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§9.4 ��Ó��jC�(��C�)

½Â. �V ÚV ′�SÈ�m, §��SÈ©OP�; ( , )Ú( , )′, XJV �V ′��5N�f÷
v

‖ f(v) ‖=‖ v ‖, ∀v ∈ V

K¡f����5N�. XJV �V ′��5N�f÷v

(f(α), f(β))′ = (α, β), ∀α, β ∈ V

K¡f��SÈ�5N�.

`². w,���SÈ�5N��½´���5N�.
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·K. SÈ�mV �V ′��5N�f´�SÈ���=�f´���.

y². (7�5)Ï�ål´dSÈ½Â�, ¤±, 7�5w,.

(¿©5) du3j�m¥

(α, β) =
1

4
‖α + β‖2 − 1

4
‖α− β‖2 +

i

4
‖α + iβ‖2 − i

4
‖α− iβ‖2

3î¼�m¥
(α, β) =

1

4
‖α + β‖2 − 1

4
‖α− β‖2

¤±ü��þ�SÈ�d�þ�Ý5(½. duf´���5N�, ¤±

‖α± iβ ‖= ‖f(α± iβ)‖′ = ‖f(α)± if(β)‖′
‖α± β ‖= ‖f(α± β)‖′ = ‖f(α)± f(β)‖′

¤±(α, β) = (f(α), f(β))′.
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½Â. SÈ�mV �V ′��5N�fXJ÷v

(1) f���m�N�´Ó�N�;

(2) f�SÈ(½��).

K¡f�SÈ�mV �V ′�Ó�N�½¡f���Ó�N�.

½n. �Fþ�n�SÈ�m�Fn��Ó�.

íØ. ü�k��S�m��Ó��¿©7�^�´�ê�Ó.
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y². �e1, e2, · · · , en´V ��|IO��Ä, é?Û�þα =
∑n

i=1 xiei ∈ V , ½ÂN�

σ : α →


x1
x2
...

xn

 ∈ Fn

·���σ´�mV �Fnþ��5Ó�; e¡y²σ´���. du

‖α‖2 = (α, α) =
n∑

i=1

xixi =
n∑

i=1

|xi|2

,��¡,

σ(α) =


x1
x2
...

xn

 ∈ Fn

3Fn�IOSÈe, §��Ý

‖σ(α)‖2 =
n∑

i=1

|xi|2

¤±σ´��Ó�.
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½Â. �V ´�Fþ�SÈ�m, f´V �V g�þ����5C�, XJF´Eê�, K

¡f�jC�(~^i1UP), XJF´¢ê�, K¡f ���C�(~^i1OP).

·K. SÈ�mV þ����5C�f´Ó�.

y². duk���5�mþ��5C�ü��du÷��duV�, ¤±·���y�
��5C�f´ü�Ò1
, éu�þv ∈ ker(f), Kf(v) = 0. du(v, v) = (f(v), f(v)) = 0,
¤±v = 0.

½Â. �U´��Eê�
, XJU
T
U = E, K¡U�j
. �O´��¢ê�
, X

JOTO = E, K¡O���Ý
.

`². w,��C�´jC��AÏ�¹, ��Ý
´j
�AÏ�¹, =��C��±

w�¢ê�þjC�, ��Ý
�±w�¢ê�þjÝ
.
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~. �

A =
1√
3

(
1 −1 + i

i + 1 1

)
du

A
T
A =

1√
3

(
1 1− i

−1− i 1

)
1√
3

(
1 −1 + i

1 + i 1

)
=

(
1 0
0 1

)
¤±A´j
.

~. �

A =

(
cos θ − sin θ
sin θ cos θ

)
du

ATA =

(
cos θ sin θ
− sin θ cos θ

) (
cos θ − sin θ
sin θ cos θ

)
=

(
1 0
0 1

)
¤±A´��
.
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½n. �U´j�mV þ��5C�, Ke¡�^�´�d�.

(1) é?Û�þv ∈ V , k‖U(v)‖ = ‖v‖

(2) é?Ûα, β ∈ V , (U(α),U(β)) = (α, β)

(3) XJe1, · · · , en´V ��|IO��Ä, KU(e1),· · · ,U(en)�´V ��|IO��Ä

(4) U3?�IO��Äe�Ý
U´j
.

y². (1) ⇒(2), du���5C��½�SÈ, ¤±(2)¤á.

(2) ⇒(3). Ï�(U(ei),U(ej)) = (ei, ej) = δij, ¤±U(e1),U(ei), · · · ,U(en)´V ��|IO
��Ä.
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(3) ⇒(4). �e1, e2, · · · , en�V � ? � I O � � Ä, U3 ù | Ä e � Ý 
 �(aij)n×n.

KU(ei) =
n∑

i=1
akiek (i = 1, 2, · · · , n)

δij = (U(ei),U(ej)) = (
n∑

k=1

akiek,

n∑
s=1

asjes) =
n∑

k=1

akiakj

d'Xª�¤Ý
/ªÒ´

(aij)
T
n×n(aij)n×n = E

ù`²U = (aij)´j
.

(4) ⇒(1). 3V ¥�½�|IO��Äe1, e2, · · · , en, �U3TÄe�Ý
�A = (aij),

KU(ei) =
n∑

k=1
akiek(i = 1, 2, · · · , n)¿�A´j
, ¤±

(U(ei),U(ej)) = (
n∑

k=1

akiek,

n∑
s=1

asjes) =
n∑

k=1

akiakj = δij

ù`²U(e1)U(e2), · · · ,U(en)´IO��Ä. éu?Û�þv ∈ V , �v =
n∑

i=1
xiei, u´

(U(v),U(v)) = (
n∑

i=1
xiU(ei),

n∑
j=1

xjU(ej)) =
n∑
i,j

xixj(U(ei),U(ej))

=
n∑

i=1
xixi = (v, v).
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·K. ÷ve�^����n��
U = (uij)n×n�j
;

(1) U
t
U = E;

(2) UU
t
= E;

(3) U
t
= U−1;

(4) U´n�SÈ�mV ¥IO��Ä�IO��Ä�m�LÞÝ
.

y². dj
�½Â�±�: ^�(1),(2),(3)´�d�.

�U = (uij)´IO��Ä(α1, α2, · · · , αn) �Ä(β1, β2, · · · , βn)�LÞÝ
, Kβj =
n∑

i=1
uijαi,

u´

(βi, βj) = (
n∑

l=1

uljαl,

n∑
t=1

utjαt) =
n∑

l=1

n∑
t=1

uljutj(αl, αt) =
n∑

l=1

n∑
t=1

uljutjδlt = (U
T
U)ij

ddíÑU´j
�¿�^�(β1, β2, · · · , βn)´IO��Ä. Ïd�U´n�SÈ�mV ¥
IO��Ä�IO��Ä�m�LÞÝ
�, KU´j
, ���U´j
�, KU´n�S

È�mV ¥IO��Ä�IO��Ä�m�LÞÝ
.
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·K. (1) jC�(j
)�¦ÈE�jC�(j
).

(2) jC�(j
)�_C�(_
)E�jC�(j
).

y². �U1ÚU2´SÈ�mV þ�ü�jC�, Kéu?¿v ∈ V

‖U1U2(v)‖ = ‖U1(U2(v))‖ = ‖U2(v)‖ = ‖v‖

¤±U1U2´jC�.

‖v‖ = ‖E(v)‖ = ‖U1U
−1
1 (v)‖ = ‖U−1

1 (v)‖

¤±U−1
1 ´jC�.

5¿. þ¡'ujC�(jÝ
)�(Øéu��
�¤á, �ÓÆ��Ñ�A�(Ø.
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·K. (1) j
(��
)�1�ª�(ýé�)�1.

(2) jC�(��C�)�A��Ñ´�(ýé�)�1�. éAuØÓA���A��þ7�
�.

y². (1) �U´j
, Ï�U
t
U = E, ¤±|U t

U | = |U t||U | = 1, u´‖U‖2 = 1.

(2) �U´SÈ�mV þ�jC�, λ 6= µ´U�ü�ØÓA��, α, β ∈ V ´�A�A��

þ. du
(α, α) = (U(α),U(α)) = λλ(α, α)

ÚA��þ´�"�, ¤±(α, α) 6= 0, Ïd|λ|2 = λλ = 1. 2du

(α, β) = (U(α),U(β)) = (λα, µβ) = λµ(α, β),

�(1 − λµ)(α, β) = 0. Ï�|µ| = 1, ¤±µ = µ−1, duλ 6= µ, ¤±λµ 6= 1. ddí

Ñ(α, β) = 0.

`². éu��
O, XJ|O| = 1, ¡Oû½���C��^=½1�a�; XJ|O| = −1,
¡O�1�a�.

öS. SK9.4:1,2,3.
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