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§10.2 �g.��g.�IO/

½Â. �F�Eê�½¢ê�, Kéuaij ∈ F (1 ≤ i ≤ jn), ÚCþx1, x2, · · · , xn, ¡�gà
gõ�ª

f(x1, x2, · · · , xn) =
n∑

i=1

aiix
2
i + 2

∑
1≤i<j≤n

aijxixj. (1)

�Fþn��g..

`². Fþ�n��g.�é¡Ý
´��éA. ¯¢þ, XJf´Fþn��g., K·��

±òf�¤Ý
/ª

f(x1, x2, · · · , xn) =
n∑

i=1

aiix
2
i + 2

∑
1≤i<j≤n

aijxixj = X tAX

ùp

X =


x1
x2
...
xn

 A =


a11 a12 · · · a1n

a21 a22 · · · a2n
... ... . . . ...
an1 an2 · · · ann

 ´é¡Ý
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~. �Ñ�g.f(x1, x2, x3) = x2
2 + 2x1x2 + 3x1x3 − x2x3¤éA�é¡Ý
.

). �â�g.�Ý
éA�{K�

A =

 0 1 3
2

1 1 −1
2

3
2 −1

2 0



~. �ò�g.f(x1, x2, x3) = 2x1x2 + 2x1x3 − 6x2x3�¤Ý
/ª.

). -

X =

 x1
x2
x3

 A =

 0 1 1
1 0 −3
1 −3 0


K

f = X tAX
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½Â. �AÚBü�n��
, XJ�3�_
P¦�B = P tAP , K¡A�BÜÓ.

·K. Ý
m�ÜÓ'X´���d'X.

y². (1) g�5 A = EtAE;

(2) é¡5 dB = P tAPÚP�_, �Q = P−1, �A = QtBQ;

(3) D45 dB = P t
1AP1, C = P t

2BP2, �C = (P1P2)
tA(P1P2).

·K. XJA´é¡Ý
, B�AÜÓ, KB´é¡Ý
.

y². dB�AÜÓíÑ�3�_
P¦�B = P tAP , u´

Bt = (P tAP )t = P tAt(P t)t = P tAP = B

¤±B´é¡Ý
.
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• �g.�CþO�

�f´'uCþx1, x2, · · · , xn��g.,

f(x1, x2, · · · , xn) = X tAX

?1�_�CþO�
X = PY

Ù¥P = (pij)´n��_
, Y = (y1, y2, · · · , yn)
t. K�g.fC¤'uCþy1,y2,· · · ,yn��

g.

·K. �f´���g., g´df²L�_CþO�X = PY , XJféA�é¡Ý
�A,
KgéA�é¡Ý
�B = P tAP .

y². d·K�^��

f(x1, x2, · · · , xn) = X tAX = Y tP tAPY = Y tBY = g(y1, y2, · · · , yn)

du�g.�é¡Ý
´��éA, ¤±géA�é¡Ý
�B = P tAP .
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• �g.�IO/

½Â. �f´���g., XJf�¹²��, =

f(x1, · · · , xn) =
n∑

i=1

dix
2
i

K¡f�IO�g., {¡IO/.

½n. �

f(x1, x2, · · · , xn) =
n∑

i=1

aiix
2
i + 2

∑
i<j

aijxixj = X tAX

´Fþ � � g ., K � 3 � _ 
P , ¦ �f² C þ O �X = PY� C � ' u # C
þy1, y2, · · · , yn�IO�g.d1y

2
1 + · · ·+ dny

2
n.

íØ. �A´é¡
, K�3�_
P , ¦�P tAP = diag{d1, · · · , dn}.
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y². é�g.Cþ��ên?18B, �n = 1�, Kf(x1) = ax2
1´IO/.

8Bb����g.�Cþ�ê≤ n− 1�±²L�_C�C¤IO/.
y3�f(x1, x2, · · · , xn)´n�Cþ��g., XJ3f ¥vk²��Ñy, =a11 = a22 =
· · · = ann = 0, K��k��aij 6= 0(i 6= j), Ø��a12 6= 0 ��_CþO� x1 = z1 + z2

x2 = z1 − z2
xj = zj, (j = 3, 4, · · · , n)

du
2a12x1x2 = 2a12(z

2
1 − z2

2) = 2a12z
2
1 − 2a12z

2
2

f²CþO��C¤
g = 2a1iz

2
1 + · · ·

¤±�±b�3f¥Ñyx2
1
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f(x1, x2, · · · , xn)=a11x
2
1 + 2a12x1x2 + · · ·+ 2a1nx1xn +

n∑
i,j=2

aijxixj

=a11(x
2
1 + 2

n∑
j=2

a1j

a11
x1xj) +

n∑
i,j=2

aijxixj

=a11[(x1 +
n∑

j=2

a1j

a11
xj)

2 −(
n∑

j=2

a1j

a11
xj)

2] +
n∑

i,j=2

aijxixj

=a11(x1 +
n∑

j=2

a1j

a11
xj)

2 + ψ(x2, · · · , xn)

Ù¥ψ(x2, · · · , xn) = −a−1
11 (

n∑
j=2

a1jxj)
2 +

n∑
i,j=2

aijxixj ´'u(n − 1)�ØCþx2, · · · , xn��

g..
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��_CCþO�

z1 = x1 +
n∑

j=2

a1j

a11
xj; zi = xi, (i = 2, 3, · · · , n)

fC¤
g(z1, z2, · · · , zn) = a11z

2
1 + ψ(z2, · · · , zn)

d8Bb�, ψ�±²L�_CþO�

wi =
n∑

j=2

bijzj, (i = 2, 3, · · · , n)

C¤
d2w

2
2 + · · ·+ dnw

2
n

Ïd��_CþO�

y1 = z1; yi =
n∑

j=2

bijzj, (i = 2, 3, · · · , n)

gC¤
a11y

2
1 + d2y

2
2 + · · ·+ dny

2
n
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du�_C��Ü¤�´�_C�, ¤±f�±²L�_C�C¤IO/.

`². (1) þ¡½n�y²´���E5y², =äN�Ñ
���g.IOz��{, ù

��{¡���{.

(2) ���g.�IOz, Ò´�{¦é¡Ý
ÜÓué�
. XJA´¢é¡
, Ï��
�
Q÷vQ−1 = Qt, ¤±���q���ÜÓ´���, =éu¢é¡
, o�é���

Q, ¦�AÜÓé�
, =QtAQ = diag{λ1, λ2, · · · , λn}.

~. ¦���_C�X = PYò�g.

f(x1, x2, x3) = 2x1x2 − 6x2x3 + 2x1x3

z�IO/.
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). (��{) du��g.Ã²��Ñy, ¤±k��_CþO� x1 = z1 + z2
x2 = z1 − z2
x3 = z3

=

 x1
x2
x3

 =

 1 1 0
1 −1 0
0 0 1

  z1
z2
z3


K

f(x1, x2, x3) = 2(z1 + z2)(z1 − z2)− 6(z1 − z2)z3 + 2(z1 + z2)z3

= 2z2
1 − 2z2

2 − 4z1z3 + 8z2z3

= 2(z1 − z3)
2 − 2z2

3 − 2z2
2 + 8z2z3

2- w1 = z1 − z3
w2 = z2
w3 = z3

=

 w1
w2
w3

 =

 1 0 −1
0 1 0
0 0 1

  z1
z2
z3

 ½ö

 z1
z2
z3

 =

 1 0 1
0 1 0
0 0 1

  w1
w2
w3


u´

f(x1, x2, x3) = 2w2
1 − 2w2

2 + 8w2w3 − 2w2
3

= 2w2
1 − 2(w2 − 2w3)

2 + 6w2
3
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��- y1 = w1
y2 = w2 − 2w3
y3 = w3

=

 y1
y2
y3

 =

 1 0 0
0 1 −2
0 0 1

  w1
w2
w3

 ½ö

 w1
w2
w3

 =

 1 0 0
0 1 2
0 0 1

  y1
y2
y3


K

f(x1, x2, x3) = 2y2
1 − 2y2

2 + 6y2
3

z¤IO/, X�#CþY , ¤���_CþO�, x1
x2
x3

 =

 1 1 0
1 −1 0
0 0 1

  z1
z2
z3

 =

 1 1 0
1 −1 0
0 0 1

  1 0 1
0 1 0
0 0 1

  w1
w2
w3


=

 1 1 0
1 −1 0
0 0 1

  1 0 1
0 1 0
0 0 1

  1 0 0
0 1 2
0 0 1

  y1
y2
y3

 =

 1 1 3
1 −1 −1
0 0 1

  y1
y2
y3
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~. ¦����C�X = OYò�g.

f(x1, x2, x3) = 2x1x2 + 2x2x3 + 2x1x3

z�IO/.

). �Ñf¤éA�é¡Ý
,

A =

 0 1 1
1 0 1
1 1 0


¦ÑA�A��

|λE − A| =

∣∣∣∣∣∣
λ −1 −1
−1 λ −1
−1 −1 λ

∣∣∣∣∣∣ = (λ+ 1)2(λ− 2)

¤±A�A���:−1Ú2.
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áuA��−1�A��þ:

(−1E − A)X = 0 ⇒

 −1 −1 −1
−1 −1 −1
−1 −1 −1

X = 0

�Ä:)X

η1 =

 −1
1
0

 η2 =

 −1
0
1


��zη1, η2�

ξ1 = η1 =

 −1
1
0

 , ξ2 = η2 −
(η2, ξ1)

(ξ1, ξ1)
ξ1 =

 −1
0
1

− 1

2

 −1
1
0

 =

 −1
2

−1
2

1


ü zξ1, ξ2�

ε1 =
ξ1
‖ξ1‖

=

 − 1√
2

1√
2

0

 , ε2 =
ξ2
‖ξ2‖

=

 − 1√
6

− 1√
6√

2√
3

 ,
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áuA��2�A��þ:

(2E − A)X = 0 ⇒

 2 −1 −1
−1 2 −1
−1 −1 2

X = 0

�Ä:)X

η3 =

 1
1
1


ü z

ε3 =
η3

‖η3‖
=


1√
3

1√
3

1√
3


��Ý


O = (ε1, ε2, ε3) =

 − 1√
2
− 1√

6
1√
3

1√
2

− 1√
6

1√
3

0
√

2√
3

1√
3


Kf²L��C�X = OY�C¤

f = −y2
1 − y2

2 + 2y2
3
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5¿. ���g.²�_CþO�z¤IO/, ��§�IO/´Ø���, §�6u¤

��_CþO�, ØÓ��_CþO�, ��ØÓ�IO/. �´IO/¥¤¹��"²�

��ê´���.

½n. �g.f = X tAX²�_CþO�X = PY z�IO/�, IO/¥¤¹��"²
���ê�ué¡
A��.

y². �g.f = X tAX²�_CþO�X = PY . z�IO/Y tBY�, é¡
B =
P tAP´é�
diag{d1, d2, · · · , dn}. �P´�_
, ¤±B = P tAP�Ak�Ó��, B�

�Ò´�"di��ê. �Ò´IO/d1y
2
1 + · · ·+ dny

2
n¥�"²����ê.

`². Ï��g.f = X tAX�é¡
A´��éA, ò¡é¡
A����g.f��.

öS1. SK10.2:1(2),2,4

öS2. SK9.6:1(1)
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