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§7.3 A���A��þ

½Â. �V ´ê�F þ��5�m, T´V þ��5C�. XJ�3λ0 ∈ F Ú�"�

þα ∈ V ¦�

T (α) = λ0α

Kλ0 ¡��5C�T ���A��, α ¡��5C�T �áuA��λ0 ���A��þ.

·K. �λ0 ´�5C�T ���A��, K8Ü

Vλ0
= {α ∈ V |T (α) = λ0α}

´V ����ê≥ 1 �f�m.

y². duλ0´T ���A��, ¤±��k���"�þα ∈ Vλ0
. éuα1, α2 ∈ Vλ0

Úk ∈
F, K

T (α1 + α2) = T (α1) + T (α2) = λ0α1 + λ0α2 = λ0(α1 + α2)

T (kα1) = kT (α1) = kλ0α1 = λ0(kα1)

¤±α1 + α2, kα1 ∈ V . ù`²Vλ0
´V ���f�m. qÏ�Vλ0

��¹k���"�þ,
Ïddim Vλ0

≥ 1.

½Â. ¡Vλ0
�áuλ0 �A�f�m, {¡A�f�m.

öS. SK7.3: 1,6.
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�V ´ê�F þ��5�m, T V þ��5C�, T3V ���kSÄ(α1, α2, · · · , αn)e�Ý

�A, λ0´T�A��, α´áuλ0�A��þ, α3Ä(α1, α2, · · · , αn)e��I�X , Kα�

"`²X�",
T (α) = λ0α ⇔ AX = λ0X

½Â. �A´n��
, XJ�3λ0 ∈ F Ú�"n���þX ¦�

AX = λ0X

Kλ0 ¡��
A ���A��, X ¡��
A �áuA��λ0 ���A��þ.

du
AX = λ0X ⇔ λ0X − AX = 0 ⇔ (λ0E − A)X = 0

¤±àg�5�§|(λ0E − A)X = 0k�")¿�^�|λ0E − A| = 0

½Â. �A´n��
, λ ´��Ø½�, õ�ª|λE − A|¡�A�A�õ�ª, P�∆A(λ),
A�õ�ª��¡�A�A��.

5¿. �
A�A��Ò´�
A�A��.
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�
A �A�õ�ª∆A(λ) ���5�

(1)�λ1, λ2, · · · , λn ´∆A(λ) 3Eê�¥�n ��(�Uk�), K

λ1 + λ2 + · · ·+ λn = tr(A), λ1λ2 · · ·λn = |A|

y². �∆A(λ) = λn + c1λ
n−1 + · · · + cn−1λ + cn, duλ1, λ2, · · · , λn ´∆A(λ) n ��, ¤

±∆A(λ) = (λ−λ1)(λ−λ2) · · · (λ−λn). u´c1 = −(λ1+λ2+· · ·+λn), λ1λ2 · · ·λn = (−1)ncn

,��¡

∆A(λ) =

∣∣∣∣∣∣∣∣
λ− a11 −a12 · · · −a1n

−a21 λ− a22 · · · −a2n

· · ·
−an1 −an2 · · · λ− ann

∣∣∣∣∣∣∣∣
d1�ªÐm��, Ø�Ìé��þ���ë¦	, 3Ðmª�Ù{��¥�õ�U�
¹(n − 2) �Ìé��þ���, ¤±Ù{��éA�λ �gê�õ´n − 2, Ïd∆A(λ) ¥
¹λ �n g��n− 1 g����U´

(λ− a11)(λ− a22) · · · (λ− ann) = λn − (a11 + a22 + · · ·+ ann)λ
n−1

¤±

c1 = −(a11 + a22 + · · ·+ ann) = −tr(A)

3∆A(λ)¥-λ = 0�cn = ∆A(0) = | − A| = (−1)n|A|
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(2) XJA ∼ B, KAÚBk�Ó�A�õ�ª

y². �B = P−1AP , K

|λE −B| = |λP−1EP − P−1AP |
= |P−1(λE − A)P |
= |P−1||(λE − A)||P |
= |λE − A|.

5¿. ù�5��_Ø¤á, ~X

A =

(
1 0
1 1

)
, B =

(
1 0
0 1

)
A�B�A�õ�ª�Ó, �´A�BØ�q.

½ Â. �T ´ � 5 � mV � � 5 C �, (α1, α2, · · · , αn) ´V � � � k S ÄT3

Ä(α1, α2, · · · , αn)e�Ý
�A , KT�A�õ�ªP�∆T (λ), ½Â�∆T (λ) := ∆A(λ).

`². du�qÝ
k�Ó�A�õ�ª, ¤±þ¡�½Â(��.

öS. SK7.3: 7, 8(2),(3).
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A���A��þ�O�

�V ´ê�F þ��5�m, T´V þ��5C�, ¦T�A���A��þ�Ú½Xe:

(1) 3V ¥�½��kSÄ(α1, α2, · · · , αn), ¦ÑT 3ù|Äe�Ý
A.

(2) ¦ÑA �A�õ�ª∆A(λ) = |λE − A|.

(3) ¦Ñ�§∆A(λ) = 0��Ü�, λi, i = 1, 2, · · · , n, §�Ò´T ��ÜA��.

(4) éz�A��λi , )àg�5�§|(λiE − A)X = 0, ¦Ñ§�Ä:)Xηi,1, · · · , ηi,ri
.

(5) ¦ÑV ¥��þβi,1, · · · , βi,ri
¦�éu(k = 1, 2, · · · , ri), βi,k3kSÄ(α1, α2, · · · , αn)e

��I�ηi,k. Kβi,1, · · · , βi,ri
�¤
A�f�mVλi

���Ä. Vλi
¥��"�þÒ´á

uλi ��ÜA��þ½ö`βi,1, · · · , βi,ri
¤k��"�5|ÜÒ´áuλi ��ÜA��þ.

`². þ¡Ú½(2)�(4)�Ñ¦�
A�A��ÚA��þÚ½, Ä:)Xηi,1, · · · , ηi,ri
�

Ð´�
A�A�f�mVλi
�Ä,¤±§�¤k��"�5|ÜÒ´áuλi ��ÜA��

þ.
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~. �V ´Fþ�n��5�m, (α1, α2, α3)´V ���kSÄ, T´V þ��5�m, §3

kSÄ(α1, α2, α3)e�Ý
�:

A =

 2 −1 −1
−1 2 −1
−1 −1 2


¦T�A��ÚA��þ.

). A�A�õ�ª

∆A(λ) = |λE − A| =

∣∣∣∣∣∣
λ− 2 1 1

1 λ− 2 1
1 1 λ− 2

∣∣∣∣∣∣ = λ(λ− 3)2

)�ê�§
∆A(λ) = 0

��: λ = 0, λ = 3(��), ¤±T�A���0Ú3.
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éuA��0, )àg�5�§|

(0E − A)X = 0 ⇔

 0− 2 1 1
1 0− 2 1
1 1 0− 2

 X = 0 ⇔

 −2x1 + x2 + x3 = 0
x1 − 2x2 + x3 = 0
x1 + x2 − 2x3 = 0

òXêÝ
z¤{z�F
 −2 1 1
1 −2 1
1 1 −2

 ↔

 1 0 −1
0 1 −1
0 0 0


�Ñ{z�F
éA�àg�5�§|{

x1 − x3 = 0
x2 − x3 = 0

gdCþ�x3, -x3 = 1, �àg�5�§|�Ä:)X

η1 =

 1
1
1


¤±β1 = α1 + α2 + α3´A�f�mV0�Ä, áuA��0�¤kA��þ�: kβ1, (k 6= 0)
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éuA��3, )àg�5�§|

(3E − A)X = 0 ⇔

 3− 2 1 1
1 3− 2 1
1 1 3− 2

 X = 0 ⇔

 x1 + x2 + x3 = 0
x1 + x2 + x3 = 0
x1 + x2 + x3 = 0

òXêÝ
z¤{z�F
  1 1 1
1 1 1
1 1 1

 ↔

 1 1 1
0 0 0
0 0 0


�Ñ{z�F
éA�àg�5�§|:

x1 + x2 + x3 = 0

gdCþ�x2, x3,

-
(

x2
x3

)
=

(
1
0

)
, �)η2 =

 −1
1
0

 ; -
(

x2
x3

)
=

(
0
1

)
, �)η3 =

 −1
0
1


Kη2, η3 ´àg�5�§|(3E−A)X = 0�Ä:)X, ¤±β2 = −α1+α2, β3 = −α1+α3´

A�f�mV3�Ä, áuA��3�¤kA��þ�: k1β2 + k2β3, (k1, k2Ø��")
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~. �

A =

 −1 1 0
−4 3 0
1 0 2


¦A�A��ÚA��þ.

). A�A�õ�ª�

∆A(λ) = |λE − A| =

∣∣∣∣∣∣
λ + 1 −1 0

4 λ− 3 0
−1 0 λ− 2

∣∣∣∣∣∣ = (λ− 2)(λ− 1)2

)�ê�§
∆A(λ) = 0

��λ = 2Úλ = 1(��), ¤±A�A���1Ú2.
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éuA��1, )àg�5�§|

(1E − A)X = 0 ⇔

 2 −1 0
4 −2 0
−1 0 −1

 X = 0 ⇔

 2x1 − x2 = 0
4x1 − 2x2 = 0
−x1 − x3 = 0

òXêÝ
z¤{z�F
  2 −1 0
4 −2 0
−1 0 −1

 ↔

 1 0 1
0 1 2
0 0 0


�Ñ{z�F
éA�àg�5�§|{

x1 + x3 = 0
x2 + 2x3 = 0

gdCþ�x3, -x3 = 1, �àg�5�§|�Ä:)X

η1 =

 −1
−2
1


¤±η1´A�f�mV1�Ä, áuA��1�¤kA��þ�: kη1, (k 6= 0).
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éuA��2, )àg�5�§|

(2E − A)X = 0 ⇔

 3 −1 0
4 −1 0
−1 0 0

 X = 0 ⇔

 3x1 − x2 = 0
4x1 − x2 = 0
−x1 = 0

òXêÝ
z¤{z�F
  3 −1 0
4 −1 0
−1 0 0

 ↔

 1 0 0
0 1 0
0 0 0


�Ñ{z�F
éA�àg�5�§|:{

x1 = 0
x2 = 0

gdCþ�x3, -x3 = 1�)

η2 =

 0
0
1


Kη2 ´àg�5�§|(2E − A)X = 0�Ä:)X, ¤±η2´A�f�mV2�Ä, áuA�
�2�¤kA��þ�: kη2(k 6= 0)
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öS1. �V ´Eê�þ��5�m, (α1, α2, α3)´V �kSÄ, T´V þ�5C�§3kS

Ä(α1, α2, α3)e�Ý
�

A =

 3 1 0
−4 −1 0
4 −8 2


¦T�A���A��þ.

öS2. �

A =


1 1 1 1
1 1 −1 −1
1 −1 1 −1
1 −1 −1 1


¦A�A���A��þ.
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·K. �A ´m× nÝ
, B ´n×mÝ
¿�m ≥ n. K

|λEm − AB| = λm−n|λEn −BA|

y². e¡·�©�¹5y²·K

(1) �m = n¿�A´�_
�, K

AB = ABAA−1 ⇒ AB ∼ BA

¤±ABÚBAk�Ó�A�õ�ª, =

|λE − AB| = |λE −BA|
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(2) �m = n¿�A´Ø�_
�, -

A(t) = Et + A

w,A(0) = A. du|A(t)|´t�ngõ�ª, ¤±÷v{
|A(t)| = 0
t 6= 0

�tØ¬�Ln�, Ø��§��{t1, · · · , tk}, -

t0 = min{|t1|, · · · , |tk|}

K�0 < t < t0�, |A(t)| 6= 0, =A(t)�_. u´�0 < t < t0�,

|λE − A(t)B| = |λE −BA(t)|

du|λE − A(t)B|Ú|λE −BA(t)|Ñ´t�õ�ª, ¤±§�Ñ´t�ëY¼ê. Ïd

|λE − AB| = |λE − A(0)B| = lim
t→0

|λE − A(t)B|

= lim
t→0

|λE −BA(t)| = |λE −BA(0)| = |λE −BA|
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(3) �m > n�, ½Âm��
ÃÚm��
B̃Xe:

Ã :=
(

A 0
)
, B̃ :=

(
B
0

)
K

ÃB̃ =
(

A 0
) (

B
0

)
= AB, B̃Ã =

(
B
0

) (
A 0

)
=

(
BA 0
0 0

)
u´

|λEm − AB| = |λEm − ÃB̃| = |λEm − B̃Ã|

= |
(

λEn 0
0 λEm−n

)
−

(
BA 0
0 0

)
|

=

∣∣∣∣ λEn −BA 0
0 λEm−n

∣∣∣∣ = λm−n|λEn −BA|
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`². ·Kw�·�: ABÚBA��"A��´���, ¿�·KJø
ü�O�A�õ

�ª��{.

~. �A ´m× nÝ
, B ´n×mÝ
. y²Em − AB�_¿�^�En −BA.

y². Em − AB�_¿�^�|Em − AB| 6= 0¿�^�1Ø´AB�A��¿�^�1Ø
´BA�A��_¿�^�|Em −BA| 6= 0_¿�^�En −BA.

��±ù�y²:
Ø�b�m > n, K

|λEm − AB| = λm−n|λEn −BA|
-λ = 1�: |Em − AB| = |En −BA|. ¤±Em − AB�_¿�^�En −BA.
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~. �A = (aij)n×n, Ù¥

aij =

{
1 + i · j i = j

i · j i 6= j

¦A�A��.

). �B = (i · j)n×n, KA = En + B. duR(B) = 1, ¤±Bke¡�÷�©):

B =


1
2
...
n

 (
1 2 · · · n

)
u´

|λEn − A| = |λEn − (En + B)| = |(λ− 1)En −B|

= |(λ− 1)En −


1
2
...
n

 (
1 2 · · · n

)
| = (λ− 1)n−1|(λ− 1)E1 −

(
1 2 · · · n

) 
1
2
...
n

 |

= (λ− 1)n−1(λ− 1−
n∑

k=1

k2)

¤±AA���1Ú1 +
∑n

k=1 k2.
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öS1. y²Ø�U�3n��
AÚB¦�

AB −BA = E

öS2. ¦e¡Ý
�A�� 
1 2 −1 −2 1
1 −1 2 −1 1
−1 −2 1 2 −1
−1 1 −2 1 −1
2 4 −2 −4 2


½Â. �V ´n ��5�m, T´V þ��5C�, XJ3V ¥�3��kSÄ¦�T 3ù

�kSÄe�Ý
�é�
, K¡T��é�z�5C�.

½Â. �A´n ��
, XJ�3�_
P , ¦�P−1AP �é�
, K¡A ��é�zÝ
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·K. �V ´n ��5�m, T´V þ��5C�, T 3��kSÄe�Ý
�A. KT´�

é�z�5C�¿�^�A ´�é�zÝ


y². (7�5)T�é�z, =�3kSÄ(β1, β2, · · · , βn) ¦�T3ù�kSÄe�Ý

Λ´é�
. �P´(α1, α2, · · · , αn)�(β1, β2, · · · , βn)�LÞÝ
KP−1AP = Λ, =A�é

�z.

(¿©5)A�é�z, =�3�_
P¦�P−1AP = Λ ´é�
, -(β1, β2, · · · , βn) =
(α1, α2, · · · , αn)P , d uP� _, ¤ ±(β1, β2, · · · , βn)´V � � � k S Ä, T3 k S

Ä(β1, β2, · · · , βn)e�Ý
Λ´é�
, =T�é�z.

~. �

A =

(
1 1
0 1

)
y²AØ�é�z

y². (�y)XJA �é�z, K�32 ��_
P¦�P−1AP = diag{a, b}, =A ∼
diag{a, b}. l|λE − A| = |λE − B|, =(λ− 1)2 = (λ− a)(λ− b) , ddíÑa = b = 1, u
´diag{a, b} = E. ù�,A = PBP−1 = E. ù�gñy²
A Ø�é�z.

öS. SK7.3: 5.


