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§10.4 �g¡�©a

3���IXe, �g¡����§´:

ϕ(x1, x2, x3) = a11x
2
1+a22x

2
2+a33x

2
3+2a12x1x2+2a13x1x3+2a23x2x3+2a1x1+2a2x2+2a3x3+a0 = 0

-

A =

 a11 a12 a13
a12 a22 a23
a13 a23 a33

 X =

 x1
x2
x3

 C =

 a1
a2
a3


K�g¡����§Ý
/ª:

ϕ(X) = X tAX + 2CtX + a0 = 0
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duA´¢é¡
, ¤±�3��
O(|O| = 1), ¦�

OtAO = O−1AO = diag{λ1, λ2, λ3}

Ù¥λ1, λ2, λ3�A�A��. ¤±²^=C�X = OY �, ¡�§C�

Y t(OtAO)Y + 2(CtO)Y + l = 0, ½öλ1y
2
1 + λ2y

2
2 + λ3y

2
3 + 2b1y1 + 2b2y2 + 2b3y3 + a0 = 0

Ù¥(b1, b2, b3) = CtO.

• R(A) = 3

dR(A) = 3íÑλ1, λ2, λ3�Ø�". �²£C�

yi = zi −
bi

λi
, i = 1, 2, 3

u´¡�§z�

λ1z
2
1 + λ2z

2
2 + λ3z

2
3 + d = 0

Ù¥d = a0 −
∑3

i=1(
bi

λi
)2.
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(1) �A��.5�êp = 3, Kλ1 > 0, λ2 > 0, λ3 > 0.

�d > 0 �, -a =
√

d√
λ1

, b =
√

d√
λ2

, c =
√

d√
λ3

, K�§C�

−z2
1

a2 −
z2
2

b2 −
z2
3

c2 = 1

ù´��Jý¥¡

�d = 0 �, -a = 1√
λ1

, b = 1√
λ2

, c = 1√
λ3

, K�§C�

z2
1

a2 +
z2
2

b2 +
z2
3

c2 = 0

ù´�mþ��:.

�d < 0 �, -a =
√
−d√
λ1

, b =
√
−d√
λ2

, c =
√
−d√
λ3

, K�§C�

z2
1

a2 +
z2
2

b2 +
z2
3

c2 = 1

ù´��ý¥¡
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(2) �A��.5�êp = 2, KØ��λ1 > 0, λ2 > 0, λ3 < 0.

�d > 0 �, -a =
√

d√
λ1

, b =
√

d√
λ2

, c =
√

d√
−λ3

, K�§C�

−z2
1

a2 −
z2
2

b2 +
z2
3

c2 = 1

ù´��V�V¡

�d = 0 �, -a = 1√
λ1

, b = 1√
λ2

, c = 1√
−λ3

, K�§C�

z2
1

a2 +
z2
2

b2 −
z2
3

c2 = 0

ù´��ý�I¡.

�d < 0 �, -a =
√
−d√
λ1

, b =
√
−d√
λ2

, c =
√
−d√
−λ3

, K�§C�

z2
1

a2 +
z2
2

b2 −
z2
3

c2 = 1

ù´��ü�V¡
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(3) �A��.5�êp = 1, KØ��λ1 > 0, λ2 < 0, λ3 < 0.

�d > 0 �, -a =
√

d√
λ1

, b =
√

d√
−λ2

, c =
√

d√
−λ3

, K�§C�

−z2
1

a2 +
z2
2

b2 +
z2
3

c2 = 1

ù´��ü�V¡

�d = 0 �, -a = 1√
λ1

, b = 1√
−λ2

, c = 1√
−λ3

, K�§C�

z2
1

a2 −
z2
2

b2 −
z2
3

c2 = 0

ù´��ý�I¡.

�d < 0 �, -a =
√
−d√
λ1

, b =
√
−d√
−λ2

, c =
√
−d√
−λ3

, K�§C�

z2
1

a2 −
z2
2

b2 −
z2
3

c2 = 1

ù´��V�V¡
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(4) �A��.5�êp = 0, Kλ1 < 0, λ2 < 0, λ3 < 0.

�d > 0 �, -a =
√

d√
−λ1

, b =
√

d√
−λ2

, c =
√

d√
−λ3

, K�§C�

z2
1

a2 +
z2
2

b2 +
z2
3

c2 = 1

ù´��ý¥¡

�d = 0 �, -a = 1√
−λ1

, b = 1√
−λ2

, c = 1√
−λ3

, K�§C�

z2
1

a2 +
z2
2

b2 +
z2
3

c2 = 0

ù´�mþ��:.

�d < 0 �, -a =
√
−d√
−λ1

, b =
√
−d√
−λ2

, c =
√
−d√
−λ3

, K�§C�

−z2
1

a2 −
z2
2

b2 −
z2
3

c2 = 1

ù´��Jý¥¡.
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• R(A) = 2, b3 6= 0

dR(A) = 2íÑλ1, λ2, λ3¥k���", Ø��λ3 = 0. ù�¡�§�

λ1y
2
1 + λ2y

2
2 + 2b1y1 + 2b2y2 + 2b3y3 + a0 = 0

�²£C�
yi = zi −

bi

λi
, i = 1, 2, y3 = z3 −

a0

2b3

u´¡�§z�

λ1z
2
1 + λ2z

2
2 + 2b3z3 = 0
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(1) �A��.5�êp = 2, Kλ1 > 0, λ2 > 0. -a = 1√
λ1

, b = 1√
λ2

, c = 2b3, K�§C�

z2
1

a2 +
z2
2

b2 + cz3 = 0

ù´��ý��Ô¡

(2) �A��.5�êp = 1, KØ��λ1 > 0, λ2 < 0. -a = 1√
λ1

, b = 1√
−λ2

, c = 2b3, K�§
C�

z2
1

a2 −
z2
2

b2 + cz3 = 0

ù´��V�Ô¡

(3) �A��.5�êp = 0, Kλ1 < 0, λ2 < 0. -a = 1√
−λ1

, b = 1√
−λ2

, c = 2b3, K�§C�

−z2
1

a2 −
z2
2

b2 + cz3 = 0

ù´��ý��Ô¡.
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• R(A) = 2, b3 = 0

dR(A) = 2íÑλ1, λ2, λ3¥k���", Ø��λ3 = 0. ù�¡�§�

λ1y
2
1 + λ2y

2
2 + 2b1y1 + 2b2y2 + a0 = 0

�²£C�
yi = zi −

bi

λi
, i = 1, 2, y3 = z3

u´¡�§z�

λ1z
2
1 + λ2z

2
2 + d = 0

ùpd = a0 −
∑2

i=1(
bi

λi
)2.
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(1) �A��.5�êp = 2, Kλ1 > 0, λ2 > 0,.

�d > 0 �, -a =
√

d√
λ1

, b =
√

d√
λ2

, K�§C�

−z2
1

a2 −
z2
2

b2 = 1

ù´��Jý�Î¡.

�d = 0 �, -a = 1√
λ1

, b = 1√
λ2

, K�§C�

z2
1

a2 +
z2
2

b2 = 0

ù´�^��.

�d < 0 �, -a =
√
−d√
λ1

, b =
√
−d√
λ2

, K�§C�

z2
1

a2 +
z2
2

b2 = 1

ù´��Jý�Î¡.
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(2) �A��.5�êp = 1, KØ��λ1 > 0, λ2 < 0,.

�d > 0 �, -a =
√

d√
λ1

, b =
√

d√
−λ2

, K�§C�

−z2
1

a2 +
z2
2

b2 = 1

ù´��VÎ¡.

�d = 0 �, -a = 1√
λ1

, b = 1√
−λ2

, K�§C�

z2
1

a2 −
z2
2

b2 = 0

ù´ü^���²¡.

�d < 0 �, -a =
√
−d√
λ1

, b =
√
−d√
−λ2

, K�§C�

z2
1

a2 −
z2
2

b2 = 1

ù´��VÎ¡.
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(3) �A��.5�êp = 0, Kλ1 < 0, λ2 < 0,.

�d > 0 �, -a =
√

d√
−λ1

, b =
√

d√
−λ2

, K�§C�

z2
1

a2 +
z2
2

b2 = 1

ù´��ý�Î¡.

�d = 0 �, -a = 1√
−λ1

, b = 1√
−λ2

, K�§C�

z2
1

a2 +
z2
2

b2 = 0

ù´�mþ��:.

�d < 0 �, -a =
√
−d√
−λ1

, b =
√
−d√
−λ2

, K�§C�

−z2
1

a2 −
z2
2

b2 = 1

ù´��Jý�Î¡.
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• R(A) = 1, b2 = b3 = 0

dR(A) = 1íÑλ1, λ2, λ3¥�k��Ø�", Ø��λ1 6= 0. ù�¡�§�

λ1y
2
1 + 2b1y1 + a0 = 0

�²£C�
y1 = z1 −

b1

λ1
, yi = zi, i = 2, 3

u´¡�§z�

λ1z
2
1 + a0 = 0
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(1) �A��.5�êp = 1, Kλ1 > 0.

�a0 > 0 �, -a =
√

a0√
λ1

, K�§C�

−z2
1

a2 = 1

ù´�éJ²1²¡.

�a0 = 0 �, -a = 1√
λ1

, K�§C�

z2
1

a2 = 0

ù´��²¡.

�a0 < 0 �, -a =
√
−a0√
λ1

, K�§C�

z2
1

a2 = 1

ù´�é²1²¡.
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(2) �A��.5�êp = 0, Kλ1 < 0.

�a0 > 0 �, -a =
√

a0√
−λ1

, K�§C�

z2
1

a2 = 1

ù´�é²1²¡.

�a0 = 0 �, -a = 1√
−λ1

, K�§C�

z2
1

a2 = 0

ù´��²¡.

�a0 < 0 �, -a =
√
−a0√
−λ1

, K�§C�

−z2
1

a2 = 1

ù´�éJ²1²¡.
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• R(A) = 1, b2, b3��k��Ø´"

dR(A) = 1íÑλ1, λ2, λ3¥�k��Ø�", Ø��λ1 6= 0. ù�¡�§�

λ1y
2
1 + 2b1y1 + 2b2y2 + 2b3y3 + a0 = 0

����IX�^=Ú²£

z1 = y1 +
b1

λ1

z2 =
b2√

b2
2 + b2

3

y2 +
b3√

b2
2 + b2

3

y3 +
d

2
√

b2
2 + b2

3

z3 =
−b3√
b2
2 + b2

3

y2 +
b2√

b2
2 + b2

3

y3

Ù¥d = a0 − b1

λ1

2
. u´¡�§z�

λ1z
2
1 + 2

√
b2
2 + b2

3z2 = 0

ù´���ÔÎ¡.
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öS1. �A, B�é¡
, XJX tAX = X tBX ,é?ÛX ∈ Fn, KA = B.

öS2. Á¯�m¡x2 + 2y2 + 3z2 − 4xy − 4yz + 2x− 4y − 6z + 1 = 0´���o¡?

öS3. SK9.6:2,3.


