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§8.3 Ð�Ïf

½Â. rÝ
A½ö�5C�T�z�gê�u"�ØCÏf©)¤pØ�Ó��gÏª

���¦È, ¤kù
�gÏª��(�Ó�7LUÑy�gêP�)¡�Ý
A½ö�5

C�T�Ð�Ïf.

~. �12�Ý
�ØCÏf´

1, 1, · · · , 1︸ ︷︷ ︸
9�

, (λ− 1)2, (λ− 1)2(λ + 1), (λ− 1)2(λ + 1)(λ2 + 1)2

U½Â, §�Ð�Ïfk7�, =

(λ− 1)2, (λ− 1)2, (λ− 1)2, (λ + 1), (λ + 1), (λ− i)2, (λ + i)2

Ù¥(λ− 1)2Ñyng, (λ + 1)Ñyüg.
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ØCÏfÚÐ�Ïf�'X:

XJ�
A�ØCÏf�d1(λ), d2(λ), · · · , dn(λ), òdi(λ) ©)¤pØ�Ó��gÏf��
�¦È

d1(λ) = (λ− λ1)
k11(λ− λ2)

k12 · · · (λ− λr)
k1r

d2(λ) = (λ− λ1)
k21(λ− λ2)

k22 · · · (λ− λr)
k2r

· · · · · ·
dn(λ) = (λ− λ1)

kn1(λ− λ2)
kn2 · · · (λ− λr)

knr

K¤k(λ− λj)
kij(kij ≥ 1) Ò´A��ÜÐ�Ïf.

5¿ØCÏf÷v
di(λ)|di+1(λ) (i = 1, 2, · · · , n− 1)

l

(λ− λj)
kij |(λ− λj)

ki+1,j (i = 1, 2, · · · , n− 1; j = 1, 2, · · · , r)

Ïd, 3d1(λ), d2(λ), · · · , dn(λ)�©)ªf¥, áuÓ���gÏª�����ê÷v

0 ≤ k1j ≤ k2j ≤ · · · ≤ knj (j = 1, 2, · · · , r)

ù`², Ó���gÏª����¤�Ð�Ïf¥, �g�p�7½Ñy3dn(λ)�©)¥,
�ggp�7½Ñy3dn−1(λ)�©)¥, Xd^íe�, ��áuÓ���gÏª���
�Ð�Ïf3ØCÏf�©)ª¥Ñy� �´��(½�.
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^Ý
�Ð�ÏfÚÝ
��ê¦ØCÏf��{:

���n��
��ÜÐ�Ïf�®�, 3¤kÐ�Ïf¥òÓ���gÏª(λ− λj)(j =
1, 2, · · · , r)����@
Ð�ÏfUü�ü�, ��ù
Ð�Ïf��êØvn�, Ò3

�¡Öþ·��ê�1, n¤n�. �¤�ü��

(λ− λj)
knj , (λ− λj)

kn−1,j , · · · , (λ− λj)
k1j (j = 1, 2, · · · , r)

u´-
di(λ) = (λ− λ1)

ki1(λ− λ2)
ki2 · · · (λ− λr)

kir (i = 1, 2, · · · , r)

Kd1(λ), d2(λ), · · · , dn(λ)Ò´A�ØCÏf.

`². þ¡�?Ø`²Ð�Ïf´dØCÏf��(½�, ��ØCÏ�´dÐ�Ïf�

�(½�

½n. ü�Ó�Ý
�q�¿©7�^�§�k�Ó�Ð�Ïf.

`². Ð�ÏfÚØCÏfÑ´Ý
��qØCþ. �¡òw�3���¹eÐ�Ïf
�¦{�'ØCÏf�¦{�B�
.

öS. SK8.3:2, 3.
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Ún. XJõ�ªf1(λ), f2(λ)Ñ�g1(λ), g2(λ)p�, K

(f1(λ)g1(λ), f2(λ)g2(λ)) = (f1(λ), f2(λ))(g1(λ), g2(λ)).

y². �

d(λ) = (f1(λ)g1(λ), f2(λ)g2(λ)), d1(λ) = (f1(λ), f2(λ)), d2(λ) = (g1(λ), g2(λ))

Kd1(λ)|d(λ), d2(λ)|d(λ), d(f1(λ), g1(λ)) = 1íÑ(d1(λ), d2(λ)) = 1, Ïdd1(λ)d2(λ)|d(λ).

, � � ¡, d ud(λ)|f1(λ)g1(λ), � -d(λ) = f(λ)g(λ), Ù ¥, f(λ)|f1(λ), g(λ)|g1(λ).
d u(f1(λ), g2(λ)) = 1, Ï (f(λ), g2(λ)) = 1. df(λ)|f2(λ)g2(λ), q �f(λ)|f2(λ), Ï

f(λ)|d1(λ). Ó��±y²g(λ)|d2(λ). ¤±d(λ)|d1(λ)d2(λ). dud(λ)Úd1(λ)d2(λ)Ñ´

Ä�Xê�1�õ�ª, ¤±d(λ) = d1(λ)d2(λ).
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Ún. �

A(λ) =

(
f1(λ)g1(λ) 0

0 f2(λ)g2(λ)

)
B(λ) =

(
f2(λ)g1(λ) 0

0 f1(λ)g2(λ)

)
XJõ�ªf1(λ), f2(λ) Ñ�g1(λ), g2(λ)p�, KA(λ)ÚB(λ)�d.

y²: A(λ)ÚB(λ)k�Ó�2�1�ªÏf

f1(λ)g1(λ)f2(λ)g2(λ)

A(λ) ÚB(λ)�1�1�ªÏf©O�

d(λ) = (f1(λ)g1(λ), f2(λ)g2(λ)) Ú d(x) = (f2(λ)g1(λ), f1(λ)g2(λ))

duf1(λ), f2(λ) Ñ�g1(λ), g2(λ)p�, ¤±d(λ) = d(λ), =, A(λ)ÚB(λ)�Ó�1�1�ª

Ïf, ¤±A(λ)ÚB(λ)�d.
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½n. Äk^Ð�C�zA�Ý
λE − A�é�/, ,�òÌé��þ���©)¤p
Ø�Ó��gÏª���¦È, K¤kù
�gÏª���(�Ó�UÑy�gêO�)Ò
´A ��ÜÐ�Ïf.

y². �λE − A®^Ð�C�z�é�/

D(λ) =


h1(λ)

h2(λ)
. . .

hn(λ)


Ù¥z�hi(λ)��p�XêÑ�1, òhi(λ)©)¤pØ�Ó��gÏª���¦È;

hi(λ) = (λ− λ1)
ki1(λ− λ2)

ki2 · · · (λ− λr)
kir (i = 1, 2, · · · , n)

·��y², éz��Ó��gÏª���(λ − λj)
kij(i = 1, 2, · · · , n, j = 1, 2, · · · , r),

3D(λ)�Ìé��þU,�gSü��, ���#é�
D1(λ)�D(λ)�d. ù�D1(λ)Ò
´λE − A�IO/, �¤kØ�1�(λ− λi)

kijÒ´A��ÜÐ�Ïf
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�
�Bå�, ké(λ− λ1)���?1?Ø, -

gi(λ) = (λ− λ2)
ki2(λ− λ3)

ki3 · · · (λ− λr)
kir, (i = 1, 2, · · · , n)

u´

hi(λ) = (λ− λ1)
ki1gi(λ), (i = 1, 2, · · · , n)

�z�(λ − λ1)
ki1Ñ�gj(λ)(j = 1, 2, · · · , r)p�.XJk����é�êki1 > ki+1,1, K

3D(λ)¥ò(λ− λ1)
ki1�(λ− λ1)

ki+1,1éN �, Ù{Ïª�±ØÄ.c¡�Únw�·�,(
(λ− λ1)

ki1gi(λ) 0
0 (λ− λ1)

ki+1gi+1(λ)

)
� (

(λ− λ1)
ki+1,1gi(λ) 0
0 (λ− λ1)

ki1gi+1(λ)

)
�d.
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ddíÑ

D(λ) =


. . .

(λ− λ1)
ki,1gi(λ)

(λ− λ1)
ki+11gi+1(λ)

. . .



↔


. . .

(λ− λ1)
ki+1,1gi(λ)

(λ− λ1)
ki1gi+1(λ)

. . .

 = D2(λ)

,�éD2(λ) 2�Xþ�?Ø, XdUY?1e�, ��é��þ��¤¹(λ − λ1)���
´U,�gSü���.�gé(λ− λ2), · · · , (λ− λr)�Ó�?n, ��B���D(λ) �d

�é�Ý
D1(λ), §�Ìé��þ¤¹z��Ó��gÏª���, Ñ´U,�gSü�
�.
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~. ¦λ-Ý


A(λ) =

 λ λ(λ + 1) 0
0 λ(1− λ) λ− 1

λ− 1 0 λ


�Ð�Ïf|, ØCÏf|, 1�ªÏf|.

). éλ-Ý
A(λ)?1Ð�C�

A(λ) =

 λ λ(λ + 1) 0
0 λ(1− λ) λ− 1

λ− 1 0 λ

 →

 λ 0 0
0 λ(1− λ) λ− 1

λ− 1 1− λ2 λ


↔

 λ 0 0
0 0 λ− 1

λ− 1 1 λ

 ↔

 λ 0 0
0 0 λ− 1
0 1 0

 ↔

 λ 0 0
0 λ− 1 0
0 0 1


¤±A�Ð�Ïf|:λ− 1, λ; ØCÏf|:1, 1, (λ− 1)λ; 1�ªÏf|:1, 1, (λ− 1)λ.
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~. ¦Ý


A =

 3 1 −3
7 3 9
−2 −1 4


�Ð�Ïf|, ØCÏf|, 1�ªÏf|.

). éλ-Ý
λE − A?1Ð�C�

λE − A =

 λ− 3 −1 3
−7 λ− 3 −9
2 1 λ− 4

 ↔

 λ− 3 −1 3
−7 + (λ− 3)2 0 −9 + 3(λ− 3)

2 + λ− 3 0 λ− 4 + 3


↔

 0 −1 0
7 + (λ− 3)2 + 9− 3(λ− 3) 0 −9 + 3(λ− 3)

0 0 λ− 1


↔

 1 0 0
0 (λ− 4)(λ− 5) 3λ− 18
0 0 λ− 1


¤±A�Ð�Ïf|:λ− 1, λ− 4, λ− 5; ØCÏf|:1, 1, (λ− 1)(λ− 4)(λ− 5); 1�ªÏf
|:1, 1, (λ− 1)(λ− 4)(λ− 5).

öS. SK8.3:1(2)(3).


