the

following expression holds.

/?(--/Xflfz £ X" :mz-li riz (—n ) (I’l),,. ( M2 ) <n+r1>f(r1 r) f(r4~_1)
a Ja r=0r,=0 r, =0\ I p) M1

1
n
+Rm

<r> . T
fe '~ be the arbitrary I' th order primitive

Rn _ (—1)m n-1m+k; ko Ko n—lckl (m+kl) (kZ) ( ki—z)
m =

B(,m) k=0k,=0k3z=0 k, ;=0 m+k; K, ks K.,
X (m+ +Kka— _
X/X/a ffm k1>f2(m kg kz)fékz k3) f/(lkﬂ'l)dxn
a

Theorem 20.2.2
Let T be the I th order derivative function of f(x). f" be the arbitrary I' th order primitive function of (X)),

M, N are natural numbers and B (N, M )be the beta function. At this time , if there is a number & such that

f@)=0 (¢=1,2,~ ,m+n-1) or fP@)=0 =01, m+n-2)
then the following expression holds for 4=2,3,4, -

X £ e [~ 1 N n+r ry-r r
/m/fﬂdxn_zlz 2 ( n ) (I’ )( 2)f< 1>f(1 2) f( /1—1)+Rr?]

ri=0r,=0 r,,=0 I r> 1
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RN = (—1)m n-1m+ky kz Kiz o 1Ck1 (m+k1) (kz) (ki—z)
™ B(n,m) Fokm0k70 k=0 Mtky |k, ks K1
X// f<m+kl>f(m+k1'k2)f(kZ‘kB)... f(k/l—l)dxn
a a
Example

X X R m-1r -Nn r F(1+a) nt ( 57[)
*eX n= atntr X 2% ) 4RO
/_mxwx e sinxdx ;o s;()( ) ( ) F(1+a+n+r)x e sin > Rm

n (_1)m netmdr n-aCr M / / F(l+a) a+m+r X ( Y4 ) n
o +_
Rm B(n,m) r;osgo m+r F1+a+m+r) e’sin| x > dx

| 1 )
//Iog xdx"= —9X= 21/1(+:;]) 7 x"(logx)?

n 5o ayr[ TN logx-w(14n+r)-y
- 2x"logx 3, - ( i ) Famery 1)

r-1 -n r\ logx-w(l+n+r)-y
( r )(s) I'(1+n+r)

I(r-s)7()

Higher Integrls of cos™ x , sin™ x

X X X 1 m +1C
/ / / cos*™xdx" = == ) Gl cos{ (2m—2r+1)x—M}
(n—l);r ﬁz &r 2°" =0 2m-2r+1)" 2

+ m -1 m-r +1C _
/ / / sin?™ 1y dx" = 1 > CL enalr {(Zm 2r+1)x-M}
nz 27[ 17z
2

22M %0 (2m-2r+1)"
X o0 n 1 m-1 2mChn { nz } 2mCnm X/X n
cos“ xdx = cos{(2m-2ryx - —— +ﬁ' - | dx
/ / 22m-1 rgo @m-2r)" ( »*-3 22" )y
1 m-1 (—l)m_erCm { 1V/4 } /
= cos{(2m=2rXx-—— ﬂ dx"
/ / " 2 @m-2r)" ( *3

an al
Where, a1 ,a5, " ,a, are the solutions of the following transcendental equations.
m-1 C
Zm—ncos{(Zm—Zr)x—M } =0 k=1,2,- ,n
=0 (2m-2r) 2
m-1 _1 m-r C
=0 (2m-2r) 2

/X “xx = oo 3 [ ) =i 2
A cos“xdx = Sa ;0( r) o1 sin{ (a-2r)x}

/ﬁxsin“xdx=%§(f) = sm{(a 2r)( )}

r=0 -

2

X 2m _ 1 m1 onCo 2mC'n
/Ocos X dx = o1 Z Sm_2r sin{@m-2r)x} + 2 X
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X 2 ZmC 2mCn T
/sm T"xdx = —— ot Z D™ S|n{(2m -2r)x} + Jan (x—f)

21 Super Calculus of the product of many functions

21.1 Super Integrals of the product of many functions
The following theorems are drawn from the Theorem 20.2.1.

Theorem 21.1.1
Let P, I are positive numbers, M be a natural number, fk(r) be the I'th order derivative function of
) (k=1,2,,2), " be arbitrary I th order primitive function of f, (X) and B (p,m) be
the beta function. At this time, if there is a number @ such that
f7@)=0 re[0,m+p] or f&@)=0 se[0,m+p-1] forat least one k >1,
the following expression holds

nooo (- r r. SN (o )
[t noe=X 3 - Zo( p)( 1)( “)ffp D). (1) 4 o

r=0r,=0 r,; r r M1

(_ )m o M+k; ky K, 5 1 ( p -1 ) ( m+k1 ) ( kz ) kA—Z
-
Rm = B@,m) klzo k§0 kéo k;_Z—O m+ky \ ki ko ks Ki-1

X + +kq - -
X/XN/a f1<m k1>f2(m Ky |<2)f3(|<2 ky) f,(ikl'l)dxp
a

Theorem 21.1.2
Let P, I are positive numbers, M be a natural number, £ be the I'th order derivative function of T (X)),

f < be arbitrary T th order primitive function of f (X) and B (P, M) be the beta function. At this time,
if there is a number & such that

f°@)=0 re[o,m+p] or f®@)=0 se[0,m+p-1]
the following expression holds for 4 = 2,3,4, -

[<[trae=s 8 % (‘p ) (“)..,(U-Z)f<p+rl>f<rl-rz>... (01) 4 o
a a r;=0r,=0 =0 It I r;L_l

(P}

_ oo M+ky ko Kio 1 p—l m+k1 kz k,l_z
b= s S - E ME
B, m) KFok=0k=0 k=0 M+ks | k; ka ks K1
X/N/Xf<m+kl>f(m+k1—k2)f(kl—kz)m f(k“)dxp
a a
Example

X X . m-1 r - r I'(A+a) ot ( 37[)
~ *eX P= atp+r X p
/-w[wx e el ;Osz ( r ) (s) [(A+atp+r) . ° sin{x+3 ) *Rm

R = DT > E ( ) ) mr Cs [OO/_OO = r(d+a) “+m”e"sm( 37 )dxp

B(p,m) /=5 5= m+r (1+a+m+r)

X [x logx -y (1+p)-y 2
~ 3 p_ p
/0 /0 log “x dx T(1+p) x"(logx)

x
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—p) logx -y (1+p+1)-y

- 2xplogx21(—1)r( X F(i+p+T) I(r)

o r-1 -p r | -w(l -
e Sev (T ()R e

Super Integris of cos™x , sin™x

X X 2m+1 1 nm 2m+1Cr { pﬂ'}
~[ cosTxdxP = cos{ m-2r+D)x--~-
/a(p)/iKO) 2%m r;o Cm-2r+1)° ¢ IX=75

X X - 2m+1 1 m (_1)m_r2m+1Cr . { pﬂ}
~[ sin x dxP = sin{ @Cm-=-2r+Dx--—~—
/a(p)/a(O) 22" ;0 @m-2r+1° (¢ ) 2
1

Where, a(s) s €[0,p] are zeros of lineal super primitives of COS 2m+dy or sin2™ x|

21.2 Super Derivatives of the product of many functions
The following theorems are drawn from the Theorem 21.1.1.

Theorem 21.2.1
Let P, I' are positive numbers, M be a natural number, fk(r) be the I'th order derivative function of

) (k=1,2,-,2) ., f" be arbitrary I th order primitive function of f, (X) and B (p,m) be
the beta function. At this time, if there is a number @ such that
f77@)=0 re[0,m-p] or fk(s)(a) =0 se[0,m-p-1] foratleast one k >1,

the following expression holds

(fle f/l)(p):mz_li riz ( p ) (rl ) ( M2 ) f£p—r1)f2(r1—r2)m fj(’l’g—l) + Rr;%

ri=0r,=0 r, ;=0 r r> rg_]_
~1)" w Mk ky K, o 1 —p—l m+k1 kz kﬁ—z
RrI%:(_—)ZZZZ ( )( )( )
B(=p,m) KFoim0k70 k=0 M+ky |k ko ks K-
+ +kq— - N®
« {fém kl>f2(m ky kz)f:gk2 kg) fékﬁ_l)}

Theorem 21.2.2
Let p, I' are positive numbers, M be a natural number, £ be the r th order derivative function of f(x),

f = be arbitrary I th order primitive function of f (X ) and B (P, M) be the beta function. At this time,
if there is a number @ such that
f°@)=0 re[0,m-p] or f®@)=0 se[0,m-p-1]
the following expression holds for A = 2,3,4, - .
1 r M, r M _
(fi)@): mZ 21 iz ( Y ) ( 1) -2 1:<p+r1>f(rl r2)... .I:(r/l—l) + Rnﬂ
r,=0r,=0 r,,=0 \ I'1 P Mi-1
D" etk Ko (—p—l) (m+k1) (kz) K, »

a B(=p,m) Fokz0k70 k=0 M+ky ki K, ks K, 1

y {f<m+kl>f(m+k1—k2)f(kz—k3)m f(kﬂ_l)}(p)

R
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Super Derivatives of cos™ x , sin™x

®_ 1 mrs2s pz
= o Z nCr(m- 2r)'°cos{(m -2r)x+ 7}

%)

(cos™ )

NN

1 nmr2
(sinmx)(p)= ZimCr(m —2r)'°cos{ (m —2r)(x—
r=0

2m— 1

22 Higher Derivative of Composition

22.1 Formulas of Higher Derivative of Composition
About the formula of the higher derivative of composition, the following formula was shown by Faa di Bruno about 150
years ago.

Formula 22.1.1 ( Faa di Bruno)
Let j1,]J2, ,Jn are non-negative integers. Let g(”), f, are derivative functions and By, (f; ,f5,...) are

the 2nd kind of Bell polynomials such that

g®=g®n, =P =1,23,-)
nt

fl )Jl( f2 )JZ fn Jn
it gtV 2

(Jutipt = *ia=r & ji+2),+ = +nj,=n)

Bn,r(fl y fz Y een g fn) = Z

Then, the higher derivative function with respect to X of the composition g {f (X )} is expressed as follows.

{9{feOnP= glg(o B, (f1, 2, o 1)

Next, the algorithm that generates Bn,r(fl N PR fn) without an omission is shown. And the derivatives up to
the 8 th order of Z = g {f (X)} are calculated using this.

Even if the above algorithm is used, it is not so easy to obtain By (f;,fo,..., ).

However, when the core function f (X)is the 1st degree, it becomes remarkably easy.

Formula 22.1.4
(n)= ) — ) — N . . L .
When ¢ g ’(f), =) (n=1,2,3,-),if f(X) is the 1st degree, the higher derivative function
with respect to X of the composition g {f (X)} is expressed as follows.

(g{f) 11 W= g @1

And, this can be easily enhanced to the super-differentiation in this case. That is, the following expression holds
for p> O . This is the grounds for which we have used "Linear form" since "12 Super Deribative" as a fait accompli .

{g{fe) 1@ =g ®PtP

Next, trying the higher differentiation of some compositions, we obtain the following formulas.

@) n
{ef®@}77 =@ 3 Buel(f fz. 1 o)
—f Q) _f n
{e (X)} =e () ;1 (_1)an,r(fl A A

{g(e @<= §S(n NgPe™ | S(n,r)—i!

;r (;)(r—s)“
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(9(e™))”= 1" £ 50,09V

(log 16} V= 3 DT E-D) 1By (f1fo, . f)f

; N ot 1! o1 (=11
{9Qogx)1 = > g®B, [ — .- ... D 1%
r=1 X X X

(@) - (@]
In {ef(x)} , {e f(x)} , especially when f(z)=10g71(Z) , we obtain the following formula. In addition, this

formula was discovered by Masayuki Ui living in Yokohama City in early December 2016.

Formula 22.3.1 ( Masayuki Ui)
When 71z) is the gamma function, y{z) is the polygamma function and By, ((fy,f,,...) are

Bell polynomials , the following expressions hold.

:1 k(W) wi@) - w1 @))

a" 1
"I 1'(2)

Z CD B (VD) i@ o ¥ a@))

23 Higher Integral of Composition

Formula 23.1.1
Let f = f(X), g be the lineal higher primitive function of g (f) and h, h are the functions of f such that
dx _ 1 «_ d h

= 2= = =1,2,3,
h df f(l) 1 df k k 1 ’ 1
Let Sk , Mk , I, are the polynomials such taht
m-1 -1 N rk]_ o I‘-k2 Mek-1 I‘-k k-1
S = X ) 2 > k=1,2,-n
ra1=0 N1 =0\ Mo/ 1ne=0\ s Ny=0 Mk
m My mk k2 r'k2 k3 r'k3 Tek-1 rk k-1
=D X )y )y > k=2,3,,n
ne=0 \ k2 | na=0\ M3/ 1na=0\ l'ks w0\ Tkk
k zirik k=12
i=k

Andlet @, f, are the zeros of the lineal higher primitive functions of g{f(Xx)}, gh respectively.
Then, the lineal higher integral with respect to X of the composition g {f (X ) } is expressed as follows.
R

[ 1016001057 = 5,555, 0 1 72). py (Forca g (Fo) g

f f f f
R =(—1)““1/f (/f (/f ---(/fg<m1>h(m1)df) hdf)hdf)hdf (n-fold nest)
f f f/1+ + “Roo+
+81M2/f (/f (/fg< "117M2)  (Fa17zz mz)h(Rzz)df) hdf)hdf

+5,5,Mj /f - ( /f {7 Rarms)  (Ror Rz ™s)  (RaoRsa)  (Rss) ) - hdf
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f -1 - -
+8182"'Sn—an/f g<n +Rn-11+mn>h(Rn—11 Rn2+mn)h(Rn2 Rn?»)___ h(Rnn)df

If it writes down up to the 3rd order without using Sy, My, T, it is s follows.

mo-1

X -1
/ {g(f(X))}dx = Z ( ) g<1+r11>h(r11) + anq_
a M1 1

r11=0

f
RL = D™ /f g™h Mgt

[[eceonac=5 [ "S5 () ( r21)g<2”“”21>h< e faz) (122)

=0 \ M1 / ry=0r,,=0 \ I'21 22
+an11
Ré :mlz'l( )( 1)m2m22 ( /fg<1+r11+m2>h(rll—r22+m2)h(r22)df
! ri1=0 r r»=0 \ I'22 f,
f
+ (D™ ( / g<m1>h<ml>df)hdf
f,\ /1,
X[ X" X m;-1 -1 my-1 -1 r21 mz-1 r3; I3 -1 r31 r32
TRNACE TS i 0 i Y o o
aa’a r11=0 r11 r>1,=0r,,=0 r21 I’22 r31;=0r3,=0r33=0 r3]_ r32 I’33

3+r +r54+7r FMq+l5q+qq-T. r 55+ Mqo—T. r 3
><g< 11121 31>h(11 21% 131 22‘32)h(22 32 33)h(33)+Rm

s R e B2 D))

r,=0 1 r,,=0r,,=0 o1 loo r3,=0r535=0
f 24t 4r004m F14+F5q1=Too—Fa5+M Foo+T3o—T r
« / (2+111+71p 3>h( 11*721-T22-T32 3)h( 20%r3) 33)h( 33)df

m +r,.+m F11-Too+m r
2)/ (/g<1 11 2> (f117"22 Z)h(zz)df)hdf

BY)
+ (D™ f ( /f ( /f g<m1>h<ml>df)hdf)hdf

Next, trying the higher integration of some compositions, we obtain the following formulas

S W RN W SR S [d+a) 1
/ﬂﬁ /ﬂﬁ(x ¢) dx"= (x"-c) ﬂ”slSZ Sn F(1+a+n+Rn1)(l Xﬁ)

e Q/p) /P
(1/ﬁ_Rl+Rn2) F(l/ﬁ_Rnn—l+Rnn) F(l/ﬂ_Rnn)

¢S (rl) D™ ¥

r;1=0 r;,=0

n"'Rnl

r(1+a) arnt 3,
n ) (logx)

[ dogant=x' 55 i

0 =0
R I'| 1+a+n+ Z Me

-k
1_(1 05) Z( 1)k 1an -

R D R

——(ogx)
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+—l 1n—1| I n-1 D Cox ]
(-D!I {(x—) og |logx] -;0(—) n-1CrX og(n-r)}

n
X Ix i o o E"_rk Ny 1//(1+n+k2=1rk) n+2rlrk
[ ogtiogx1ox"=—"$, 3 - 3 - TIK" = (ogiy =
0 JO r,=0r,=0 r,=0 k=1 F(1+n+2 rk)
k=1

1 . .
T {(l09|I09x| NE-D"+ r;l(—l)rncr(7/+|ogr)xn }

Formula 23.1.1 is so complicated and is not applicable to any composition. The 1st, the inverse function of the core

function must be known. The 2nd, the higher primitive function of the enclosing function g (f) must have the property
such as nlil% g<n>(f ): C . Considering these, there are not many compositions that Formula 23.1.1 is applicable.

However, when the core function f(X) is the 1st degree, it becomes remarkably easy.

Formula 23.1.2
When f (x)=cx+d,

R RCUONENE (%)né,f__/fafg(f)dfn

And, this can be easily enhanced to the super integral in this case. That is, the following expression holds for P >0.
This is the grounds for which we have used "Linear form" since " 07 Super Integral " as a fait accompli.

/ai/ax{g(f(X))}dxp: ( % )p/fi/ffg(f)dfp ()= cx+d

24 Sugioka's Theorem on the Series of Higher (Repeated) Integrals
Mikio Sugioka showed the following in his work " X5 D #JF 7% .

1. The series of the higher integral of a function f (X ) results in one integral of €, Sin X, cos X, sinh X, cosh x,

2. The series of the higher integral of a function f(X) is expanded into the series of the higher integrals of eix, etc.

X X
These are introduced and proved in this chapter. In this summary, we assume n%iglm // f(X)de = 0. Also,
a a

we describe the N th order differential coefficient at & with fa(n) (= f(n)(X) | x=a)

(1) Sum of the Series of Higher Integrals

o X X X

5 [+ [ 160ax =e*[ 1606 dx

r=1Jg a a

o X X X

D (—1)r'1/---/ fCOdx" = e'x/ fO)edx

r=1 a a a

o X X 1 X X

» // fo)dx* ™t = §{ex/ f()e Ydx + e‘X/ f(x)exdx}
r=1Ja +Ja a a

il D r'l/-x--/ fG)dx> = cosx Xf(x)cosxdx+ sinx Xf(x)sinxdx
r= a a a a

rgl/a-x--/axf(x)dx2r = %[ex/axf(x)e‘xdx - e'x/axf(x)exdx}
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co X X X X
Zl D r'l/m/ fO)dx?" = sin x/ f(x)cosxdx - cosx/ f(x)sinxdx
r= a a a a

Example

Xx Xxx2 XXXX3 Xxx4 xxx—x X
edx+//edx +///edx+ w etdxT+ - =e e'e "dx =e"(x-a)
a a’Ja a’a’a a Ja a
X XL X[ X X X X X
/exdx —/// exdx3+/~~~/ exdxs—/~~/ e¥dx " +-
a asaJa a a a a

X X e
—cosx/ e cosxdx+sinx/ e*sinxdx = > - % cos(x-a)-sin(x-a)}

a2 o [ [t

—smx/ x2cosx dx — cosx/ x2sinxdx = x2-2 + 2c0sx
0 0

(2) Integrals Series Expansion

g/')'('/xf(x)dxr = g go (Xs+ar))l = ;”O fgr)éf./axex‘adxr
3 e [5[100 = £ 1% $ o LR < 3 @t
X X 2s+1+r © X [x
2 [fiwee =5 3 % = 519 [ sinnx-ayax’

& o A\ 2stltr
5 o 1000 = $1OF (D Gyt = 5 10 sinc-ayor

2s+r
[ - owpon X-2) 5 (r)/.x.- / X _a)dx
zo/a /; f(X)dX Zf 2 (28+I’) 1 - ;()fa . . COSh(X a)dx

X X o © 23+r
r;O(-l)r/a“'/a feQdx* = Y Py 1) ((25+r)l f(r)/ /cos(x —a)dx"

r=0 s=0

Example

S+r
logx +/xlogxdx +/7xlogxdx2+/yyxlogxdx3+--- = > EDTNr-DY, L
1 1J1 1J/1/1 r=1 =0 (s+n)!

= 0!/Xex‘1dx —1!/7Xex‘ldx2+2!/yyxex‘ldx3 —3!/-X-/Xex’1dx4+----
1 1J1 1171 1J1
X X X[ X 3 X [X 5 X [ X -
secxdx —/// secxdx +// secxdx —// secxdx " +- -
0 0J0/0 0 JO 0 JO

© o X2s+1+2r
= r;o |Eor | ;0 (—1)sm E,, - Euler Number

. X[ X A 2 X X . 4 X X i 6
=sinXx +// sinxdx +5/---/ sinxdx +61/---/ sinxdx "~ +--
0/o 0 Jo o Jo
X[ X X X X X
tan ~x +// tan’lxdx2+/---/ tan’lxdx4+/---/ tan xdx®+ -
1/1 1 J1 1J1
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oo (X- 1)25 . (r 1)l 3rz \o (x-1=*
P RreS YRR sin 7 )3 “@seny
T
-2

cosh(x-D+—= /cosh(x -Ddx -+ /7xcosh(x—1)dx2+---
1/1

(3) Series of Higher Integrals with coefficients

X X X X[ X
r// fx)dx" :eX/ f(x)e'xdx+e’// f(x)e *dx?
a a a aJa
- r-1 [ r x [ X x[** X4y 2
> (D r// fG)dx' =e /f(x)e dx - e // f&x)e"dx
r=1 a “a a a’a
Example
X X[ X 2 X[ X[ X 3 X X 4 X _ X[ X
1/dx+2//dx +3///dx +4/---/dx +-~:ex/exdx+e7/e X
a aJsa aJava a a a asa
=e % (x-a)
X X[ X 2 X[ X[ X 3 X X 4
1/ Iogxdx—z// log xdx +3/// log xdx —4/~~/ logxdx™ +---
0 0/0 0/0J0 0 JO
X X[ X
:e‘x/ Iogxexdx—e‘y/ log xe*dx
0 a’a

=e *x{Ei)-y} +e -1

25 Series of Higher Integral with Geometric Coefficients
This chapter is a generalization of " 24 Sugioka's Theorem on the Series of Higher Integral "

X X
In this summary, we introduce the formulas in the case of r%iljlmcm/"'/ fx)dx"=0 (c>0).
a Ja

(1) Sum of the Series of Higher Integrals with Geometric Coefficient

X X X

Zcr/"-/ fOO)dx" =ce°"/ fO)e % dx

=1 Ja Ya a

m X X X X
Z D r// fQ)dx" = ce‘C/ fO)e™dx

=1 a a
rij‘,lcz“l /a /a fOdx > = % {eCX /a fG0e Odx +e /a Xf(x)ecxdx}
Oy r-1a2-1f [ 2r-1 _ X - X -
r;l( D¢ /a /a f(x)dx ccoscx/a f(x)coscxdx +csin cx/a f(x)sincxdx
i czr/~)~(~/xf(x)dx2r =L {ecx/xf(x)e'cxdx - e‘cx/xf(x)ecxdx }

i -1 Zr/ /f(x)dx —csmcx/ f(x)coscxdx—ccoscx/ f(x)sincxdx

Example

X X[ X X X[ X X X
cl/ exdx+cz// exdx2+c3/// exdx3+c‘y~-/ eXdx*+ -
a aJa aJaJa a a

X ox [ . (A-c)x (1-c)a
_ ce e -€
- CeCX/ eXe CXdX — { }
a

1-c
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X X[ X[ X X X X X
cl/ ede—CS/// exdx3+c5/---/ exdx5—07/--~/ e¥dx " +-
a aJaJa a a a a

X X
= ccoscx/ e*coscxdx + csincx/ e*sin cx dx
a a

= ]i_ecz _ 1C+e 5 [cos{c(x-a)}- csin{o(x ~a)}]

/7XXdX_C//XdX +C// 2OIX—C//xolx —

—csmcx/ x 2cos cx dx — ccoscx/ x %sincxdx =
0 0

c2x2-2+2c0scx

02

(2) Series of Higher Integrals with coefficients
X r X [X r cX X -CX 2 cx X -CX gy, 2
Y rc // fx)dx" =ce /f(x)e dx +¢ e/ f(x)e “dx
r=1 a a a a’sa

3 b L PPN X X r_ —ox [ X X _ a2, X 1 Xy, 2
XD re fx)dx' =ce f(x)e"dx -c“e fx)e“dx
r=1 a Ja a a’a

Example

X X[ X X[ X[ X X X
101/ dx + 202// dx %+ 303/// dx3+ 4c‘y---/ dx*+ -
a aJa aJava a a
X XX 5 (x-a)
:cecx/ e “dx +ce°7/ e “dx =ce® ¥ (x-a)
a a’sa
(3) Calculation by Double Series

%cr/-)f-/axf(X)dxr = 2”0 %) SZO gx+{;1))'
3 (o[- oo = 5% § e TR

C 2s+1 (X _a) 2s+1+r

rgl(:Zr—il/.).(./Xf(x)dx 2r-1 _ g f(r{a);g0 Gs i1y

25+1(X _a) 2s+1+r

i ~1D) ¢ -1.2r- 1/ / f(X)der 1_ 2 f(rta)z -D° @s1try

ZS(X _a)25+ r

goczi/a')f'/a f(X)dX2r = Zf(rt )520 (23+r)!

CZS(X _a)25+ r

20(_1)r02l’/61f.4\xf(x)dx2r: gof(rta)go (_1)SW

Example

X X X
logx +cl/ log xdx +02//Xlogxdx2+03//7xlogxdx3+~~
1 1/1 1/1/1
S(X 1)S+I’

= ;( DE-D1 ZO GiD!

5=
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X X[ X[ X X X X X
cl/ secxdx —03/// secxdx >+ c‘r// secxdxs—c7/-~-/ secxdx’ +— -
0 oJo/o o Jo o Jo

2s+1  2s+1+2
Scs Xs r

= ;0 |E2r|s§o(_1) @s+1r2n1 E,, - Euler Number

X[ X X X X X
tan ~x +cz// tan‘lxdx2+c‘y---/ tan’lxdx4+06/~~~/ tan xdx®+ -
1/1 1 J1 1 J1

. CZS(X_l)Zs - (r—1)! - 3rr \ o CZS(X_l)ZsH
DR TRl gl et

26 Higher and Super Calculus of Zeta Function etc
In this chapter, N is a natural number, P is a complex number, f(p) is gamma function, l//(p) is digamma
function, H,, is a harmonic number and % is a Stieltjes constant defined by the following equation.

_ (ogk)" (logn)™*
%_AI”H‘}" kgl k - r+1

Then, the following higher calculus and super calculus are obtain. These are all lineal.

26.1 Higher and Super Calculus of Riemann Zeta Function

n-1 r+n
C@ = G 109G -D ) + 3 (D S

GEDY
) = Iog(z—lzgpv;®)-70 -1t Z D'y ;éj?;:)
(@ = ((i)l;rl; S D'y Fle'ﬂ) -~

L9y |og(z-2(-_xg§-p)-yo D S F((Zl +1r)r-pp)

26.2 Higher and Super Calculus of Dirichlet Lambda Function

a @-D"*
AT@) = 2( 1),{|09(Z D -Hp1}
I r+12 ~ -1 r+n
2 = log (z —;i;pt/;(p)—m -1
1= ) log™'2 1 |l @-DP
tZ 2D {7r+ 1 -SZO( )%('092) }m

O _ (—l)_”n!

AT 2@-D™*
1 r log "2 r-s (Z_l)r_n
+§§0(_1) {%‘+ r+1 _ZO(S)%(IOQZ) }F(l"‘r—n)

log(Z-D-y(-p) - % _ p-1
2y @D

log™2 i } G-
{f+ ) _s;o(S)%(IOQZ) T+ r-p)

l(p)(Z) -

1oo
PG
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26.3 Higher and Super Calculus of Dirichlet Eta Function

Formula 26.3.1h ( Higher Integral )

z" |
rlog

7@ = —_ + D" Z D Re@)>0
<> — z" (_1)r ' ( ) Iog_n
n (Z) - ] +( 1) kzz;z 2k+1 r rz
Formula 26.3.1s ( Super Integral )
N A pri 1 Iog Py
= 1 R 0
@ T e r22( ) e@)>
Py = L i s (-1)r_1 (k) log~r
@ I'+p) e kgz rgz ok+1 r’
Formula 26.3.2h ( Higher Derivative )
—n
1@ = oy DTS (DT Re@) >0
-n r-1 n
Mpy - 2 - aN-D -1 ( ) log'r
10O = iy OO E R e T
Formula 26.3.2s ( Super Derivative )
-p
® — —pm -1 IOg r
) = /i~ 1 Re()>0
170 = Fagy te TR ek @
-p e Kk (_1)r—1 k IO pr
®prN = ~pi g
20 = iy B A G
26.4 Higher and Super Calculus of Dirichlet Beta Function
Formula 26.4.1h ( Higher Integral )
<> _ Zn N & r-1 |Og ’“(2r—1)
=— t (-1 -1 _— R 0
Fr@ =17 * (D" D 1) e@)>
<n> _n o K (_1)r 1( ) |Og_n(2r—1)
@ =77 + D kgz 270 | @r-1)°
Formula 26.4.1s ( Super Integral )
S P& 1 log™®(2r-1)
V@) = +ePT Y g L) Re@)>0
7@ m+p) D PRI @
> PR K (_l)rl( )Iog'p(Zr—l)
<P - ep
ﬂ () 1—(1+ ) ; ; k+1 r (2[’—1)2
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Formula 26.4.2h ( Higher Derivative )

-n

r-1 Iog " (2r _1)

FO@ = oy FEDTE YT Re@>0
0= s v s SR s
Formula 26.4.2s ( Super Derivative )
0 = g 5P )
2011.04.16
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