Summary

1 Zeta Generating Functions
Both of hyperbolic functions and trigonometric functions can be expanded to Fourier series and Taylor series. And if the

termwise higher order integration of these is carried out, Riemann Zeta Functions are obtained.

Where, these are automorphisms which are expressed by lower zetas. However, in this chapter, we stop those so far.
The work that obtain the non-automorphism formulas by removing lower zetas from these are performed subsequent to
Chapter2 .

In this chapter, we obtain the following polynomials from the zeta generating functions
Where, Riemann Zeta, Dirichlet Eta and Dirichlet Lambda are as follows.
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Bernoulli numbers and Euler numbers are as follows.
Bo=1, B,=1/6, B,=-1/30, Bs=1/42, Bg=-1/30, -
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Furthermore, if the termwise higher order differentiation of the Fourier series of each family of tanh, cot and tan are carried
out, the following expressions are obtained.
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Where, nDr are the Eulderian Numbers and Tn—l are the tangent numbers. These are defined as follows respectively.
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2 Formulas for Riemann Zeta at natural number

In this chapter, removing the lower zetas from automorphism formulas in the previous chapter, we obtain
non-automorphism formulas for Riemann Zeta at natural number.
Where, Bernoulli numbers and Euler numbers are as follows.
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3 Formulas for Riemann Zeta at odd number

In this chapter, we obtain non-automorphism formulas for Riemann Zeta at odd number.
Where, Bernoulli numbers, Euler numbers and tangent numbers are as follows.
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4 Formulas for Riemann Zeta at even number

In this chapter, we obtain non-automorphism formulas for Riemann Zeta at even number.
Where, Bernoulli numbers and Euler numbers are as follows.

Eozl, E2:_1, E4:5, E6:_61, E8:1385,

For O<Xx< 27,
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5 Formulas for Riemann Zeta at complex number

In this chapter, we obtain the formulas for Riemann Zeta at a complex number by processing " 2 Formulas for Riemann
Zeta at natural number "
Where, Bernoulli numbers are as follows.

Bo=1, B,=1/6, B,=-1/30, Bs=1/42, Bg=-1/30, --

And gamma function and incomplete gamma function are
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6 Global definition of Riemann Zeta, and generalization of related coefficients
From Euler to Riemann, the zeta function was defined with patches as the domain was expanded.
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This is inconvenient. so, we focus on the following sequence.
B, = Zr(—l)r‘s(r)s“ r=0,1,2,n
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Using this sequence, we can define the Zeta function on the whole complex plane as follows.

Definition 6.2.1
We difine the Riemann Zeta Function on the complex plane as follows.
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Furthermore, by using this sequence, the following various coefficients can be generalized.
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7 Completed Riemann Zeta

In 7.1, we consider even function and odd function for complex function. Generally, we obtain the same results as for
real-valued functions, but the results unique to complex-valued functions are as follows.

Theorem 7.1.3
Let f(Z) be a complex function in the domain D .
(1) ¥ f(Z) is an even function , both the real part and the imaginary part are even functions.

(2) K f(Z) is an odd function , both the real part and the imaginary part are odd functions.



Theorem 7.1.4
Let f(Z) be a complex function in the domain D . Then,

if f(Z) is an even function or an odd function , If(Z) | 2 is an even function.

In 7.2, we study complex conjugate properties. Especially when the function f(Z) is an even function or an odd function
with complex conjugate properties, two important theorems are obtained.

Theorem 7.2.3
When f(X ,y):U (X ,y)+ iV(X,y) is a function with the complex conjugate property in the domain D ,
(1) if f(X,y) is an even function,
uGy) = u-y) = uCxy) =ulx,-y)
v.y) = v, -y) = -vxY) =vEx, oY)
(2) if f(X,y) is an odd function,
u®.y) = ux,-y) = -uCxy) = -ux,-y)
v,y = v,-y) = vEexy) = v, -y)

Corollary 7.2.3
Let f(X ,y):U (X ,y)+ iV(X,y) be a function with the complex conjugate property in the domain D .
Then, the followings hold for any real number X,y € D.
(1) when f(X,y) is an even function, v(x,0)=0 , v(0,y)=0.
(2) When f(X,y) is an odd function , U (O,y) =0 , v(x,00=0.

Theorem 7.2.4
When f(Z) is a function with the complex conjugate property in the domain D and has a zero

23=xtiy; (%#20),

(1) if f@)isanevenfunction, —=X1—iy; , X;—iYy; , —XpFiy; arealsozeros of f(Z).

(2) if f(Z)isanoddfunction, —Xq—iYy1 , Xg—iYy1 , —Xy+iyq arealsozeros of f(Z).
In 7.3, symmetric functional equations are derived from functional equations.

Formula 7.3.1 (Riemann)
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Where, z7# *1/2

In 7.4, we define the completed Riemann zeta functions f(z), E(Z) as follows, respectively. These are a little different
from Landau's definition.
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Then, the following equations hold from Formula 7.3.1 .
@ =¢1-D)
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From the latter, we can see that E(Z) is an even function. Therefore, Thoerem 7.2.3 (1) and Corollary 7.2.3 hold for

the real part u(x,y) and the imaginary part v(x,y) of E(Z) as they are. And from Theorem 7.2.4 , the following very
important theorem is obtained.



Theorem 7.4.1

If Riemann zeta function ((Z) has a non-trivial zero whose real part is not 1/2 , the one set consists of
the following four.

12+a,+ip . WU2-atipy  (0<a<12)

08 Factorization of Completed Riemann Zeta
In 8.1, the following Hadamard product is shown.

Formula 8.1.1 ( Hadamard product of £(2) )
Let completed zeta function be as follows.

@ = -5 1] L)

When non-trivial zeros of {(z) are z, =X, tiy, k=1,2,3,~ and y is Euler-Mascheroni constant,
§(Z) is expressed by the Hadamard product as follows.
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In 8.2, we consider how the formulas in the previous section are expressed when non-trivial zeros whose real part is 1/2
and non-trivial zeros whose real part is not 1/2 are mixed. Then, we obtain the following theorems.

Theorem 8.2.2

Let ¥ be Euler-Mascheroni constant, non-trivial zeros of Riemann zeta function are X,+ i Yo N =1,2,3, .
Among them, zeros whose real part is 1/2 are 1/2+i y, r=1, 2,3, and zeros whose real parts is not 1/2

are 12+t *ifls (0<as<1/2) $=1,2,3,- . Then the following expressions hold.
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Z 2 2 - Z 2 + — 2 2 + 2 2
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e 2X lo

Y ——5 =1+L-log2- 9% =0.0230957

A1 Xq + Y 2 2

Formula 8.2.3 ( Special values )
When non-trivial zeros of Riemann zeta function are X, 1y, k=1,2,3, -, the following expressions hold.
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Theorem 8.2.4
Let non-trivial zeros of Riemann zeta function are X,+iy, N=1,2,3,~ and ¥ be Euler-Mascheroni

constant. If the following expression holds, non-trivial zeros whose real parts is not 1/2 do not exist.

i _1+%-|og2-'°ﬁ = 0.0230957

1 1/4+y? 2
Incidentally, when this was calculated using 200000 Y, , both sides coincided with the decimal point 4 digits.

In 8.3, we show that §(Z) is factored completely.

Theorem 8.3.1 ( Factorization of £(z))

Let Riemann zeta function be £(Z) , the non-trivial zeros are Z,, = X,+iy, N=1,2,3, and completed
zeta function be as follows.
z

(@ = 2007 1 5 |

Then, f(z) is factorized as follows.

@ = ][ 1m0 2
7) = -
LU X tYe X tye

In 8.4, we first derive the factorization of E(Z) .

Theorem 8.4.1 ( Factorization of =(z) )
Let Riemann zeta function be £(Z) , the non-trivial zeros are z, = X,£iy, N=1,2,3, and completed
zeta function be as follows.

il
)3

Then, E(Z) is factorized as follows.

. P 2(x,-1/2)z 72
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Where, =Z(0)= = - F(—) (—) = 0.99424155 -
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And, using this theorem and Theorem 7.4.1 in the previous section, we obtaine the following theorem.

Theorem 8.4.4

When Riemann zeta function is {(Z) and the non-trivial zeros sre Z, =X, £ iyn n=12,3, -,
If the following expression holds, non-trivial zeros whose real parts is not 1/2 do not exist.

I1 1 r( 1 )g( 1) = 0.99424155 -
=1 1/4+y? a7\ 4\ 2 )

Incidentally, when this was calculated using 100000 Y, , both sides coincided with the decimal point 5 digits.

09 Maclaurin Series of Completed Riemann Zeta

In 9.1, completed Riemann zeta §(Z) is expanded in Maclaurin series.

Theorem 9.1.3 ( Maclaurin series of £(2))
Let completed Riemann zeta be

-10 -



z
(@ = 2007 1 5 |
Then, the following expression holds on the whole complex plane.
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Where, l//n(Z) is the polygamma function, Bn'k(fl , f2 , ) is Bell polynomials, }4 is Stieltjes constant,
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In 9.2, completed Riemann zeta E(Z) is expanded in Maclaurin series.

Theorem 9.2.3 ( Maclaurin Series of Z(Z))
Let completed Riemann zeta be

1
(1 1 5(3+2) 1171
=0 =502 52) T 5[5 ¢
Then, the following expression holds on the whole complex plane.

log™z 95/ o g
25(@r-s)! 25T (G-D1

1 1\ (1)
20)= -md Z);( 5 ) = 0.9942415563

N|

00

2@ = 2O X X D

r=0 s=0

-1 -



Where, l//n(Z) is the polygamma function, Bn'k(fl , f2 , ) is Bell polynomials, }; is Stieltjes constant,

(E)—[r ! 5 5 5 =0
W)= Sedwl 7)ol 7)o 7)) reazae
1 B r=0
s )T e

The first few are as folows.
—_ —_ log 1z 91/D 1
=] = = + [ -

@ (O){l ( TR T A

2 5/4 ! 5/4 5/4 1
+(Iog ;;+gz( )+ log~ 7z 91 )+91( ) |Og72'1)2

2221 221 2T i1 oiqg ol A7 o1y ©
3 5/4 2 5/4 2 5/4
_ log 7r+93( )+Cs+log7r91( )+Iog 72'01+92( )
2331 2331 2221 2111 2221 2221
_log*z 9L5/4)  log'x N 915/4)  log'z 91579 3
2l 2221 2t11 7 pipn 2T Tyl oigg B

. }

= 0.994242 {1. + 4.44089%107"° z + 0.0231052° + 1.38778x107° =

+

G

3

+0.000248334z"+ 2.08167x10Y" z° + 1.67435x10°% 2%
+7.37257x10 % 27 +8.0307x10°% 2% + 1.0842x 10718 2°
+2.94014x 10711 210

We can see that the coefficients of the odd degree are almost zero.

10 Vieta's Formulas on Completed Riemann Zeta

In 10.1, the relations between the zeros of completed Riemann zeta §(z) and the coefficients of the Maclaurin series
are shown by the two theorems.

Theorem 10.1.1
Let completed Riemann zeta f(Z) and the Maclaurin series are as follows.

z
(@ = 2007 21 5 )@ = $ar
Then, these coefiicients A, r=0,1,2,3, - are given by
A = Zr 25 log"™*x (‘1)_s_tgs—t(3/2)
00 2" (r-s)1 2 (Gs-t)!
Where, l//n(Z) is the polygamma function, Bn,k(fl , f2 ) e ) is Bell polynomials, 4 is Stieltjes constant,

3 _[r Lo, L. =0
gr( 2) - ngr,k(l//o(g), l//l(g).... ,v/r_l(g)) r=123,~
1 r=0
= [——(ry_"ll)! r=1,2,3-
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Theorem 10.1.2

Let completed Riemann zeta f(Z) and the Maclaurin series are as follows.
z

— T2 z - v r
(@ = 2007 21 5 )@ = 58,2
Then,
(1) The following expressions hold for non-trivial zeros z, = X, £iYy , Y #0 k=1,2,3, of {(@) .
"
Bi=-2 ——
ri=1 szi + yrz1
22x. X 20
S 1, &
DYDY + 2
SR. 2. 2\/.2..2 2. 2
Rt ( X, + yrl) ( Xr, + y"z) = Xy + Yr,

3 1
00 00 2 Xrlxr2Xr3 00 00 2 (Xr1+ sz)

B, =

By = - -

R R TR AR e TEn )
- f . . i 24 Xp Xe Xe X,

4 r=1 r2=Zr1+1 r3=2r2+1 r4=rztl (Xr21+yr21><xr2+yr2>< F3 yr3)< P yr4)

o 22 (X Xe, e Xt X X . 0
(% ) 2

ry"rs

+ Z + 2
B (Ey2) (B (EnE) | i (EH2) ()

2n-1
o Xrlxrz szn 1

Bon-1= 23 25 >
2 2 2 2
MLt g™t ( Xrl + yrl) ( sz + yr2> ( Ton-a yrzn 1)

2n-3
+ + -+
- i i i 2 (Xrlxrz Xy s X Xe, " Xe, X Xr, szn—z)
2. 2\ (v2, .2 2
LA T g™ (Xr1+yr1) (Xr2+yr2) ( +yr2n 2)
Y. . 24 (Xt Xt %)

r=1 r2=r1+1mrn=%_frl (Xr21+y1'21) (Xr22+yr22) (Xr2n+yr2n)

5w . 2275 X, Xy
B,,= X Y Y t 2 =
2n ~ 4 - 20 02\ (w22 02) . (92 1,2
LT T Tt ( Xry + yrl) ( Xr, * yrz) (szn * yrzn )
2n-2
+ + -+
5w . 2 (Xr1Xr2 X, T XX, ™ X Xe Xe. szn_l)
ta X X 292 (2 v2) - (x
R REA I (Xrl yrl) (sz yrz) ( Ton1 yr2n 1)
o 20

+r§%@§%ﬂf.r3?ﬁl<x +yﬁ)(Xé+Yé)”(Xé+Yé)

(2) When A, is a coefficient in Theorem 10.1.1, B,=A, n=1,23,

And, if Riemann Hypothesis is true, the following proposition equivalent to this must hold.

Proposition 10.1.3
When 7, =1/2 iy, , Y # 0 (k=1,2,3,~ ) are the non-trivial zeros of Riemann zeta {(Z) and

-13-



Ar r=1, 2, 3, *** are constants given by Theorem 10.1.1, the following expressions hold.

» L = A, =0.0230957089--
r=1 1/4+y;
[o0] 00 1

= A, + A, = 0.0002481555--
rgl s:Zr+l (1/4+y,-2) (]-/4+YS2) ; '
00 00 0 1

= _Ay- 2(A,+A;) = 0.0000016727

r;ls;rﬂ t§ﬂ(1/4+yr2)( 1/4+y52)( 1/4+yt2) 3— 2(AxtAr)
£ 55y :
r=1s=r+1t=s+1u=t+1 (1/4+yr2) ( 1/4+y52) ( 1/4+yt2) ( 1/4+le2)

= A, +3Ag+ 5(A+ Ay) = 8.021073428x107°

Proposition 10.1.3'
2

=A? - 2(A+Ay) = 0.00003710063-

S 1
r:1( 1/4+ y,.2

M

1 3
(—) = -A? +3(A;-2)(A;+A;) -3A; = 0.00000014367786

1\ 1/4+y?

:
Y —— 4‘A“ 4A3+4A2(E A)+4A 3A,+A;-5
;1( 1/4+yr2) A 1 1 2_ 2 1( 2 3~ )

+ 2A2 - 20A, - 12A;-4A, = 6.59827915x101°

In 10.2, the relations between the zeros of completed Riemann zeta E(Z) and the coefficients of the Maclaurin series
are shown by the two theorems.

Theorem 10.2.1
Let completed Riemann zeta E(Z) and the Maclaurin series are as follows.

20> = -[ 2o ) [ 2-2)a T2 {2 (g o 2

= 2O (1+A, 22 +A, 22 +A 2 +A, 20+

Then, these coefiicients A, r=0,1,2,3, - are given by
log™r  9s(/4)

_ ey r-s
A=z n0D 25(@r-s)! 25 (s-1)! “
Where, l//n(Z) is the polygamma function, Bn,k(fl , f2 , ) is Bell polynomials, 4 is Stieltjes constant,
5 1 r=0
o2)={ galW2) A3 vd2)) Taan
k=1
1 r=0
= 2 & -1 (s 1\

Theorem 10.2.2
Let completed Riemann zeta E(Z) and the Maclaurin series are as follows.

20> = - Loz ) (22 ) 77 L Lar) o 2

= 5(O)(1+B, 21 +B, 22 +B, 2% +B, 2% +-)
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Then,
(1) The following expressions hold for non-trivial zeros Z, = X, £iY, , Y =0 k=1,2,3, of {(2).

~ o (%-1/2)%+yr 1 1\ (1) _
=O=11 xe+yl  ar F( 4 );( 2 ) = 0-9942415563
5 2(%,~12)
B,= - = 2,2
r= (Xrl—]./Z) *Yr,
6w 22 X, ~1/2) (%, -1/2 - 20
=3 5 D) 2
A { (X%, ~1/2)°+yp H{ (%,m1/2) +y ) m {(x,m1/2) Y7
L. 2% (%, =1/2) (%~ 1/2) (%~ 1/2)
B; =-2 X X 2, 2 2, .2 2.2
M=l rp=rytlg=ry+l {(Xfl_]'/z) +y"1}{(xr2_1/2) +y"2}{(xr3_1/2) +yr3}
S (L -1/2)}
ri=lry=r;+1 {(Xrl—l/2)2+yr2} { (X +yr }
o . 2% (%, -1/2)( 1/2) - (%,,~1/2)
B, =
= L T e e (2] (o V2]
s g _ZAR) ) 12 0 12))
+
=l ry=r+lrg=rytl { (Xrl—]/2 )2+yr21} { (sz—l/Z) +yr2} { (Xra_]jz )2+yr23}
S 2°
+ 2

r=1 r2=2r1+1 { (Xr1_1/2)2+yl’21}{ (sz_y2)2+yr22}

(2) when A, is a coefficient in Theorem 10.2.1, B,=A, n=1,2,3,.
And, if Riemann Hypothesis is true, the following proposition equivalent to this must hold.

Proposition 10.2.3
When 2, =1/2%iy, , Y, #0 (k=1,2,3, ) are the non-trivial zeros of Riemann zeta £(Z) and
Ar I‘:1, 2, 3, =+ are constants given by Theorem 10.1.1 , the following expressions hold.

o 1
2 — =A, =0.0231049931
ri=1 yr

1
—— =A, = 0.0002483340

r=lr=r+1 Yr Yr,
00 00 00 1
——— =Ag = 0.00000167435
r=lr=r+lrg=r+lYr Yr, Yr,
00 00 1
Y ¥ ¥ Y —55 57 =Ag=8.030697x10°

=1 rp=r+lrg=rptlrg=ra+1 Yr Yo, Yr Yr,

00 0 ) 1
X X v X o ThAy

M=l o=t Y Yr, 7 Ve,
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Proposition 10.2.3'

o 1
— =AZ-2A, = 0.00003717259-

r=1Yy,

o 1

> —5 =AS-3A,A,+3As = 0.00000014417393

r=1Y

o 1

> 5 =A; +2A7 —4AZA, + AAy A - 4Ag = 6.6303x1071°
r=1Y,

11 Zeros on the Critical Line of Riemann Zeta
In 11.1, substituting Z =O+iy for the completed Riemann zeta E(Z) ,
1/1 .
v (Ao (1 FEy) a1 1,
SQG) =-| Sty || 5y |7 N5ty |6l 5ty
We use this to calculate the zeros on the critical line. However, this function is too small in absolute value and can only find
the zeros up to Y =917 .

So we normalize =}, (y) and define the following sign function.

50 % F{%(%“y)}f(%“y)

sgn(y) = - EXOI ‘F{%(%Hy)};(%ﬂy)’

sgn

10} — —

10 20 3 40 0

Using this sign function sgn(y) , we can find the zeros at large Y .
However, this sign function Sgn (y) has the disadvantage that it is easy to miss Lehmer's phenomenon.

In 11.2, multiplying this sign function sgn(y) by the absolute value of the Riemann zeta {(1/2+iy) , we obtain a
smooth function Z(y) .
: 1/1
gy falam)] 1,
Tl 2]
nz(z)]]

A1 s
.-3(2+.1y}| santy) sanfy) .',7G+J_V)|

| | /\ /\/\f\ A
N | =R f

20) =sn@|¢( 3+iv )| =

[

P2

10 20 30 40
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Using this Z(y) function, we can find the zeros on the critical line of C(Z) by the intersection of the curve and the Y -axis
Therefore, the risk of missing the Lehmer's phenomenon is reduced.

In 11.3, first, a lemma is prepared.
Lemma

When f(Z) is a complex function defined on the domain D , the following expression holds.

ei Imlog f@) — f(Z)
If@|

Applying this lemma to the gamma function in the 11.2 ,

s A3(3)

- 1 Y iImIogl"i 1+iy 1
2= r{ 11 } 5(?”) - R el 2T
3(z)}]
From this, we obtain
; 1 1/1
AQ)) =e'9(y)g”( §+iy) where, O(y) =Im Iogf{§ §+iy } —%|Ogﬂ'

This is a definitional equation of Riemann-Siegel Z function .
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