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Example 1.1

�α�î¼�mV����"�þ,α1, · · · , αm ∈ V,�

(αi, α) > 0, (αi, αj) ≤ 0, i, j = 1, 2, · · · , i 6= j

y²:α1, · · · , αm�5Ã'.

y: �
k1α1 + · · ·+ kmαm = 0.

Ø��ki ≥ 0, 1 ≤ i ≤ r(≤ m), kj ≤ 0, r + 1 ≤ j ≤ m.-

β = k1α1 + · · ·+ krαr = −(kr+1αr+1 + · · ·+ kmαm)

K

0 ≤ (β, β) = (k1α1 + · · ·+ krαr,−(kr+1αr+1 + · · ·+ kmαm))
= −

∑r
i=1

∑m
j=r+1 kikj(αi, αi) ≤ 0

l


0 = β = k1α1 + · · ·+ krαr = −(kr+1αr+1 + · · ·+ kmαm)
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u´

0 = (β, α) = (k1α1 + · · ·+ krαr, α) =
r∑
i=1

ki(αi, α)

0 = (β, α) = (kr+1αr+1 + · · ·+ kmαm, α) =
m∑

j=r+1

kj(αj , α)

d^���k1 = · · · = km = 0.
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Example 1.2

y²:n�î¼�m¥�3��õ�3n+ 1��þüüY��u90”.
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Example 1.3

(1)�α1, · · · , αm��|�5Ã'���þ,²��A��z
�β1, · · · , βm.PG(α1, · · · , αm)�α1, · · · , αm�ÝþÝ
.K

|G(α1, · · · , αm)| = |G(β1, · · · , βm)| = ||β1||2||β2||2 · · · ||βm||2

(2)�A = (aij)�n�¢Ý
,¦y

|A|2 ≤
n∏
j=1

n∑
i=1

a2
ij
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y: (1) d��z�L§��

B = (β1, · · · , βm) = (α1, · · · , αm)C = AC

Ù¥C�é�����1�þn�Ý
.K5¿�β1, · · · , βm���5k

|G(α1, · · · , αm)| = |ATA|
= |CTATAC|
= |BTB|
= ||β1||2||β2||2 · · · ||βm||2

(2)�ÄATA,|^(1)�(Ø.
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Example 1.4

�σ�n�î¼�mV�é¡C�.y²V = Imσ ⊕ kerσ.

Example 1.5

(ÉÇ�Æ03)�f�n�î¼�mV�é¡C�,y²Imf = ker f⊥

y: ∀f(α) ∈ Imf, β ∈ ker f,k

(f(α), β) = (α, f(β)) = 0

=Imf ⊆ ker f⊥,
q

dim Imf = n− dim ker f = dim(ker f⊥)

�(Ø¤á.
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Example 1.6

�α, β�n�î¼�mV�ü������þ,��ÝÑ
´2.A = E + ααT + ββT .¦A�A�õ�ª.

y:
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Example 1.7

�¢ê�þ�n�Ý
A = (B,C),Ù¥B�n×mÝ
.y
²:|A|2 ≤ |BTB||CTC|.
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Example 1.8

�W1,W2´n�î¼�mV�f�m,dimW1 = n1 < n2 = dimW2.y²
�30 6= α ∈W2, α⊥W1.

y: duW2 +W⊥1 ⊂ V,�

dim(W2∩W⊥1 ) = dimW2+dimW⊥1 −dim(W2+W⊥1 ) ≥ n2+n−n1−n > 0

l
�30 6= α ∈W2 ∩W⊥1 ,�(Ø¤á.
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Example 2.1

y²:Ø�3��Ý
A,B,÷vA2 = AB +B2.

y: �y{.dA2 = AB +B2�¦AT ,m¦BT��

A−B = ATB2, A+B = A2BT

l
A+B,A−BÑ´��
,�

(A+B)T (A+B) = E, (A−B)T (A−B) = E

Ðm��\��4E = 2E.gñ.
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Example 2.2

(�®nó04,���E06) A,Bþ�n���Ý
,�|A| = −|B|,y²:

|A+B| = 0.(r(A+B)∗ ≤ 1)

y: ({1)

|A||A+B| = |AT ||A+B| = |E +ATB|
= |BTB +ATB| = |BT +AT ||B| = |B||A+B|

du|A| = −|B|,±9|B| 6= 0,��(Ø¤á.
({2)|ABT | = 1,
ABT���Ý
,qABT�¢A���1½−1,JA�
�¤éÑy,�ABT7kA��−1, l


| − E −ABT | = 0

=
| −B −A||BT | = 0

l
(Ø¤á.
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Example 2.3

A��Ñ´¢ê���Ý
�é¡Ý
.
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Example 2.4

�A,B�n�¢��Ý
,y²:|A||B| = 1�¿�^��n− r(A+B)�
óê.
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