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§7.4 �é�z^�

½n. �V ´n��5�m, T´V þ��5C�. KT �±é�z�¿©7�^�T kn �

�5Ã'�A��þ.

y². (7�5) XJT�±é�z§KV ¥k��kSÄ(β1, β2, · · · , βn) ¦�T3ù�k
SÄe�Ý
´é�
, =,

T (β1, β2, · · · , βn) = (β1, β2, · · · , βn)


λ1 0 · · · 0
0 λ2 · · · 0
... ... . . . ...
0 0 · · · λn


u´T (βi) = λiβi, i = 1, 2, · · · , n. duÄ�þβi o´�"�þ, ù`²λi´T�A��, βi

´T �áuA��λi �A��þ, ¤±Tkn ��5Ã'�A��þ.
(¿©5) XJT kn ��5Ã'�A��þα1, α2, · · · , αn, K(α1, α2, · · · , αn)�±�¤V �

��kSÄ, duα1, α2, · · · , αn´A��þ, ¤±�3λi, (i = 1, 2, · · · , n)¦�T (αi) = λiαi,
ddíÑT 3kSÄ(α1, α2, · · · , αn)e�Ý
�

λ1 0 · · · 0
0 λ2 · · · 0
... ... . . . ...
0 0 · · · λn
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`². V þ����5C�T�±é�z, KV ¥�3��kSÄ¦�T3ù�kSÄe�

Ý
´é�
.lù�½n�y²�±wÑ: ù�kSÄdT�A��þ|¤, ù�é�

�é��þ���dT�A��|¤, �éA� ���.

ù�½n�Ý
/ª

½n. n��
A�±�qué�
¿©7�^�A kn ��5Ã'�A��þ. �?
�ÚXJX1, X2, · · · , Xn´A�n ��5Ã'�A��þ¦�AXi = λiXi, i = 1, 2, · · · , n,
K-P ´±X1, X2, · · · , Xn ���þ�n ��
, =, P = (X1, X2, · · · , Xn). Kk

P−1AP =


λ1 0 · · · 0
0 λ2 · · · 0
... ... . . . ...
0 0 · · · λn

 ,

λ1, λ2, · · · , λn ´A ��ÜA��(�UêO).
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~. �V ´Fþ�n��5�m, (α1, α2, α3)´V ���kSÄ, T´V þ��5�m, §3

kSÄ(α1, α2, α3)e�Ý
�:

A =

 2 −1 −1
−1 2 −1
−1 −1 2


·�®²��: TkA���0Ú3(��). β1 = α1 + α2 + α3´áuA��0�A��þ,
β2 = −α1 + α2, β3 = −α1 + α3´áuA��3�A��þ, duβ1, β2, β3�5Ã', ¤±�

5C�T�±é�z, �T3kSÄ(β1, β2, β3)e�Ý
´ 0 0 0
0 3 0
0 0 3

 , ½öÝ
/ª:T (β1, β2, β3) = (β1, β2, β3)

 0 0 0
0 3 0
0 0 3



^ Ý 
 � � ó: d uAk � 5 Ã ' � A � � þη1 =

 1
1
1

(á u A � �0), η2 = −1
1
0

 , η2 =

 −1
0
1

(áuA��3), ¤±A�qé�
, �

P−1AP =

 0 0 0
0 3 0
0 0 3

 , Ù¥P =

 1 −1 −1
1 1 0
1 0 1
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½Â. �V ´ê�F þn ��5�m, T ´V þ��5C�, ∆T (λ)´T �A�õ�ª. X

J∆T (λ) 3�F þ�©)¤�gÏª�¦È, �∆T (λ)�IO©)ª�

∆T (λ) = (λ− λ1)
c1(λ− λ2)

c2 · · · (λ− λs)
cs

Kci ¡�A��λi ��êê.

�Vλi
´A��λi �A�f�m, =

Vλi
= {α ∈ V |T (α) = λiα} , i = 1, 2, · · · , s.

Pdi = dim Vλi
, K¡di�A��λi �AÛê.

`². d½Â�±wÑA��λi��êêÒ´λi���ê�§∆T (λ) = 0���ê,
A��λi�AÛêÒ´àg�5�§|(λiE − A)X = 0�Ä:)X¤¹�þ��ê(ù
pA´T3��kSÄe�Ý
).
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Ún. �5C�T �?�A��λi ��êê�u�uAÛê, =ci ≥ di.

y². �α1, α2. · · · , αdi
´Vλi

���Ä, ò§*¿V ���Äα1, α2. · · · , αdi
, αdi+1, · · · , αn.

duVλi
¥�"�þÑ´áuA��λi �A��þ, =kT (αj) = λiαj(1 ≤ j ≤ di), Ïd,

T (α1, · · · , αdi
, αdi+1, · · · , αn) = (α1, · · · , αdi

, αdi+1, · · · , αn)

(
A11 A12
0 A22

)
,

Ù¥

A11 =


λi 0 · · · 0
0 λi · · · 0
... ... . . . ...
0 0 · · · λi


di×di

,

A22 ´n− di ��
, A12 ´di × (n− di)Ý
.u´T �A�õ�ª�

∆T (λ) =

∣∣∣∣ λEdi
− A11 −A12
0 λEn−di

− A22

∣∣∣∣
= |λEdi

− A11||λEn−di
− A22|

= (λ− λi)
di|λEn−di

− A22|

ù`², A��λi 3∆T (λ) ¥�êci ���di, =ci ≥ di.
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Ún. XJλ1, λ2 · · · , λs ´�5C�T ��ÜüüØÓA��, αi ∈ Vλi
(i = 1, 2, · · · , s), K

�α1 + α2 + · · ·+ αs = 0 �, 7kα1 = α2 = · · · = αs = 0.

y². duT (αi) = λiαi(1 ≤ i ≤ s) Úα1 + α2 + · · ·+ αs = 0, ¤±éui = 0, 1, 2, · · · , s

0 = T i(0) = T i(α1 + α2 + · · ·+ αs)

= T i(α1) + T i(α2) + · · ·+ T i(αs)

= λi
1α1 + λi

2α2 + · · ·+ λi
sαs

u´ke¡�|�ª 
α1 + α2 + · · ·+ αs = 0
λ1α1 + λ2α2 + · · ·+ λsαs = 0
λ2

1α1 + λ2
2α2 + · · ·+ λ2

sαs = 0
· · · · · ·
λs−1

1 α1 + λs−1
2 α2 + · · ·+ λs−1

s αs = 0
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òù|�§�¤Ý
/ª,

(α1, α2, · · · , αs)B = (0,0, · · · ,0)

ùp

B =


1 λ1 · · · λs−1

1
1 λ2 · · · λs−1

2
· · · · · ·
1 λs · · · λs−1

s


duB�1�ª´���1�ª, �λ1, λ2 · · · , λs üüØÓ, ¤±B ´�_Ý
. u´

(α1, α2, · · · , αs) = (α1, α2, · · · , αs)BB−1

= (0,0, · · · ,0)B−1 = (0,0, · · · ,0)

=α1 = α2 = · · · = αs = 0.
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Ún. XJλ1, λ2 · · · , λs ´�5C�T �üüØÓA��,

Bi = {αi1, αi2, · · · , αiri
}(i = 1, 2, · · · , s)

´T �áuA��λi ��5Ã'�A��þ|. K�þ|B1 ∪B2 ∪ · · · ∪Bs �5Ã'.

y². �Vλi
´A��λi�A�f�m, XJ

r1∑
j=1

a1jα1j +

r2∑
j=1

a2jα2j + · · ·+
rs∑

j=1

asjαsj = 0,

K-βi =
∑ri

j=1 aijαij, (i = 1, 2, · · · , s), duBi ⊆ Vλi
, ¤±βi ∈ Vλi

(i = 1, 2, · · · , s) u´

dβ1 + β2 + · · · + βs = 0íÑβ1 = β2 = · · · = βs = 0 lβi =
∑ri

j=1 aijαij = 0. �´�þ
|Bi´�5Ã', Ïdai1 = ai2 = · · · = airi

= 0(i = 1, 2, · · · s), =�þ|B1 ∪ B2 ∪ · · · ∪ Bs

�5Ã'.

·K. XJn ��5�mV ��5C�T �A�õ�ª∆T (λ) kn �ØÓ��(=T kn
�ØÓA��), KT 7�é�z.

y². �λi(i = 1, 2, · · ·n)´T kn �ØÓA��, αi´áuA��λi�A��þ, K{λi}�

5Ã', ddíÑ
n⋃

i=1

{αi} = {α1, α2, · · · , αn}

�5Ã', ¤±T n �A��þ�5Ã', ÏdT �é�z.
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½n. �n ��5�mV ��5C�T �ØÓA���λ1, λ2, · · · , λs, λi ��êê�ci,
AÛê�di, KT �é�z�¿©7�^�ci = di(i = 1, 2, · · · , s)

y². (7�5) �T �é�z, KT kn ��5Ã'�A��þ, òùn ��5Ã'A��

þUA��?1©a, ¤±éu(k = 1, 2, · · · , s)��αk1, αk2, · · · , αkik ´áuA��λk �

A��þ, �i1 + i2 + · · ·+ is = n. u´

n = i1 + i2 + · · ·+ is ≤ d1 + d2 + · · ·+ ds ≤ c1 + c2 + · · ·+ cs = n

2dudk ≤ ck(k = 1, 2, · · · , s) ¤±ck = dk(k = 1, 2, · · · , s).

(¿ © 5) d udim Vλk
= dk = ck, © O 3 z � A � f � mVλk

¥ � ÄBk =
{αk1, αk2, · · · , αkdk

}(k = 1, 2, · · · , s), K�þ|
s⋃

k=1

Bk

�5Ã', ¿�§TÐ�¹d1 + d2 + · · ·+ ds = c1 + c2 + · · ·+ cs = n ��þ. ¤±T �n �

�5Ã'�A��þ. ÏdT �é�z.
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~. �

A =

 5 −6 −6
−1 4 2
3 −6 −4

 ,

�äA ´Ä�é�zº

): Ï�

∆A(λ) =

∣∣∣∣∣∣
λ− 5 6 6

1 λ− 4 −2
−3 6 λ + 4

∣∣∣∣∣∣ = (λ− 2)2(λ− 1),

¤±A k2 �ØÓA��λ1 = 2, λ2 = 1.
Vλ1

´àg�5�§|(2E − A)X = 0 �)�m,

2E − A =

 −3 6 6
1 −2 −2
−3 6 6

 ↔

 1 −2 −2
0 0 0
0 0 0


duR(2E − A) = 1, Ïdim Vλ1

= 3 − 1 = 2 =A��λ1 ��êê. qdu1 ≤
dim Vλ2

≤A��λ2��êê= 1, ¤±dim Vλ2
= 1, ddíÑA �±é�z.
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~. �

A =

 −1 1 0
−4 3 0
1 0 2


Á¯A´Ä�±é�z?

). A�A�õ�ª�

∆A(λ) = |λE − A| =

∣∣∣∣∣∣
λ + 1 −1 0

4 λ− 3 0
−1 0 λ− 2

∣∣∣∣∣∣ = (λ− 2)(λ− 1)2

¤±A�A���λ1 = 1Úλ2 = 2.
Vλ1

´àg�5�§|(1E − A)X = 0 �)�m,

(1E − A) =

 2 −1 0
4 −2 0
−1 0 −1

 ↔

 1 0 1
0 1 2
0 0 0


¤±R(1E − A) = 2, u´dim Vλ1

= 3− 2 = 1 6=A��λ1��êê= 2. ¤±AØ�±é

�z.

öS. SK7.4: 1,2,3.
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·K.[Ç��î-p4Hamilton-Cayley] ��F þn ��
A �A�õ�ª�

∆A(λ) = |λE − A| = λn + c1λ
n−1 + · · ·+ cn−1λ + cn,

K

∆A(A) = An + c1A
n−1 + · · ·+ cn−1A + cnE = 0.

ù�·K�y²ò33e�¡. ùp^��~f5`².

~. �

A =

(
2 1
−3 −1

)
,

K

∆A(λ) =

∣∣∣∣ λ− 2 −1
3 λ + 1

∣∣∣∣ = λ2 − λ + 1,

∆A(A) = A2 − A + E

=

(
1 1
−3 −2

)
−

(
2 1
−3 −1

)
+

(
1 0
0 1

)
=

(
0 0
0 0

)
.
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½Â. �A ´n ��
, f(λ) = a0λ
n + a1λ

n−1 + · · ·+ an−1λ + an, XJf(A) = 0, K¡õ�

ªf(λ) �A �"zõ�ª.

5¿. éun ��
A, A�A�õ�ª∆A(λ)´A ���"zõ�ª. ¤±éun ��


A, ©ª�3��n gõ�ª, §"zA.

½Â. é�½�n ��
A, ��õ�ªXJ§´A �"zõ�ª¥gê�$�Ä�X

ê�1 õ�ª, K¡§�A ���õ�ª.

~. ¦

A =

 1 0 0
−1 0 0
1 1 1


���õ�ª.

). Ï�

A2 =

 1 0 0
−1 0 0
1 1 1

 = A,

¤±λ2 − λ ´A �"zõ�ª. duA 6= d0E, Ïλ2 − λ ´A �����õ�ª.
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·K. éun ��
A, A ���õ�ª���3.

y ². (� 3 5)3 � 5 � mMn(F), ¦ Ñ � �s¦ �E, A, · · ·As−1, As
� 5 � ',

E, A, · · ·As−1, As−1
�5Ã'. duMn(F)´k���, ¤±ù��s�3. u´As�±

dE, A, · · ·As−1, As−1
�5L«, =�3a0, a1, · · · , as−1¦�

As = a0E + a1A + · · ·+ as−1A
s−1

¤±õ�ªf(λ) = −a0 − a1λ − · · · − as−1λ
s−1 + λs"zA, duE, A, · · ·As−1, As−1

�5Ã

', ¤±gê�us�õ�ªØ�U"zA. =f(λ)´A���õ�ª.

(��5) XJm1(λ), m2(λ) Ñ´A ���õ�ª, K§�k�Ó�gê(��r), �Ä�

XêÑ´1. ù�, õ�ª

g(λ) = m1(λ)−m2(λ) 6= 0

�g(λ) ´gê< r �õ�ª.

g(A) = m1(A)−m2(A) = 0,

ùgñuA �"zõ�ª�gê���r �b�.

5¿. dun ��
A���õ�ª���3, ¤±e¡·�ò^mA(λ)L«A���õ�

ª.
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·K. õ�ªf(λ) ´A �"zõ�ª�¿©7�^��A ���õ�ªmA(λ) �Øf(λ),
AOmA(λ)|∆A(λ).

y². (7�5) �f(λ) ´A �"zõ�ª. dõ�ª�{Ø{�

f(λ) = q(λ)mA(λ) + r(λ),

Ù¥r(λ) �gê�umA(λ) �gê. XJr(λ) 6= 0, K

f(A) = q(A)mA(A) + r(A).

df(A) = 0 ÚmA(A) = 0íÑr(A) = 0. ù�mA(λ)´��õ�ªgñ. ¤±r(λ) = 0,
=mA(λ)|f(λ).

(¿©5) XJmA(λ)|f(λ). Kf(λ) = q(λ)mA(λ). ¤±f(A) = q(A)mA(A) = 0.
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~. �n ��"�
A ÷vA2 = A, �A 6= E. ¦��õ�ªmA(λ)

). dA2 = A, f(λ) = λ2 − λ ´A ���"zõ�ª. ù�, mA(λ) A´f(λ) �Ïf,
=mA(λ) kn«�U:

(1) mA(λ) = λ, ù�A = mA(A) = 0, ØÜK¿;

(2) mA(λ) = λ− 1, ù�A− E = mA(A) = 0, =A = E, �ØÜK¿;

(3) ù�, =k��U´mA(λ) = λ(λ− 1).

íØ. �qÝ
k�Ó���õ�ª.

y². �B = P−1AP , K

mA(B) = mA(P−1AP ) = P−1mA(A)P = P−10P = 0

¤±mA(λ) ´B �"zõ�ª, ÏdmB(λ)|mA(λ). Ón�ymA(λ)|mB(λ). ü�õ�ª�

Ä�XêÑ´1, ¤±mA(λ) = mB(λ).

½Â. T���õ�ª�T 3V �,��ÄeéA�Ý
A ���õ�ª, ^mT (λ)L«.

`². du�5�mV þ�5C�T3ØÓÄe�Ý
´�q�, �qØUC��õ�

ª, ¤±ù�½Â´k²(¿Â�.

öS. SK7.4:4.
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·K. XJA �A�õ�ª�

∆A(λ) = (λ− λ1)
c1(λ− λ2)

c2 · · · (λ− λs)
cs,

KA ���õ�ª/X

mA(λ) = (λ− λ1)
e1(λ− λ2)

e2 · · · (λ− λs)
es,

Ù¥1 ≤ ei ≤ ci (i = 1, 2, · · · , s).

y ². dmA(λ)|∆A(λ), í Ñei ≤ ci (i = 1, 2, · · · , s). ¤ ± · � � � yei ≥ 1(i =
1, 2, · · · , s).
XJk,�ej = 0, �Ö�{Bå�, Ø��e1 = 0, K

mA(λ) = (λ− λ2)
e2(λ− λ3)

e3 · · · (λ− λs)
es

�α1 ´áuA��λ1 �A��þ. K

0 = 0α = mA(A)α1 = (A− λ2E)e2(A− λ3E)e3 · · · (A− λsE)esα1
= (λ1 − λ2)

e2(λ1 − λ3)
e3 · · · (λ1 − λs)

esα1

du�i ≥ 2 �, λi 6= λ1, ù½¦α1 = 0, ù´��gñ, Ïd1 ≤ ei ≤ di (i = 1, 2, · · · , s).

`². ·Kw�·�A���õ�ª���¹
A�¤kA��.
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½n. n ��
A �é�z�¿©7�^�´A ���õ�ªmA(λ) Ã�.

y². (7�5) A �qué�


D = diag(D1, D2, · · · , Ds), Ù¥Di = diag(λi, · · · , λi︸ ︷︷ ︸
ci�

), i = 1, 2, · · · , s

KmA(λ) = mD(λ)¿�

∆A(λ) = ∆D(λ) = (λ− λ1)
c1(λ− λ2)

c2 · · · (λ− λs)
cs.

�

f(λ) = (λ− λ1)(λ− λ2) · · · (λ− λs)

dumD(λ)�¹D�¤kA��, ¤±f(λ)|mD(λ). ,��¡du

f(D) = diag(f(D1), f(D2), · · · , f(Ds)) = 0

¤±mD(λ)|f(λ). ddíÑmA(λ) = mD(λ) = f(λ), u´mA(λ) Ã�.



•First •Prev •Next •Last •Go Back •Full Screen •Close •Quit

(¿©5) �

mA(λ) = (λ− λ1)(λ− λ2) · · · (λ− λs)

Kλ1, λ2, · · · , λs ´A ��ÜØÓ�A��. éu(i = 1, 2, · · · , s), -

fi(λ) :=
mA(λ)

λ− λi

éu?¿X ∈ Fn,
(λiE − A)fi(A)X = −mA(A)X = 0X = 0

ù`²fi(A)X ∈ Vλi
. duõ�ªf1(λ), f2(λ), · · · , fs(λ)vkgê�u"úÏª, ¤±�3

õ�ªu1(λ), u2(λ), · · · , us(λ)¦�

u1(λ)f1(λ) + u2(λ)f2(λ) + · · ·+ us(λ)fs(λ) = 1

dd�

X = f1(A)u1(A)X + f2(A)u2(A)X + · · ·+ fs(A)us(A)X

ù`²
Fn = Vλ1

+ Vλ2
+ · · ·+ Vλs

du"�þ�©)ª´���, ¤±þ¡�Ú´�Ú, Ïd

dim Vλ1
+ dim Vλ2

+ · · ·+ dim Vλs
= n

¤±Akn��5Ã'�A��þ.
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~. �T ´�"�5C�, =�3k ≥ 2, ¦T k−1 6= O, �´T k = O, KT Ø�é�z.

y². dT k = 0, �f(λ) = λk ´T �"zõ�ª. u´T ���õ�ª/Xm(λ) = λr, Ù
¥1 ≤ r ≤ k. �r = 1 ¿�XT = O, gñub�. Ïdr ≥ 2, =T ���õ�ªk�, l

�"�5C�T Ø�é�z.

~. �

A =

 5 −6 −6
−1 4 2
3 −6 −4


Á¯A�é�zí?

). (1) ¦A �A�õ�ª

|λE − A| =

∣∣∣∣∣∣
λ− 5 6 6

1 λ− 4 −2
−3 6 λ + 4

∣∣∣∣∣∣ = (λ− 2)2(λ− 1).

(2) ��M = (A− E)(A− 2E) ´Ä�"

(A− E)(A− 2E) =

 4 −6 −6
−1 3 2
3 −6 −5

  3 −6 −6
−1 2 2
3 −6 −6

 = 0.

ÏmA(λ) = (λ− 1)(λ− 2) Ã�, A �é�z.
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A =

 −1 1 0
−4 3 0
1 0 2


�¯A�é�zí?

). (1) ¦A �A�õ�ª

|λE − A| =

∣∣∣∣∣∣
λ + 1 −1 0

4 λ− 3 0
−1 0 λ− 2

∣∣∣∣∣∣ = (λ− 1)2(λ− 2).

(2) ��M = (A− E)(A− 2E) ´Ä�"

(A− E)(A− 2E) =

 −2 1 0
−4 2 0
1 0 1

  −3 1 0
−4 1 0
1 0 0

 6= 0.

ÏmA(λ) = ∆A(λ) = (λ− 1)2(λ− 2) k�, A Ø�é�z.

öS1. �A ∈ Mn(F),
V := {f(A)|f(x) ∈ F[x]}

y²Mn(F)�f�mV ��ê�uA���õ�ª�gê.

öS2. SK7.4:5(2),6,7,10.


