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1ÔÙ�5C���qÝ


§7.1�5C��½Â�5�

• �5C��½Â

½Â. �V , W ´�Fþ�ü��5�m, ϕ : V −→ W ´V �W ���(ü�)N�,XJ
é?¿�α, β ∈ V 9k ∈ F, ϕ÷v^�:

(1) ϕ(α + β) = ϕ(α) + ϕ(β)

(2) ϕ(kα) = kϕ(α)

K¡ϕ´V �W ����5N�.AO,XJW = V ,K¡ϕ´Vþ����5C�.

5¿: d�5N��½Â�±N´wÑ:Ó�´���5N�,���_�5N�´��
Ó�.
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~. �V = R2´Rþ����5�m, A = (aij) ´��2�¢�
. éuV��þα =(
x
y

)
,½ÂV�V�N�ϕXe:

ϕ(α) := Aα = A

(
x
y

)
dϕ�½Â�±wÑϕ´V�V���ü�N�.
éuα, β ∈ VÚk ∈ R,dÝ
¦{�5��

ϕ(α + β) = A(α + β) = Aα + Aβ = ϕ(α) + ϕ(β)

ϕ(kα) = A(kα) = kAα = kϕ(α)

¤±ϕ´V þ����5C�.



•First •Prev •Next •Last •Go Back •Full Screen •Close •Quit

~. �V ´ê�Fþ����5�m, λ ∈ F´���½�ê. ½ÂV�V���N�PλX

e: é?¿�þα ∈ V ,
Pλ(α) := λα

dPλ�½Â�±wÑPλ´V�V���ü�N�.
éuα, β ∈ VÚk ∈ F,d�þ$��5��

Pλ(α + β) = λ(α + β) = λα + λβ = Pλ(α) + Pλ(β)

Pλ(kα) = λ(kα) = (λk)α = (kλ)α = k(λα) = kPλ(α)

¤±Pλ´V þ����5C�.

½Â. ·�ò¡Pλ�Vþ�ê¦C�. AO�λ = 1�, ¡�Vþ�ð�C�, ^EL«;
�λ = 0�,¡�Vþ�"C�,^OL«.

dê¦C��½Â�±wÑ:éu?¿α ∈ V

E(α) = α O(α) = 0
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e¡�·K�Ñ�5N�����d½Â

·K. �V´Fþ��5�m,ϕ´Vþ�(ü�)N�,Kϕ´Vþ��5C�¿�^��:é
u?¿α, β ∈ V ; k, l ∈ FÑk

ϕ(kα + lβ) = kϕ(α) + lϕ(β)

y². (7�5)ϕ´Vþ��5C�,Kéuéu?¿α, β ∈ V ; k, l ∈ F

ϕ(kα + lβ) = ϕ(kα) + ϕ(lβ) = kϕ(α) + lϕ(β)

(¿©5)XJéu?¿α, β ∈ V ; k, l ∈ FÑk

ϕ(kα + lβ) = kϕ(α) + lϕ(β)

AO-k = 1, l = 1�

ϕ(α + β) = ϕ(1α + 1β) = 1ϕ(α) + 1ϕ(β) = ϕ(α) + ϕ(β)

-l = 0�
ϕ(kα) = ϕ(kα + 0β) = kϕ(α) + 0ϕ(β) = kϕ(α)
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~. �Mn(F)´ê�Fþ�Nn��
¤|¤��5�m, A ∈ Mn(F)´���½��
.
é?¿�X ∈ Mn(F)½ÂMn(F)�Mn(F)�N�T �

T (X) := AX − XA

y²T´Mn(F)þ����5C�.

y². dT�½Â�±wÑT´Mn(F)�Mn(F)�ü�N�.
éu?¿B, C ∈ Mn(F); k, l ∈ F

T (kB + lC) = A(kB + lC) − (kB + lC)A = (kAB + lAC) − (kBA + lCA)

= (kAB − kBA) + (lAC − lCA) = k(AB − BA) + l(AC − CA)

= kT (B) + lT (C)

¤±T´Mn(F)þ����5C�.
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öS1. 3�5�mF[x]½F[x]n¥,é?Û��õ�ªf(x),�û�fD½Â�:

D(f(x)) := f ′(x)

��yD´F[x]½F[x]nþ����5C�.

öS2. �c[a, b]´4«m[a, b]þ�NëY¼ê¤|¤��5�m,é?¿�f(x) ∈ c[a, b],
È©�fI ½Â�:

I(f(x)) :=

∫ x

a

f(t)dt

��yI ´c[a, b]þ��5C�.

öS3. SK7.1: 1(1)(I),(2)(II),(3)(I),(5).
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• �5C��{ü5�

�V´Fþ�5�m, ϕ´Vþ�5C�,K

(1) ϕ(0) = 0
y². ϕ(0) = ϕ(00) = 0ϕ(0) = 0

(2)ϕ(−α) = −ϕ(α).
y². ϕ(−α) = ϕ(−1α) = −1ϕ(α) = −ϕ(α).

(3) ϕ(c1α1 + c2α2 + · · · + csαs) = c1ϕ(α1) + c2ϕ(α2) + · · · + csϕ(αs).
y². és?1êÆ8B.äNy²3�öS.

(4)XJα1, α2, · · · , αs�5�',Kϕ(α1), ϕ(α2), · · · , ϕ(αs)�5�'.
y². α1, α2, · · · , αs�5�'íÑ�3Ø��"êc1, c2, · · · , cs¦�

c1α1 + c2α2 + · · · + csαs = 0

d(1)Ú(3)�

0 = ϕ(c1α1 + c2α2 + · · · + csαs) = c1ϕ(α1) + c2ϕ(α2) + · · · + csϕ(αs).

¤±ϕ(α1), ϕ(α2), · · · , ϕ(αs)�5�'.
5¿. �5C��±r�5Ã'��þ|C��5�'��þ|.
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½n. �(α1, α2, · · · , αn) ´n ��5�mV ���kSÄ, éuV ¥?¿n ��
þβ1, β2, · · · , βn,�½�3����5C�T ,¦�

T (αi) = βi, i = 1, 2, · · · , n.

ù�½n`²: ���5�mþ��5C�,d§3Äþ�����(½.=�(½���
5C���(½ù��5C�3Äþ�B�,�3Äþ�¿��Ñ�±½Â��Vþ�
�5C�.
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y². (�35)é?¿�α ∈ V ,du(α1, α2, · · · , αn)´n��5�mV ���kSÄ,¤
±α�±dα1, α2, · · · , αn�5L«��5L�ª´���.�

α = x1α1 + x2α2 + · · · + xnαn,

½Â
T (α) := x1β1 + x2β2 + · · · + xnβn

dT�½ÂíÑT (αi) = βi, i = 1, 2, · · · , n.
e¡�yT´V ����5C�.é?¿��þα, β ∈ V ; k ∈ F,�

α = x1α1 + x2α2 + · · · + xnαn

β = y1α1 + y2α2 + · · · + ynαn

K

α + β = (x1 + y1)α1 + (x2 + y2)α2 + · · · + (xn + yn)αn

kα = kx1α1 + kx2α2 + · · · + kxnαn

�âT�½Â�:

T (α) = x1β1 + x2β2 + · · · + xnβn

T (β) = y1β1 + y2β2 + · · · + ynβn

T (α + β) = (x1 + y1)β1 + (x2 + y2)β2 + · · · + (xn + yn)βn

T (kα) = kx1β1 + kx2β2 + · · · + kxnβn
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ddíÑ

T (α + β) = (x1 + y1)β1 + (x2 + y2)β2 + · · · + (xn + yn)βn

= (x1β1 + x2β2 + · · · + xnβn) + (y1β1 + y2β2 + · · · + ynβn)

= T (α) + T (β)

T (kα) = kx1β1 + kx2β2 + · · · + kxnβn

= k(x1β1 + x2β2 + · · · + xnβn)

= kT (α)

¤±T´Vþ�5C�.

(��5)XJ,	k��Vþ��5C�T1,�÷v

T1(αi) = βi, i = 1, 2, · · · , n.

Kéu?¿��þα = x1α1 + x2α2 + · · · + xnαn�½k

T1(α) = T1(x1α1 + x2α2 + · · · + xnαn)

= x1T1(α1) + x2T1(α2) + · · · + xnT1(αn)

= x1β1 + x2β2 + · · · + xnβn

= T (α)

¤±T1 = T.
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~. �ÑR2þ��5C�/ª.

). 3R2þ���kSÄ

e1 =

(
1
0

)
e2 =

(
0
1

)
�T´R2þ��5C�.d½níÑ, TdT (e1)ÚT (e2)��(½.�

T (e1) =

(
a
b

)
T (e2) =

(
c
d

)
éuα ∈ R2,K

α =

(
x
y

)
= xe1 + ye2

T (α) = xT (e1) + yT (e2) =

(
ax
bx

)
+

(
cy
dy

)
=

(
ax + cy
bx + dy

)
=

(
a c
b d

) (
x
y

)
��,�A´��2�¢Ý
,éuX ∈ R2,½ÂT (X) = AX. KdÝ
�$�5��±í
ÑT´R2þ��5C�.

öS1. éu��Fn, Fnþ��5C�/ª´N��?

öS2. SK7.1: 11.
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• �5C��$�

½Â. �T1ÚT2´V þ�ü��5C�, T1ÚT2�\{P�T1 + T2,½ÂXe:

(T1 + T2)(α) := T1(α) + T2(α), α ∈ V.

·K. �T1ÚT2´V þ�ü��5C�,KT1 + T2´V þ��5C�.

y². dT1 + T2�½Â�±íÑT1 + T2´V�V�ü�N�.éuα, β ∈ V , k ∈ F,

(T1 + T2)(α + β) = T1(α + β) + T2(α + β) = T1(α) + T1(β) + T2(α) + T2(β)

= (T1(α) + T2(α)) + (T1(β) + T2(β)) = (T1 + T2)(α) + (T1 + T2)(β)

(T1 + T2)(kα) = T1(kα) + T2(kα) = kT1(α) + kT2(α) = k(T1(α) + T2(α)) = k(T1 + T2)(α).

¤±T1 + T2´V þ����5C�.
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½Â. �k ∈ F´��ê, T´Vþ��5C�,½ÂTÚêk�¦{P�kT½öP�Tk,½
ÂXe:

(kT )(α) := kT (α) (= k(T (α))), α ∈ V,

·K. kT ´V þ����5C�.

y². dkT �½Â�±wÑkT´V�V�ü�N�.éuα, β ∈ V, l ∈ F,

(kT )(α + β) = kT (α + β) = k(T (α) + T (β)) = kT (α) + kT (β) = (kT )(α) + (kT )(β)

(kT )(lα) = kT (lα) = k(lT (α)) = (kl)T (α) = (lk)T (α) = l(kT (α)) = l(kT )(α)

¤±kT ´V þ����5C�.
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·K. �L(V, V )´V þ¤k�5C�¤|¤�8Ü,KL(V, V )'u�5C��\{Ú
ê¦�¤��ê�Fþ��5�m,=,�5C��ê¦Ú\{÷ve¡l�5�:

(1)��Æ:éu?¿T1, T2 ∈ L(V, V ), T1 + T2 = T2 + T1

(2)(ÜÆ:éu?¿T1, T2, T3 ∈ L(V, V ), T1 + (T2 + T3) = (T1 + T2) + T3

(3)"���3: O´"C�,Ké?¿T ∈ L(V, V )kT + O = T ,

(4)K���3: éu?¿T1 ∈ L(V, V ),½ÂT2Xe:

T2(α) := −T1(α), α ∈ V,

KT2 ∈ L(V, V )¿�T1 + T2 = O. (¡T2�T1�KC�,P�−T1)

(5)éuT ∈ L(V, V ),K1T = T

(6)éuk, l ∈ F,T ∈ L(V, V ),K(kl)T = k(lT )

(7)éuk, l ∈ F,T ∈ L(V, V ),K(k + l)T = kT + lT

(8)éuk ∈ F,T1, T2 ∈ L(V, V ),Kk(T1 + T2) = kT1 + kT2
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y². ·��y²(1)Ú(4),Ù{��ÓÆ�y²
(1)�T1, T2 ∈ L(V, V ),éuα ∈ V ,K

(T1 + T2)(α) = T1(α) + T2(α) = T2(α) + T1(α) = (T2 + T1)(α)

¤±T1 + T2 = T2 + T1.
(4)éuT1 ∈ L(V, V ), T2�½Â´

T2(α) := −T1(α) (−(T1(α))), α ∈ V,

dT2�½Â�±wÑT2´V�V�ü�N�.éuα, β ∈ V , k ∈ F

T2(α + β) = −(T1(α + β)) = −(T1(α) + T1(β)) = (−T1(α)) + (−T1(β)) = T2(α) + T2(β)

T2(kα) = −(T1(kα)) = −(kT1(α)) = k(−(T1(α))) = kT2(α)

¤±T2 ∈ L(V, V )

(T1 + T2)(α) = T1(α) + T2(α) = T1(α) + (−T1(α)) = 0

¤±T1 + T2 = O.
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öS1. (SK7.1: 13)�V, W´��ê�Fþ��5�m, L(V, W )L«dV�W��5N
�|¤�8Ü.

(1)�aqu8ÜL(V, V )þ�\{Úê¦½Â�Ñ8ÜL(V, W )þ�\{Úê¦½Â.

(2)y²L(V, W )'uþ¡½Â�\{Úê¦�¤��ê�Fþ��5�m.

öS2. SK7.1: 8(2); 14.

`². �W = F�,K¡�5�mL(V, W )�V�éó�m,~^PÒV ∗L«. V ∗¥���
¡�Vþ��5¼ê.
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½Â. �V´Fþ��5�m,T1, T2 ∈ L(V, V ),KT1¦±T2P�T1T2½ÂXe:

T1T2(α) := T1(T2(α)) α ∈ V

·K. �V´Fþ��5�m,T1, T2 ∈ L(V, V ),KT1T2 ∈ L(V, V ).

y². dT1T2�½Â�±wÑT1T2´V�V�ü�N�.éuα, β ∈ VÚk ∈ F,

T1T2(α + β) = T1(T2(α + β)) = T1(T2(α) + T2(β)) = T1(T2(α)) + T1(T2(β))

= T1T2(α) + T1T2(β)

T1T2(kα) = T1(T2(kα)) = T1(kT2(α)) = kT1(T2(α)) = kT1T2(α)

¤±T1T2 ∈ L(V, V ).

5¿. ��5�mVÚWØÓ�,K38ÜL(V, W )þÃ{�Ñaqu8ÜL(V, V )þ�¦
{½Â.
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·K. �V´Fþ��5�m,KV þ��5C��¦{÷v:

(1)(ÜÆ:éu?¿T1, T2, T3 ∈ L(V, V ),ðkT1(T2T3) = (T1T2)T3

(2)�3ü �: éu?¿T ∈ L(V, V ),ðkTE = ET = T

(3)©�Æ:éu?¿T1, T2, T3 ∈ L(V, V ),ðk

T1(T2 + T3) = T1T2 + T1T3, (T2 + T3)T1 = T2T1 + T3T1

y². ·��y²(1)Ú(3)��©�Æ,Ù{�ÓÆ��¤y².
éuα ∈ V

T1(T2T3)(α) = T1((T2T3)(α)) = T1(T2(T3(α)))

(T1T2)T3(α) = (T1T2)(T3(α)) = T1(T2(T3(α)))

¤±T1(T2T3) = (T1T2)T3

(T2 + T3)T1(α) = (T2 + T3)(T1(α)) = T2(T1(α)) + T3(T1(α))

(T2T1 + T3T1)(α) = T2T1(α) + T3T1(α) = T2(T1(α)) + T3(T1(α))

¤±(T2 + T3)T1 = T2T1 + T3T1

5¿. �5C��¦{��Ø÷v��Æ,�ÓÆ�����~(ë�SK7.1.2).
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½Â. �V´Fþ��5�m, T´Vþ��5C�,KT�¦�½ÂXe:{
T 0 := E
T n+1 := T nT

5¿. du�5C��¦{äk(ÜÆ,¤±éu�K�êm, nk

T nTm = T n+m (T n)m = T nm

u´,é?¿�õ�ªf(x) = amxm + am−1x
m−1 + · · · + a1x + a0 ∈ F[x],�±½Â�5C

�T �õ�ª,
f(T ) = amTm + am−1T

m−1 + · · · + a1T + a0E
�f(T )E,´V þ��5C�.
XJ

h(x) = f(x) + g(x), p(x) = f(x)g(x)

K
h(T ) = f(T ) + g(T ), p(T ) = f(T )g(T ).

¤±Ó��5C�T�ü�õ�ª�¦{�±��,=

f(T )g(T ) = g(T )f(T ).
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du�5C�¦{��Ø÷v��Æ,¤±3$���AO5¿,¦{úª��ØU�B
¦^.~X

(T1T2)
2 6= T 2

1 T2
2,

(T1 + T2)
2 6= T 2

1 + 2T1T2 + T2
2,

(T1 + T2)(T1 − T2) 6= T 2
1 − T2

2.

�(�úªAT´

(T1T2)
2 = T1T2T1T2,

(T1 + T2)
2 = T 2

1 + T1T2 + T2T1 + T2
2,

(T1 + T2)(T1 − T2) = T 2
1 + T2T1 − T1T2 − T2

2.

öS. SK7.1: 3; 6.
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• �_�5C�

½Â. �T1´�5�mV þ����5C�,XJ�3V þ�,���5C�T2,¦�

T1T2 = T2T1 = E

K¡�5C�T1��_�5C�, T2�T1�_C�

·K. XJT ´�5�mV þ�_�5C�,KT�_C�´���.

y². �T1ÚT2Ñ´T�_C�,K

T1 = T1E = T1(TT2) = (T1T )T2 = ET2 = T2

`². du�_�5C��_C�´���, ¤±·�ò�_�5C�T�_C�P
�T−1
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½n. �T´�5�mV þ����_�5C�¿�^�T´V�.

y². duT´�5�mV þ����_�5C�,¤±�3T−1¦�

T−1T = TT−1 = E

ÏdT´V�.
��XJT´V�,K�3V�V�ü�N�T1¦�

T1T = TT1 = E

e¡`²T1´�5C�.é?¿�α, β ∈ V Úk ∈ F

T1(α) + T1(β) = E(T1(α) + T1(β)) = T1T (T1(α) + T1(β)) = T1(TT1(α) + TT1(β))

= T1(E(α) + E(β)) = T1(α + β)

kT1(α) = E(kT1(α)) = T1T (kT1(α)) = T1(kT (T1(α))) = T1(k(TT1)(α))

= T1(kE(α)) = T1(kα)

¤±T1´�5C�.ddíÑT´�_�5C�.

`². �T ´�_�5C��,�±½ÂT �K�ê�:é��ên,-

T−n = (T−1)n

�¦�{K¤á.
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½Â. �VÚW´Fþ����5�m, ϕ´V�W ���5N�,-

ker(ϕ) := {α ∈ V |ϕ(α) = 0} ϕ(V ) := {ϕ(β)|β ∈ V }

K¡ker(ϕ)�ϕ�Ø, ϕ(V )�ϕ��.

½n. �T ´n��5�mV þ����5C�,Kker(T )ÚT (V )Ñ´V �f�m,�

dim ker(T ) + dim T (V ) = dim V.

y². Äk�yker(T )ÚT (V )Ñ´V �f�m.
éuα, β ∈ ker(T )Úk, l ∈ F,

T (kα + lβ) = kT (α) + lT (β) = k0 + l0 = 0

¤±kα + lβ ∈ ker(T ),=ker(T )´V �f�m.
éuα, β ∈ T (V )Úk, l ∈ F,K�3α1, β1 ∈ V¦�α = T (α1), β = T (β1),

kα + lβ = kT (α1) + lT (β1) = T (kα1) + lβ1)

¤±kα + lβ ∈ T (V ),=T (V )´V �f�m.
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2y²�êúª. �dim ker(T ) = r. 3ker(T ) ¥���Äα1, α2, · · · , αr,2r§*¿�V
���Äα1, α2, · · · , αr, αr+1, · · · , αn. e¡�yT (αr+1), T (αr+2), · · · , T (αn)´T (V )���
Ä.
XJ�3kr+1, kr+2, · · · , kn ∈ F¦�

kr+1T (αr+1) + kr+2T (αr+2) + · · · + knT (αn) = 0

T (kr+1αr+1 + kr+2αr+2 + · · · + knαn) = 0

=kr+1αr+1 + kr+2αr+2 + · · · + knαn ∈ ker(T ),¤±§�±dα1, α2, · · · , αr�5L«,¤±

kr+1αr+1 + kr+2αr+2 + · · · + knαn = k1α1 + k2α2 + · · · + krαr

k1α1 + k2α2 + · · · + krαr − kr+1αr+1 − kr+2αr+2 − · · · − knαn = 0

dα1, α2, · · · , αr, αr+1, · · · , αn�5Ã'íÑkr+1 = kr+2 = · · · = kn = 0. ¤
±T (αr+1), T (αr+2), · · · , T (αn)´�5Ã'�.
éuβ ∈ T (V ),K�3β1 ∈ V ,¦�β = T (β1),�β1 = x1α1 +x2α2 + · · ·+xrαr +xr+1αr+1 +
· · · + xnαn,K

β = T (β1) = T (x1α1 + x2α2 + · · · + xrαr + xr+1αr+1 + · · · + xnαn)

= x1T (α1) + x2T (α2) + · · · + xrT (αr) + xr+1T (αr+1) + · · · + xnT (αn)

= xr+1T (αr+1) + · · · + xnT (αn)

¤±β�±dT (αr+1), T (αr+2), · · · , T (αn)�5L«.ÏdT (αr+1), T (αr+2), · · · , T (αn)´T (V )�
��Ä.ddíÑ

dim ker(T ) + dim T (V ) = dim V.
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Ún. �VÚW´Fþ����5�m, ϕ´V�W ���5N�. Kϕ´ü�¿©7�^
�ker(ϕ) = {0}

y². (7�5)éuα ∈ ker(ϕ),Kϕ(α) = 0 = ϕ(0).dϕ´ü�íÑα = 0.

(¿©5) XJϕ(α) = ϕ(β), Kϕ(α) − ϕ(β) = 0, dϕ´�5N�íÑϕ(α − β) = 0,
dker(ϕ) = {0}íÑα − β = 0,=α = β.¤±ϕ´ü�.

½n. �V ´n��5�m, T´V þ����5C�.KT ´ü�¿©7�^�T ´÷�.

y². T ´ü�¿©7�^�kerT = {0};ddim ker(T ) + dim T (V ) = dim V��kerT =
{0}¿©7�^�dim T (V ) = dim V ;duT (V )´V�f�m,¤±dim T (V ) = dim V¿©
7�^�T (V ) = V ,=T ´÷�.

öS. SK7.1: 5(2), 12



•First •Prev •Next •Last •Go Back •Full Screen •Close •Quit


