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If I have seen further, it is by standing on the shoulders of giants. - Isaac Newton (1676)
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1 Laws of Mathematics
• Associative Laws
a� pb� cq � pa� bq � c : For addition
apbcq � pabqc : For multiplication
Associativity is the direction of operation processing (right to left, or left to right)

• Commutative Laws
a� b � b� a : For addition
ab � ba : For multiplication

• Distributive Laws
apb� cq � ab� ac : For multiplication
b� c
a

� b

a
� c

a
, a � 0 : For division
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2 Logic

2.1 Sentential Logic
De Morgan’s Laws
•  pP ^Qq �  P _ Q
•  pP _Qq �  P ^ Q

Commutative Laws
• P ^Q � Q^ P
• P _Q � Q_ P

Associative Laws
• P ^ pQ^Rq � pP ^Qq ^R
• P _ pQ_Rq � pP _Qq _R

Idempotent Laws (an element of a set is unchanged in value if operated on by itself)
• P ^ P � P
• P _ P � P

Distributive Laws
• P ^ pQ_Rq � pP ^Qq _ pP ^Rq
• P _ pQ^Rq � pP _Qq ^ pP _Rq

Absorption Laws
• P _ pP ^Qq � P
• P ^ pP _Qq � P

Double Negation Law
•   P � P

Tautology Laws
• P ^ ptautologyq � P
• P _ ptautologyq � tautology
•  ptautologyq � contradiction

Contradiction Laws
• P ^ pcontradictionq � contradiction
• P _ pcontradictionq � P
•  pcontradictionq � tautology

Conditional Laws
• P Ñ Q �  P _Q
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• P Ñ Q, converse statement: QÑ P
• P Ñ Q �  QÑ  P : contrapositive law
• P _ S Ñ Q � pP Ñ Qq ^ pS Ñ Qq
• pP Ñ Qq ^ pP Ñ Sq � P Ñ Q^ S
• pP Ñ Qq ^ pRÑ  Qq � P Ñ  R
• P Ñ Q means:

Q, if P or Q is a necessary condition for P
P only if Q i.e. P is a sufficient condition for Q

• P Ø Q � pP Ñ Qq ^ pQÑ P q : Biconditional law

2.2 Quantificational Logic
• D : existential quantifier (distributes over disjunction)
• @ : universal quantifier (distributes over conjunction)
and @ pxP pxqq �  Dx P pxq
pq. ìla eÐnai kìkkina � den up�rqei kanèna pou na mhn eÐnai kìkkino.

Quantifier Negation Laws
•  DxP pxq � @x P pxq
•  @xP pxq � Dx P pxq

Abbreviation rules
• @x�x P AÑ P pxq� � @x P A P pxq
• Dx�x P AÑ P pxq� � Dx P A P pxq
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3 Set Theory
• Zermelo–Fraenkel set theory (ZFC - C stands for axiom of Choice) is the standard
form of axiomatic set theory and as such is the most common foundation of mathematics.
It is one of several axiomatic systems that were proposed in the early twentieth century to
formulate a theory of sets free of paradoxes such as Russell’s paradox.
• Axiom of Choice, or AC, is an axiom of set theory equivalent to the statement that the
Cartesian product of a collection of non-empty sets is non-empty. It states that for every
indexed family pSiqiPI of nonempty sets there exists an indexed family pxiqiPI of elements
such that xi P Si @i P I. The axiom of choice says that given any collection of bins, each
containing at least one object, it is possible to make a selection of exactly one object from
each bin.
• Truth set of P pxq � tx|P pxqu
• B � tx | x is a prime numberl jh n

elementhood test for the set B

u

• AXB � px P Aq ^ px P Bq : Conjunction
• AYB � px P Aq _ px P Bq : Disjunction
• AzB � x P A^ x R B : A without B
• Predicate: A Boolean-valued function P : X Ñ ttrue, falseu : called ”The predicate on
X”.
• A4B � pAzBq Y pBzAq � pAYBqzpAXBq : Symmetric difference of A and B
• AXB � H Ñ Dxpx P A^ x P Bq
• AXB � H Ñ  Dxpx P A^ x P Bq

• D!x P pxq �

$'&
'%
DxP pxq ^ @y@z�pP pyq ^ P pzqq Ñ y � z

�
Dx�P pxq ^ @ypP pyq Ñ y � xq�
Dx�P pxq ^ � DypP pyq ^ y � xq�

• Singleton Set: A set that contains only one element.
• Alphabet: A set with finite number of elements.
• CzA � C X pΩzAq, U � Ω ie. the universal set
• A Convex set is a region such that, for every pair of points within the region, every
point on the straight line segment that joins the pair of points is also within the region.
For example, a solid cube is a convex set, but anything that is hollow or has an indent, for
example, a crescent shape, is not convex.
• A set is called denumerable exactly when it can be put in one-to-one correspondence
with the set of natural numbers.
• A set S is countable if there is a sequence r1, r2, r3, . . . which consists of all the
elements of S.
• A linear order on a set S satisfies two properties:
� For any a, b P S, exactly one of a   b, a � b or a ¡ b is true.
� For all a, b, c P S, if a   b and b   c then a   c (transitivity).
Examples of sets with a natural linear order are integers, floats, characters and strings in C.
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• A set of elements (vectors) in a vector space V is called a basis (or a set of basis
vectors) if the vectors are linearly independent and every vector in the vector space is a
linear combination of this set. In more general terms, a basis is a linearly independent
spanning set.
• A basis function is an element of a particular basis for a function space. Every
continuous function in the function space can be represented as a linear combination of
basis functions, just as every vector in a vector space can be represented as a linear
combination of basis vectors.
• Idempotence is a property of certain operations that they can be applied multiple
times without changing the result of the initial application.
For example, the absolute value unary operation or function is idempotent, since ||x|| � x

Cartesian Product
Cartesian Product is the collection of all ordered pairs of two given sets such that the first
elements of the pairs are chosen from one set and the second elements from the other set;
this procedure generalizes to an infinite number of sets.
• A�B � pa, bq|a P A^ b P B : Cartesian product of sets A, B
Properties
• A� pB X Cq � pA�Bq X pA� Cq
• A� pB Y Cq � pA�Bq Y pA� Cq
• pA�Bq X pC �Dq � pAX Cq � pB XDq
• pA�Bq Y pC �Dq � pAY Cq � pB YDq
• A�H � H
•

�pA � Bq _ pA � H^B � Hq�Ñ A�B � B � A

3.1 Family Sets
• XF � tx | @A P Fpx P Aqu � tx | @ApA P F Ñ x P Aqu : Family Set F
• YF � tx|DA P Fpx P Aq � tx|DApA P F ^ x P Aqu
Alternative notation for family sets:
• YF �

£
iPI
Ai � tx|@i P Ipx P Aiqu

• YF �
¤
iPI
Ai � tx|Di P Ipx P Aiqu

• Ordered pair: an ordered pair pa, bq is a pair of objects. The order in which the objects
appear in the pair is important, ie. the ordered pair pa, bq is different from the ordered pair
pb, aq unless a � b. (In contrast, the unordered pair ta, bu equals the unordered pair tb, au).
• x P AÑ x P YtAu
• A P F Ñ A � YF
• ApA P F ^ x P Aq Ñ x P YF
• px P A^ x P XFq Ñ A � XF
• A � B � @xpx P AÑ x P Bq
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• A � B � Dxpx P A^ x R Bq
• pA � B ^ A � Bq Ñ A � B, ie. A is a proper subset of B
• PpAq � tx|x � Au : Power set of A
• B � PpAq Ñ @xpx P B Ñ x � Aq
• PpAXBq � PpAq X PpBq
• If A has n elements then PpAq has 2n elements and P2pAq has npn� 1q

2 elements

Indexed Family notation of a set:
• A � txi|i P Iu � tx|Di P Ipx � xiqu, I : index set
• x �P txi|i P Iu � Di P Ipx � xiq
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4 Algebra

4.1 Algebraic Identities
• a2 � b2 � pa� bqpa� bq
• pa� bq2 � a2 � 2ab� b2

• pa� bq2 � a2 � 2ab� b2

• pa� bq3 � a3 � 3a2b� 3ab2 � b3

• pa� bq3 � a3 � 3a2b� 3ab2 � b3

• a3 � b3 � pa� bqpa2 � ab� b2q
• a3 � b3 � pa� bqpa2 � ab� b2q
• pa� b� cq2 � a2 � b2 � c2 � 2ab� 2bc� 2ca
• pa� b� cq3 � a3 � b3 � c3 � 3pa� bqpb� cqpc� aq
• a3 � b3 � c3 � 3abc � pa� b� cqpa2 � b2 � c2 � ab� bc� caq : Euler’s Identity
• a� b� c � 0 Ñ a3 � b3 � c3 � 3abc
• a2 � b2 ¡ 0 Ñ a � 0_ b � 0
• a2 � b2 � 0 Ñ a � 0^ b � 0
• pa� bq4 � a4 � 4a3b� 6a2b2 � 4ab3 � b4

• pa� bq4 � a4 � 4a3b� 6a2b2 � 4ab3 � b4

• a ∝ bÑ a

b
� staj. , an ta pos� a, b eÐnai an�loga, tìte Dkpa � kbq o lìgoc touc eÐnai

stajerìc
• a, b omìshmoi Ø a � b ¡ 0 Ø azb ¡ 0
• a, b eterìshmoi Ø a � b   0 Ø azb   0
• pa ¡ bq ^ pc ¡ dq Ñ a� c ¡ b� d
• pa ¡ bq ^ pc ¡ dq Ñ a � c ¡ b � d
• @a, b P R�

�a
b
� b

a
¥ 2

	
• @a, b P R�@n P Npn ¥ 2q

�a1

a2
� a2

a3
� ...� an�1

an
� an
a1
¥ n

	
• Numbers that satisfy polynomial equations, are called algebraic numbers. All algebraic
numbers are connected with the integers.
• A transcendental number is a real or complex number that is not algebraic. A complex
number is algebraic if both its real and imaginary part is algebraic.
• A transcendental function is an analytic function that does not satisfy a polynomial
equation.

• SÔsthma 2 exis¸sewn (e) kai (è) Ñ l � p e q � l1� è q : grammikìc sunduasmìc twn (e) kai
(e'). Sust mata pou prokÔptoun me grammikì sunduasmì eÐnai isodÔnama.

• @n P N
�
an � bn � pa� bqpan�1 � an�2b� an�3b2 � ...� abn�2 � bn�1q

�
• @n P N

�
an � bn � pa� bqpan�1 � an�2b� an�3b2 � ...� abn�2 � bn�1q

�
• x ! 1 Ñ p1� xqn � 1� nx
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• a, b P R
��
a2 � b2 ¥ ab

�^ �� pa2 � b2q ¤ �ab��
• @a, b P R

�
a2 � b2 ¥ ab^�pa2 � b2q ¤ �ab

�
• @a1, a2, ..., an P R�, @n P Npn ¥ 2q

�a1 � a2 � ...� an
n

¥ ?a1a2 � � � an
	

: Arithmetic -
Geometric mean inequality
• @a1, a2, ..., an P R�, @n P Npn ¥ 2q

� n
1
a1
� 1

a2
� � � � � 1

an

¥ ?a1a2 � � � an
	

: Harmonic -

Geometric mean inequality
• pa� b� c� dq2 � a2 � b2 � c2 � d2 � 2ab� 2ac� 2ad� 2bc� 2bd� 2cd
• a4 � b4 � c4 � 2pa2b2 � b2c2 � c2a2q � pa� b� cq � pa� b� cq � pa� b� cqpa� b� cq : De
Moivre Identity

Gauchy Identities
• pa� bq3 � a3 � b3 � 3abpa� bq
• pa� bq5 � a5 � b5 � 5abpa� bqpa2 � ab� b2q
• pa� bq7 � a7 � b7 � 7abpa� bqpa2 � ab� b2q2

Exis¸seic thc morf c: ax4 � bx3 � cx2 � bx� a � 0, me a � 0, lègontai antÐstrofec. Tic
lÔnoume jètontac: x� 1

x
� y

• 1grad � 9
10 of 1o _ 1grad � π

200 of 1rad

• 45o36118” � 45o � �36
60

�o � � 18
60 � 60

�o � 45.605o

4.2 Absolute Values
• |a| � aØ a ¥ 0
• |a| � �aØ a ¤ 0
• |x| ¡ pØ px   �pq _ px ¡ pq
• |x|   pØ �p   x   p
• |x| � aØ px � aq _ px � �aq
• @a P Rp|a|2 � a2q
• |a � b| � |a| � |b|
• |P pxq| ¥ xØ P pxq ¤ �|x| ^ P pxq ¥ |x| , @x P R
• |P pxq| ¤ xØ �|x| ¤ P pxq ¤ |x|
•

��|a| � |b|�� ¤ |a� b| ¤ |a| � |b| , @a, b P R
• @x, x0 P R, p P R��|x� x0|   pØ x0 � p   x   x0 � p

�
• @x, xo P R, p P R��|x� x0| ¡ pØ x   x0 � p_ x ¡ x0 � p

�
• @x, x0 P R, p P R��|x� x0|   pØ dpx, x0q   pØ x P px0 � p, x0 � pq

�
• @x, x0 P R, p P R��|x� x0| ¡ pØ dpx, x0q ¡ pØ x P p�8, x0 � pq Y px0 � p,�8q

�
• |a� b| � |b� a|
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4.3 Powers, Radicals
• @k P N��p n?aqk � n

?
ak
�

• @a ¥ 0 pa1{n � n
?
a

• a
n
?
b � n

?
an � b

• k
a

n
?
a k�n
?
a

• a   bØ n
?
a   n

?
b , @a ¥ 0

• an � a � a � a � a � � � al jh n
n times

• an � am � an�m

• an � bn � pa � bqn
• an

am
� an�m

• a�n � 1
an

• an

bn
� �a

b

�n
• panqm � an�m

• an
m � apn

mq

• an{m � m
?
an

• m
a
panq � an{m

• a0 � 1
• 0n � 0 , @n ¡ 0
• 1n � 1 , @n P R
• p�1qn �

#
1 n � 2k , n, k P Z
�1 n � 2k � 1

• @a P R, n P Zp�aqn �
#
an n � 2k, k P Z
�an n � 2k � 1

• pa�
?
bqpa�

?
bq � a2 � b

•
�
X �

b
�
X

2
,

�
X : energìc tim  tou megèjouc X
�
X : mèsh tim  tou megèjoucX

• Surds are numbers left in square root form, or cube root form etc. They are therefore
irrational numbers.

4.4 Logarithms
To logb x eÐnai o ekjèthc ston opoÐo prèpei na uy¸soume to b, gia thn eÔresh tou x
• y � logbxØ x � by , x ¡ 0, b ¡ 0, b � 1
• logbpx � yq � logbx� logby
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• logbpx{yq � logbx� logby
• logbpxnq � nlogbx

• logbx � logax

logab
, logax � logab � logbx

�
logab � 1

logba

�
• logbb � 1
• logb1 � 0 Ø 1 � b0

• logea � ln a : Natural logarithm, e � 2.71828 : Euler’s number
• blogbx � x , afoÔ antilog bplogbpxqq � x
• logbb

x � x
• logab � logba � 1
• logax � log2

ax
2

• logaθ � log 1
a
θ � 0

• a ¡ bÑ logab   1
• a   bÑ logab ¡ 1
• a � bÑ logab � 1
• xlog x � alog x

• ax � ex ln a, afoÔ: a � eln a

• nlog logn � elogn log logn (natural logarithms)

4.5 Theorems
• Remainder Theorem: Polynomial P pxq division with x� p, yields
P pxq � px� ρq � πpxq � υ , υ � P pρq
• Factor Theorem: A polynomial F pxq has a factor x� k iff fpkq � 0p i.e. k is a root of
fq
• Rational Root Theorem: Suppose polynomial equation with interger coefficients:
anx

n � an�1x
n�1 � . . .� a1x� a0 � 0. Then the rational solution: x0 � p{q (expressed in

lowest terms) of the equation, satisfies: (a) p is an integer factor of the constant term a0
and (b) q is an integer factor of the leading coefficient an.
• Tautìthta EukleÐdeiac diaÐreshc: ∆pχq � πpχq � υpχq D(q): Diairetèoc, d(q): diairèthc,
p(q): phlÐko, u(q): upìloipo

• Horner’s Method
an an�1 an�2 . . . a1 pan�n�1q

anx0 anx
2
0 � an�1x0 . . . anx

n�1
0 � . . .� a2x0

an anx0 � an�1 anx
2
0 � an�1x0 � an�2 . . . anx

n�1
0 � an�1x

n�2
0 � . . .� a2x0 � a1

a0 x0
anx

n
0 � . . .� a2x

2
0 � a1x0

- ∆pxq � anx
n � an�1x

n�1 � . . .� a1x� a0, δpxq � x0
- πpxq � anx

n�1 � panx0 � an�1qxn�2 � panx2
0 � an�1x0 � an�2qxn�3 � . . .� panxn�1

0 �
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an�1x
n�2
0 � . . .� a2x0 � a1q

- υpxq � ∆px0q

• The simplest form of factorization is the extraction of the HCF from an expression.
• Fundamental Theorem of Algebra: Every non-constant single-variable polynomial with
complex coefficients has at least one complex root (Alternatively: ) Every polynomial
expression fpxq � anx

n � an�1x
n�1 � . . .� a1x� a0 can be written as a product of n linear

factors in the form: fpxq � anpx� r1qpx� r2qp. . .qpx� rnq, ai, ri P C
• If a1, a2, a3, . . . , an are the roots of:
p0x

n � p1x
n�1 � p2x

n�2 � . . .� pn�1x� pn � 0 pp0 � 0q , then
- sum of the roots � �p1{p0
- sum of the roots, two at a time � p2{p0
- sum of the roots, three at a time � �p3{p0
- sum of the roots, n at a time � p�1qnpn{p0

• Transforming a cubic: x3 � ax2 � bx� c � 0, to its reduced form: y3 � py � q � 0, by
the substitution: x � y � a

3, only when a ¡ 0.
• Tartaglia’s solution for a real root of a cubic equation of the form:
x3 � ax� b � 0, a ¡ 0 is:

x �
#
� b

2 �
c
a3

27 �
b2

4

+ 1
3

�
#
� b

2 �
c
a3

27 �
b2

4

+ 1
3

• Solution of a Quartic equation. There are three ways:
1. Numerically,

2. Ferrari-Cardano procedure, or one of its kin,

3. By design, it could be one of the relatively few such equations that collapse, because
there are some very simple roots.

• Continued fraction (CF): an expression obtained through an iterative process of
representing a number as the sum of its integer part and the reciprocal of another number,
then writing this other number as the sum of its integer part and another reciprocal, and
so on. There are two kinds of continued fractions, 1. Finite (or terminated) continued
fractions and 2. Infinite continued fractions. In a finite continued fraction, the
iteration/recursion is terminated after finitely many steps by using an integer in lieu of
another continued fraction. In contrast, an infinite continued fraction is an infinite
expression. In either case, all integers in the sequence, other than the first, must be
positive. The integers ai are called the coefficients, or terms of the continued fraction.
• Finite continued fraction:

a0 � 1
a1 � 1

a2� 1
...� 1

an

16



Such a continued fraction is sometimes represented as: ra0, a1, . . . , ans, denoting the
coefficients.
• Infinite continued fraction:

ra0, a1, a2, . . .s � lim
nÑ8xn

17



5 Trigonometry
Trigonometric Identities
• sinpxq � sinpθq Ø px � 2κπ � θq _ px � 2κπ � pπ � θqq
• cospxq � cospθq Ø px � 2κπ � θq _ px � 2κπ � θq
• tanpxq � tanpθq Ø x � κπ � θ
• cotpxq � cotpθq Ø x � κπ � θ
• sin2pxq � cos2pxq � 1
• sec 2pxq � tan2pxq � 1
• cosec 2pxq � cot2pxq � 1
• sinp2θq � 2 sinpθq cospθq
• cosp2θq � 2 cos2pθq � 1 � 1� 2 sin2pθq
• tanp2θq � 2 tan θ

1� tan2 θ

• tanpxq � sinpxq
cospxq �

1
cotpxq

• cosec pxq � 1
sinpxq

• sec pxq � 1
cospxq

• sinpA�Bq � sinA cosB � cosA sinB
• sinpA�Bq � sinA cosB � cosA sinB
• cospA�Bq � cosA cosB � sinA sinB
• cospA�Bq � cosA cosB � sinA sinB
• tanpA�Bq � tanA� tanB

1� tanA tanB
• tanpA�Bq � tanA� tanB

1� tanA tanB
• cos2 x � 1� cos 2x

2
• cos2 x � 1� cos 2x

2
• 2 sinA cosB � sinpA�Bq � sinpA�Bq
• 2 cosA sinB � sinpA�Bq � sinpA�Bq
• 2 cosA cosB � cospA�Bq � cospA�Bq
• 2 sinA sinB � cospA�Bq � cospA�Bq
• sinA� sinB � 2 sin

�
A�B

2



cos

�
A�B

2




• sinA� sinB � 2 sin
�
A�B

2



cos

�
A�B

2




• cosA� cosB � 2 cos
�
A�B

2



cos

�
A�B

2




• cosA� cosB � �2 sin
�
A�B

2



sin

�
A�B

2
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• a, b � 0 ÝÑ @x P R : α sinpxq � β cospxq � ρ sinpx� φq,
ρ �

a
α2 � β2, φ P R : tanpφq � β

α

• sinp�ωq � sinpωq
• cosp�ωq � cospωq

GwnÐec me �jroisma 180 moÐrec pω � ω1 � 180oq
• sinp180o � ωq � sinpωq
• cosp180o � ωq � � cospωq
• tanp180o � ωq � � tanpωq
• cotp180o � ωq � � cotpωq

GwnÐec pou diafèroun kat� 180 moÐrec pω1 � 180o � ωq
• sinp180o � ωq � � sinpωq
• cosp180o � ωq � � cospωq
• tanp180o � ωq � tanpωq
• cotp180o � ωq � cotpωq

GwnÐec me �jroisma 90 moÐrec ω1 � ω � 90o
• sinp90o � ωq � cospωq � � sinpω � 90oq
• cosp90o � ωq � sinpωq � cospω � 90oq
• tanp90o � ωq � cotpωq
• cotp90o � ωq � tanpωq

• tanpθq � a

b
Ñ sinpθq � a?

a2 � b2 _ cospθq � b?
a2 � b2

• sinp2aq � 2 tan a

1� tan2 a

• cosp2aq � 1� tan2 a

1� tan2 a
• tan2 a� sin2 a � tan2 a � sin2 a
• sinpa� bq � sinpa� bq � sin2 a� sin2 b
• sinp3xq � 3 sin x� 4 sin3 x
• cosp3xq � 4 cos3 x� 3 cosx
• tanp3xq � 3 tan x� tan3 x
• cotpnxq � tanpnxq � 2 cotp2nxq
• cospsin�1pxqq � sinpcos�1pxqq �

?
1� x2

• tanpsec �1pxq �
?
x2 � 1

• cosptan�1pxqq � 1?
1� x2

Tautìthtec gia stoiqeÐa trig¸nou
• tanA� tanB � tanC � tanA � tanB � tanC
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• sinA� sinB � sinC � 4 cos A2 � cos B2 � cos C2
• cosA� cosB � cosC � 1� 4 sin A2 sin B2 sin C2
• sin 2A� sin 2B � sin 2C � 4 sinA sinB sinC
• cos 2A� cos 2B � cos2C � 1� 4 cosA cosB cosC
• cot A2 � cot B2 � cot C2 � cot A2 � cot B2 � cot C2
• tan A2 � tan B2 � tan B2 � tan C2 � tan C2 � tan A2 � 1
• cotA � cotB � cotB � cotC � cotC � cotA � 1
• a

sinA � b

sinB � c

sinC � 2R : Nìmoc Hmitìnwn,

ìpou R : aktÐna perigeggramènou kÔklou tou trig¸nou.

Nìmoc Sunhmitìnwn
• a2 � b2 � c2 � 2bc cosA
• b2 � a2 � c2 � 2ac cosB
• c2 � a2 � b2 � 2ab cosC

• a� b
a� b �

tan A�B
2

tan A�B
2
� tan

�
A�B

2



� tan

�
C

2



: Nìmoc Efaptomènwn

- Me to nìmo twn hmitìnwn mporoÔme na epilÔsoume èna trÐgwno, ìtan dÐnontai 1. Mia
pleur� kai dÔo gwnÐec tou,   2. DÔo pleurèc kai mia apì tic mh perieqìmenec gwnÐec tou
- Me to nìmo twn sunhmitìnwn mporoÔme na upologÐsoume mia opoiad pote pleur� enìc
trig¸nou, arkeÐ na dojoÔn oi �llec dÔo kai h perieqìmenh touc gwnÐa.
- O nìmoc efaptomènwn mporeÐ na qrhsimopoihjeÐ se èna trÐgwno, e�n dÐnontai: 1. dÔo
pleurèc kai h perieqìmenh gwnÐa touc,   2. an eÐnai gnwstèc dÔo gwnÐec kai mia pleur� tou

• sin
�π

8

	
�

a
2�?2

2

• cos
�π

8

	
�

a
2�?2

2
• tan

�π
8

	
�
?

2� 1

• cot
�π

8

	
�
?

2� 1

• sin
� π

12

	
�
?

6�?2
4

• cos
� π

12

	
�
?

6�?2
4

• tan
� π

12

	
� 2�

?
3

• cot
� π

12

	
� 2�

?
3
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6 Proofs
A proof is a method for ascertaining truth.

A mathematical proof is a verification of a proposition, by a chain of logical deductions
from a set of axioms.

Good proofs have seven characteristics (CCC-BE-OO). They are:

• correct

• complete

• clear

• brief

• elegant

• (well) organized

• ordered

6.1 Proof Techniques
• To prove a Goal of the form:

1.  P : a) Reexpress it as a positive statement
b) Use proof by contradiction, i.e. assume P and try to reach a contradiction.

2. P Ñ Q : a) Assume P is true and prove Q.
b) Prove the contrapositive, i.e. assume Q is false and prove that P is false.

3. P ^Q : Prove P and Q separately. In other words treat P and Q as two separate
goals.

4. P _Q : a) Assume P is false and prove Q, or assume Q is false and prove P .
b) Use proof by cases. In each case either prove P , or prove Q.

5. P Ø Q : prove P Ñ Q and QÑ P .

6. @xP pxq : Let x stand for an arbitrary object and prove P pxq. (if the letter x already
stands for something in the proof, you will have to use a different letter.)

7. DxP pxq : Find a value of x that makes P pxq true. Prove P pxq for this value of x.
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8. D!xP pxq :
a) Prove DxP pxq (existence) and  y pP pyq ^ y � xq (uniqueness).
b) Prove the equivalent statement Dx rP pxq ^ @ypP pyq Ñ y � xqs, or some other
similar one.

9. @n P NP pnq : a) Mathematical Induction: Prove P p0q (base case) and
@n P NpP pnq Ñ P pn� 1qq (inductive step).
b) Strong Induction: Prove @n P N rp@i   nP piqq Ñ P pnqs.
We can prove a stronger form of an induction, thus proving the more lenient form.

• To use a Given of the form:

1.  P : a) Reexpress as a positive statement.
b) In a proof by contradiction you can reach a contradiction by proving P .

2. P Ñ Q : a) If you are also given P , or you can prove that P is true, then you can
conclude that Q is true.
b) Use the contrapositive.

3. P ^Q : Treat this as two givens P and Q.

4. P _Q : a) Use proof by cases. In case 1 assume P and in case 2 assume Q.
b) If you are also given  P , or you can prove  P then you can conclude Q.
Similarly, if you know  Q, then you can conclude P .

5. P Ø Q : Treat this as two givens: P Ñ Q and QÑ P .

6. @xP pxq : You can plug in any value, say a, for x, and conclude P paq.
7. DxP pxq : Introduce a new variable, say x0, into the proof, to stand for a parrticular

object for which P px0q is true.

• Techniques that can be used in any proof:

1. Proof by Contradiction: Assume the goal is false and derive a contradiction.

2. Proof by Cases: Consider several cases that are exhaustive, i.e. that include all the
posibilities. Prove the goal in each case.

6.2 Problem Solving
Methodology - 4 Phases

1. Understand the problem. See clearly what is required.
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2. Figure out how the various items are connected, how the unknown is linked to the
data, in order to obtain the idea of the solution, to make a plan.

3. Carry out the plan.

4. Look back at the completed solution, review, examine and discuss it. This way we
consolidate our knowledge and develop our ability to solve problems.

Key suggestions
Rephrase your problem. This will provide a different perspective, which will stimulate your
brain cells and awaken more memories and ideas from slumber.

• Did you examine all the data (p.t.f.) / the hypothesis (p.t.p) ?

• Did you use the whole condition (what links the data to the unknown) ?

• If at first it doesn’t seem possible to satisfy the complete solution, we have two
options. Whether we can solve a related (simpler analogous) problem and whether we
can solve a part of the original problem.

• Restate the givens in order for them to match some mathematical definition. Having
used the definition you eliminate the technical term. Then proceed using the
definition. Can you restate the problem still differently ?

• At first visualize the problem as a whole as clearly and as vividly as you can. Do not
concern yourself with details.

• Isolate the principal parts of the problem. The hypothesis and the conclusion are the
principal parts of a ”problem to prove”. The unknown, the data and the conditions
are the principal parts of a ”problem to find”. Go through the principal parts of the
problem. Consider them one by one, consider them in turn, consider them in various
combinations, relating each detail to other details and each to the whole of the
problem.

• Start when you feel sure of your grasp of the main connection and you feel confident
that you can supply the minor details that may be needed.

• Convince yourself about the correctness of each step by formal reasoning, or by
intuitive insight, or both ways if you can.

• If your problem is very complex you may distinguish ”great” steps and ”small” ones.
First check the great steps and get down to the smaller ones afterwards. Can you see
clearly that the step is correct ? Yes, i can see it clearly and distinctly. Intuition is
ahead, but could formal reasoning overtake it ? Can you also PROVE that it is
correct ?

23



• When you reach the result, scrutinize the method that led you to the solution, try to
see its point and try to make use of it for other problems.

• If you cannot solve the proposed problem try to solve first some related problem.

• Solve by Generalization, Specialization, Analogy, Decomposing and Recombining.

– Generalization: Pick from the set an object that does not comply with it.
– Specialization: find a special case of the original problem.

• Look for other hints and clues that may have been stated in the problem. Read the
problem carefully.

Possible ways for solving problems

• Inference by analogy.

• Inference by induction (induction is naturally based on analogy). Induction tries to
find regularity and coherence behind the observations. Its most conspicuous
instruments are generalization, specialization, analogy.

• Analysis (or solution backwards, or regressive reasoning). We start from what is
required, we take it for granted. We inquire from what antecedent the desired result
could be derived. We pass from antecedent to antecedent, until we eventually come
upon something already known or admittedly true.

• Synthesis (or progressive reasoning). We start from the point which we reached last
of all in the analysis, from the thing already known or admittedly true. We derive
from it what preceded it in the analysis and go on making derivations until we finally
succeed in arriving to what is required. Synthesis retraces faithfully the steps of the
analysis.

Remember

• We cannot hope to solve any worthwhile problem without intense concentration. In
order to keep the attention alive, the object on which it is directed must unceasingly
change.

• Don’t rush, or you will most certainly make mistakes. Be calm and carry on.

• First check for any constrictions that must be set before starting up the problem.
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6.2.1 Analytical vs Numerical solutions

1. Analytical solutions can be obtained exactly with pencil and paper,

2. Numerical solutions cannot be obtained exactly in finite time and typically cannot be
solved using pencil and paper.
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7 Relations
• The set R is a relation from A to B : R � A�B
• Domain of R is the set: Dom pF q � ta P A|Db P Bppa, bq P Bqu
• Range of R is the set: Ran pRq � tb P B|Da P Appa, bq P Rqu
• Inverse of R is the relation R�1 from B to A, defined as:
R�1 � tpb, aq P B � A|pa, bq P Ru
• Composition of sets R � A�B and S � B � C is the relation:
S �R � tpa, cq P A� C|Db P Bppa, bq P R ^ pb, cq P Squ
Alternative notations for pa, bq P R are aRb, Rpa, bq.

• Also pa, cq P A� C

$'&
'%

pa, bq P R ^ pb, cq P S Ñ pa, cq P pS �Rq
or, pb, cq P S ^ pa, bcq P RÑ pa, cq P pS �Rq
or, pa, bq P R ^ pb, cq R S Ñ pS �Rq

• pR�1q�1 � R
• pDom pR�1q � Ran pRq
• pRan pR�1q � Dom pRq
• T � pS �Rq � pR � Sq �R
• pS �Rq�1 � R�1 � S�1

• If A is a set, then iA � tpx, yq P A� A|x � yu is the identity relation on A. Every
element of A is related to itself only. e.g. A � t1, 2, 3u Ñ iA � tp1, 1q, p2, 2q, p3, 3qu ]
• Suppose R is a binary relation on A (i.e. R � A�A � A2). Then R is reflexive (on A),
if @x P A rpx, xq P Rs, i.e. every element of A is related to itself. Alternatively, R is reflexive
iff iA � R
• R is symmetric, if @x, y P A rpx, yq P RÑ py, xq P Rs. Alternatively, R is symmetric iff
R � R�1.
• R is transitive, if @x, y, z P A rpxRy ^ yRzq Ñ xRzs. Alternatively, R is transitive iff
R� � R.
• R is antisymmetric, if @a, b P A rpa, bq P R ^ pb, aq P RÑ a � bs. Alternatively, R is
antisymmetric if @a, b P A rRpa, bq ^ a � bÑ  Rpb, aqs
• R is asymmetric, if @a, b P ApaRbÑ  bRaq
• A relation R � A� A is called a partial order (on A), if it is

1. reflexive,

2. transitive and

3. antisymmetric.

In a particular context, it can be stated that R is a partial order (on A), if an object can
be at least as large as another.
• A relation R � A� A is called a total order, if it is a partial order and in addition it
has the property: @x, y P A pxRy _ yRxq.
• Two distinct elements are called ”comparable” when one of them is greater than the
other. This is the definition of ”comparable”. When you have a partially ordered set, some
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pairs of elements can be not comparable. i.e. you can have two elements x and y such that
x ¤ y is false and y ¤ x is also false. A total order ensures that all items of this set are
comparable.
• A relation R � A� A is called a preorder if it is

1. reflexive and

2. transitive.

• A binary relation R is a relation on a set A, i.e. R � A� A, or R � A2. Thus it is a
collection of ordered pairs of elements of A. The terms correspondence, dyadic relation and
2-place relation are synonyms for binary relation.
• R is called an equivalence relation (on A) if it is

1. reflexive,

2. symmetric and

3. transitive.

• Suppose R is a partial order on a set A,B � A, b P B and a P A. Then

Ñ b is called an R-smallest element of B, if @x P B rpb, xq P Rs.
Ñ b is called an R-minimal element of B, if  Dx P BpxRb^ x � bq.
Ñ b is the largest element of B, if @x P BpxRbq. Alternatively for set theory, S is the

largest set of the family F : DS P F @T P FpT � Sq.
Ñ b is a maximal element of B, if  Dx P BpbRx^ x � bq.
Ñ a is called a lower bound for B, if @x P BpaRxq
Ñ a is called an upper bound for B, if @x P BpxRaq

• Let U be the set of all upper bounds for B and let L be the set of all lower bounds.
Then

Ñ if U has a smallest element, then this smallest element is called the least upper bound
(l.u.b.) of B.

Ñ if L has a largest element, then this largest element is called the greatest lower bound
(g.l.b) of B.
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7.1 Closures
• A relation S � A� A is the reflexive closure of R if it has the following 3 properties:

1. R � S,

2. S is reflexive,

3. for every relation T � A� A, if R � T and T is reflexive, then S � T .

• Auseful reflexive closure: S � R Y iA
• A relation S � A� A is the symmetric closure of R, if:

1. R � S,

2. S is symmetric,

3. for every relation T � A� A, if R � T and T is symmetric, then S � T .

• Useful symmetric closure: S � R YR�1

• A relation S � A� A is the transitive closure of R, if:

1. R � S,

2. S is transitive,

3. For every relation T � A� A, if R � T and T is transitive, then S � T .

• Suppose R is a relation on A. Then R is said to be irreflexive if @x P A rpx, xq R Rs.
• R � A� A is called a strict partial order if it is irreflexive and transitive.
• R � A� A is called a strict total order if it is a strict partial order and in addition it
satisfies the requirement of trichotomy: @x, y P ApxRy _ yRx_ x � yq
• Suppose R is an equivalence relation on a set A and x P A. Then the equivalence class
of x with respect to R is the set rxsR � ty P A|yRxu (or rxs if R is clear from contect).
• The set of all equivalence classes of elements of A is called A modulo R and it is
denoted by A R. Thus, A{R � trxsR |x P Au � tX � A|Dx P ApX � rxsRqu.
• Suppose A is a set and F � P pAq. We will say that F is pairwise disjoint if every pair
of distinct elements of F are disjoint, or in other words:
@X, Y P F pX � Y Ñ X X Y � Hq.
• F is called a partition of A if it has the following properties:

1. YF � A,

2. F is pairwise disjoint,

3. @X P F pX ��q
• Suppose R is an equivalence relation on A. Then:
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Ñ @x P A x P rxs i.e. xRx (or z P rys Ñ zRyq
Ñ @x, y P A py P rxs iff rys � rxs

• Cm � tpx, yq P Z� Z|x � ypmod mqu is an equivalence relation on Z.
• There is an equivalence relation R on A such that A{R � F .
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8 Functions
• fpxq � gpxq : Equivalence. An equality of functions
• x2 � 25 : Equation. The equality holds only for a few values of x!
• Suppose f is a relation from A to B. Then f is called a function from A to B, denoted
as f : AÑ B, if @a P AD!b P B rpa, bq P f s. Dom pfq � A, Ran pfq � tfpaq|a P Au � B.
• In contrast with a function, a mapping is a relation which may map an element of its
domain to multiple elements of its range.
• @a P A @b P Bpb � fpaq Ø pa, bq P fq, b is the value of f at a, of ”f of a”.
• DÔo sunart seic f, g lègontai Ðsec ìtan

Ñ èqoun to Ðdio pedÐo orismoÔ A

Ñ @x P Apfpxq � gpxqq
• An f, g eÐnai dÔo sunart seic me pedÐo orismoÔ A,B antistoÐqwc, tìte onom�zoume
sÔnjesh thc f me thn g kai th sumbolÐzoume me g � f , th sun�rthsh:
g � f � pg � fqpxq � gpfpxqq.
H g � f orÐzetai efìson A � H, ìpou A � Dom pfq. An orÐzetai kai h f � g � fpgpxqq, tìte
oi f � g kai g � g den eÐnai upoqrewtik� Ðsec.
• An f, g, h eÐnai treÐc sunart seic kai orÐzetai h h � pg � fq, tìte orÐzetai kai h ph � gq � f
kai isqÔei: h � pg � fq � ph � gq � f . Th sun�rthsh aut  th lème sÔnjesh twn f, g kai h kai
th sumbolÐzoume me h � g � f .
• f Ò ∆ , ∆ � Dom pfq, ìtan @x1, x2 P ∆rx1   x2 Ñ fpx1q   fpx2qs f gnhsÐwc aÔxousa
sun�rthsh / increasing function.
• f Ó ∆, ∆ � Dom pfq, ìtan @x1, x2 P ∆rx1   x2 Ñ fpx1q ¡ fpx2qs f gnhsÐwc fjÐnousa
sun�rthsh / decreasing function.
• 'Estw f, A � Dom pfq :

Ñ @x P ArD!x0 P Apfpx0q ¤ fpxqq Ñ fpx0q � minpfpxqqs
Ñ @x P ArD!x0 P Apfpx0q ¥ fpxqq Ñ fpx0q � maxpfpxqqs

• 'Estw f : AÑ R. An up�rqei h antÐstrofh thc g : fpAq Ñ R èqoume:
fpxq � y Ø f�1pyq � x.
• Oi grafikèc parast�seic twn f kai f�1 eÐnai summetrikèc wc proc thn eujeÐa: y � x.
• Suppose f and g are functions from A to B. If @a P Apfpaq � gpaqq, then f � g.
• Suppose f : AÑ B and g : B Ñ C. Then g � f : AÑ C and @a P A, the value of g � f
at a is given by the formula pg � fqpaq � gpfpaqq.�pa, cq P g � f, sopg � fqpaq � c � gpbq � gpfpaqq�
• Suppose f : AÑ B and C � A. The set f X pC �Bq, which is a relation from C to B
is called a restriction of f to C, denoted as f � C. In other words f � C � f X pC �Bq.
The restriction is obtained by choosing a smaller domain for the original function.
• Suppose f : AÑ A rDa P A @X P Apfpxq � aqs Ñ f is called a constant function.
• Let f : RÑ R and g : RÑ R. We say that ”f is big-oh of g” and write
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fpxq � Opgpxqq, to describe the limiting behavior of a function when the argument tends
towards a particular value or infinity, usually in terms of simpler functions. So:

1. f � Opφq means that |f |   A� φ, for some constant A and all values of x.

2. f � opφq means that f{φÑ 0.

Opxq and opxq are the Landau symbols.
• A description of a function in terms of big O notation usually only provides an upper
bound on the growth rate of the function.
• Suppose f : AÑ B. We will say that f is one-to-one (èna proc èna), or 1� 1, or
injection, or injective if  Da1, a2 P Apfpa1q � fpa2q ^ a1 � a2q. The situtation that must
not occur is that there are two different elements of the domain of f , a1 and a2, such that
fpa1q � fpa2q
• Suppose f : AÑ B. We say that f is onto, or surjection, or subjective if
@b P BDa P Apfpaq � bq.
This means that every element of B is the image under f of some element of A
(monos manth).
The definitions that follow are equivalent to those of one-to-one and onto.

Ñ f is one-to-one iff @a1, a2 P Apfpa1q � fpa2q Ñ a1 � a2q
Ñ f is onto iff Ran pfq � B

• Suppose f : AÑ B and g : B Ñ C. It follows f � f : AÑ C.

Ñ If f and g are both 1� 1, then so if g � f .

Ñ If f and g are both onto, then so is g � f .

• Functions that are both one-to-one and onto are called bijections, or bijectives, or
one-to-one correspondences (1� 1 kai epÐ). Such a function is invertible.
• Suppose f : AÑ B. Then the following statements are equivalent:

1. f is one-to-one and onto,

2. f�1 : B Ñ A,

3. There is a function g : B Ñ A such that g � f � iApAÑ B Ñ Aq and
f � g � ibpB Ñ AÑ bq.

• Suppose g : B Ñ A. Then g � iA � g � g � iB
• Suppose f : AÑ B. If there exists a function g : B Ñ A such that g � f � iA and
f � g � iB then f is one-to-one and onto and g � f�1.
• If there is a function g : B Ñ A such that g � f � iA then f is one-to-one.
• If there is a function g : B Ñ A such that f � g � iB then f is onto.
• Suppose f : AÑ B and X � A. Then the image of X under f is the set fpXq defined
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as follows:
fpXq � tfpxq|x P Xu � tb P B|Dx P Xpfpxq � bqu
If Y � B, then the inverse image of Y under f is the set f�1pY q defined as follows:
f�1pY q � ta P A|fpaq P Y u
• Suppose f : AÑ B and W and X are subsets of A. Then fpW XXq � fpW q X fpXq.
Furthermore, if f is one-to-one, then fpW XXq � fpW q X fpXq.

Algebraic properties of functions
• Functions shifted Left / Right: Given a function fpxq and a value c ¡ 0, the graph of
fpx� cq{fpx� cq will be a shift of the graph of fpxq left / right by ”c” units.
• Functions shifted Up / Down: Given a function fpxq and a value c ¡ 0, the graph of
fpxq � c{fpxq � c will be a shift of the graph of fpxq up / down by ”c” units.
• Functions vertically scaled: Given function fpxq, the function a � fpxq will stretch all
y-values of fpxq by multiplying each one by a P R.
• Functions horizontally scaled: Given function fpxq, the function fpαxq will adjust all
x-values of fpxq, by multiplying each one by a.
• A scale is a non-rigid translation in that it does alter the shape and size of the function
graph.
• Not all functions are even, or odd, but most can be written as a sum of an even part fe
and an odd f0 part. Every function f can be written: fpxq � fepxq � f0pxq

fepxq � fpxq � fp�xq
2 ^ f0pxq � fpxq � fp�xq

2
• A continuous function is, roughly speaking, a function for which sufficiently small
changes in the input results in arbitrarily small changes in the output.
• ax2 � bx� c � 0, a � 0 : Trinomial
S � x1 � x2 � � b

a
^ P � x1 � x2 � c

a
: TÔpoi tou Vieta

∴ apx� x1qpx� x2q � 0
x2 � px1 � x2qx� x1x2 � 0 Ø x2 � Sx� P � 0
• Logarijmik  sun�rthsh me b�sh a eÐnai h f : p0,�8q Ñ R, me fpxq � loga x
• Ekjetik  metabol : Qptq � Q0e

ct (c ¡ 0 : ekjetik  �uxhsh _ (c ¡ 0 : ekjetik 
apìsbesh)
Q0 : arqik  tim  @t � 0
• Factorization of Quadratic ax2 � bx� c, when a � 1

Ñ if c is positive: a) f1, f2 are factors of c and both have the sign of b, b) The sum of f1
and f2 is b

Ñ if c is negative: a) f1, f2 are factors of c and have opposite signs, the numerically
larger having sign of b, b) the difference between f1 & f2 ish We finally denote them
as px� f1qpx� f2q

• Factorization of Quadratic ax2 � bx� c, when a � 1.
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Ñ We obtain |ac|
Ñ We write down all the possible factors of |ac|.
Ñ We follow similar procedure as above

Ñ Once we find f1, f2 we write them: ax2 � f1x� f2x� c and then this is factorised by
grouping.

• If D � b2 � 4ac is a perfect square, the quadratic has 2 simple factors.

8.1 Even and Odd functions
• Not every function is even, or odd but many can be written as the sum of an even part
and an odd part, like so:
for fpxq : fepxq � fpxq � fp�xq

2 ^ f0pxq � fpxq � fp�xq
2

Properties
Properties involving Addition and Subtraction
• Odd functions are symmetric in the 1st and 3rd quadrants.
• If a function is odd, its absolute value is even.
• The sum of two even — odd functions is even — odd and any constant multiple of an
even — odd function is even — odd.
• The difference between two even odd functions is even — odd.
• The sum of an even and an odd function is neither even, nor odd.

Properties involving Multiplication and Division:
• The product of two even — odd functions is an even — odd function
• The product of an even function and an odd function is an odd function
• The quotient of two even — odd functions is an even — even function
• The quotient of an even function and an odd function is an odd function

Properties involving Composition:
• The composition of two even — odd functions is even — odd.
• The composition of an even function and an odd function is even.
• The composition of either an odd, or an even function with an even function is even
(but not vice versa).

Calculus Properties:
• The derivative of an even — odd function is odd — even.
• The integral of an odd function from -A to A is zero (where A is finite and the function
has no vertical asymptotes between -A and A).
• The integral of an even function from -A to A is twice the integral from 0 to +A
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(where A is finite and the function has no vertical asymptotes between -A and A. This also
holds true, when A is infinite, but only if the integral converges).
(The integral of a function is the set of all its antiderivatives.)

Series Properties:
• The MacLaurin series of an even — odd function includes only even — odd powers.
• The Fourier series of a periodic even — odd function includes only consine — sine
terms (If it is even it also includes a0 which may be regarded as an cospnxq with n � 0.)

Periodicity:
• If fpxq � fpx� πq, the Fourier series for fpxq contains only even harmonics (cosine &
sine).
• If fpxq � �fpx� πq, the Fourier series for fpxq contains only odd harmonics.
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9 Graph Theory
• A graph is a nonempty finite set of vertices, along with a set E of 2-element subsets of
V . The elements of V are called vertices, the elements of E are called edges.

Example
The graph G (figure 1) is not a regular graph, because it has loop V1 around a vertex. Such
graphs, with loops, are called multigraphs.

Figure 1: Graph G

Vertex set: V � tV1, V2, V3, V4, V5, V6u
Edge set: E � ttV1, V2u, tV1, V3u, tV1, V4u, tV4, V5u, tV5, V6uu defines sets of edges, ie.
vertices directly connecting each other.

• Cardinality of a graph is the number of its vertices. eg. |G| � 6
• Degree of V1 � degpV1q � 3 : The degree of a vertex, say V1 (Graph G), is the number
of vertices it is directly connected with.
• The edges don’t need to be straight, as long as the connections are preserved. Such
graphs are called isomorphic. For example, graphs G and G’ are isomorphic.
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Figure 2: Graph G’

• Adjacency List: We list vertices adjacent to each vertex. eg. For graph G, we have:
V1 : V2, V3, V4
V2 : V1
V3 : V1
V4 : V1, V5
V5 : V4, V6
V6 : V5

• Adjacency Matrix: In every place of the matrix we insert a 1, if there is a connection
between the corresponding vertices, or a 0 if there is not. For graph G, the adjacency
matrix is the one pictured below (figure 3)

Figure 3: Adjacency Matric for the Graph G

• Graph C below (figure 4) is called a circuit, because there is at least one vertex, say D,
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from which we can start and without ever backtracking or lifting the pen, we can return
back to it through a route, specified by the edges of the graph. Possible routes in this case
are DABCD, DCBAD.

Figure 4: Graph C - A circuit

• A cyclic graph is a graph containing at least one graph cycle. A graph that is not
cyclic is said to be acyclic. A cyclic graph possessing exactly one (undirected, simple) cycle
is called a unicyclic graph. Cyclic graphs are not trees.
• A tree (figure 5) is an undirected graph in which any two vertices are connected by
exactly one path. In other words, any acyclic connected graph is a tree.
• A forest is an undirected graph, all of whose connected components are trees; in other
words, the graph consists of a disjoint union of trees. Equivalently, a forest is an undirected
acyclic graph.

Figure 5: Graph G is in fact a Tree

• A Eulerian trail, or Eulerian path is a trail in a graph which visits every edge exactly
once.
• A Eulerian circuit, or Eulerian cycle is an Eulerian trail which starts and ends on the
same vertex.

• We have a graph G � pV,Eq, where V,E the sets of vertices and edges in the graph
respectively.
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¸
vPV

dpvq � 2|E|, where dpvq the grade of vertex v
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10 Discrete Math

• Sigma notation definition:
b̧

i�a
fpiq ,

$'&
'%

0 b   a

fpaq �
b̧

i�a�1
fpiq b ¥ a

• Permutation of Indices:
Ņ

n�1
bn�1 �

N�1̧

n�2
bn

• rn{2s� tn{2u � n @n P Z
• Pigeonhole Principle (Arq  tou Perister¸na): Me opoiond pote trìpo na
topojet soume n peristèria se m fwlièc, me n ¡ m ja up�rqei toul�qiston mia fwli� me
rn{ms peristèria.
• Zero-based numbering, or index origin = 0, is a way of numbering in which the initial
element of a sequence is assigned the index 0, rather than the index 1 as is typical in
everyday non-programming context. Under zero-based numbering, the initial element is
sometimes termed the zeroth element, rather than the first element; zeroth is a coined
ordinal number corresponding to the number zero.
• ex ¥ 1� x , @x P R
• x

1� x ¤ ln p1� xq ¤ x , x ¡ �1

• Golden Ratio (Qrus  Tom )
Two quantities are in the golden ratio if their ratio is the same as the ratio of their sum
divided by the larger of the two quantities. Some twentieth-century artists and architects,
including Le Corbusier and Daĺı, have proportioned their works to approximate the golden
ratio—especially in the form of the golden rectangle, in which the ratio of the longer side
to the shorter is the golden ratio—believing this proportion to be aesthetically pleasing.
The golden ratio appears in some patterns in nature, including the spiral arrangement of
leaves and plantlife.
φa � a� bab
Its value is: φ � 1�?5

2 � 1.61803 39887 P Q
Properties
• 1� 1

φ
� φ , which can be arranged into...

• φ� 1 � φ2

• 1
φ
� 1
φ2 � 1

• Using the quadratic formula for the above, two solutions are obtained:

φ � 1�?5
2 � 1.61803 39887 . . . and φ � 1�?5

2 � �0.61803 39887 . . .
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10.1 Asymptotic Notations and Growth of Functions

• Stirling’s approximation: n! �
?

2πn
�n
e

	n�
1�Θ

� 1
n

	�
, for large n.

• n! ¥
�n

3

	n
•

ņ

i�1
logpiq � logpn!q � n logpnq, ie. logpn!q � Θpn logpnqq

• lim
xÑ8

x
?
x � 1

• If lim
nÑ8

T pnq
gpnq � 0 Ñ T pnq � o pgpnqq

ie. T pnq has a much smaller rate of growth to that of gpnq as n grows without measure
@n ¥ n0.
• If lim

nÑ8
T pnq
gpnq � c ¡ 0 Ñ T pnq � ω pgpnqq ^ T pnq � o pgpnqq , thus T pnq � Θ pgpnqq

ie. T pnq and gpnq have the same rates of growth.

• If lim
nÑ8

T pnq
gpnq � �8 Ñ T pnq � ω pgpnqq

ie. T pnq has a much greater rate of growth to that of gpnq as n grows without measure
@n ¥ n0.

10.2 Sequences and Series
• Arithmetic Series is a sequence (/series) of numbers in which each differs from the
preceding one by a constant quantity.
• un � α � pn� 1qd : General term

•
n�1̧

r�0
pa� rdq � n

2 r2a� pn� 1qds : Sum

or Sn �
ņ

r�1
pa� rdq � n

pa1 � anq
2 , a1 is first term & an is the last term.

• b � a� c
2 , a   b   c : Arithmetic mean

• Geometric Series is a series with a constant ratio between successive terms.
• un � a � rn�1 : General term

•
n�1̧

k�0
ark � a

p1� rnq
1� r , or more generally ..

•
ņ

k�m
rk � aprm � rn�1q

1� r
• |r|   1 ÝÑ

8̧

k�0
ark � a

1� r
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• b � ?ac , a   b   c : Geometric mean

• Harmonic Series is the series:
8̧

n�1

1
n
� 1� 1

2 �
1
3 �

1
4 �

1
5 � . . . � logpnq �Op1q

• un � 1
n
, n P N� : General term

• b � 2ac
a� c �

2
1
a
� 1

c

, a   b   c : Harmonic mean

• Hk �
ķ

i�1
� 1� 1

2 �
1
3 �

1
4 � . . .�

1
k

: Harmonic number

• H2n ¤ 1� n
• x

x� 1 ¤ 2 , @x ¥ 2
• The sum of the first n terms of the harmonic series is given analytically by the nth
harmonic number:
Hn �

ņ

k�1

1
k
� γ � ψ0pn� 1q

where γ is the Euler-Mascheroni constant and ψ0pχq is the digamma function.

• Euler’s number: e is a mathematical constant that is the base of the natural logarithm:
the unique number whose natural logarithm is equal to one. The number e � 2.71828 is the
limit of

�
1� 1

n


n

as n approaches infinity, an expression that arises in the study of
compound interest. It can also be calculated as the sum of the infinite series:

e �
8̧

n�0

1
n! �

1
1 �

1
1 �

1
1 � 2 �

1
1 � 2 � 3 � � � �

The constant can be characterized in many different ways. For example, e can be defined
as the unique positive number a such that the graph of the function y � ax has unit slope
at x � 0. The function fpxq � ex is called the (natural) exponential function. The natural
logarithm, or logarithm to base e, is the inverse function to the natural exponential
function. The natural logarithm of a positive number k can be defined directly as the area
under the curve y � 1{x between x � 1 and x � k, in which case e is the value of k for
which this area equals one (see figure 6).
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Figure 6: e is the unique number that makes the shaded area under the curve y � 1{x equal
to 1

Sum of the Powers of Natural Numbers

•
ņ

r�1
r � npn� 1q

2

•
m̧

r�k
r � k � pm� k � 1q �

m�ķ

i�1
i

•
ņ

r�1
r2 � npn� 1qp2n� 1q

6

•
ņ

r�1
r3 �

"
npn� 1q

2

*2

•
8̧

k�0
xk � 1

1� x, |x|   1

•
8̧

k�0
kxk � x

p1� xq2 , |x|   1

•
ņ

i�m
c � c � pn�m� 1q

•
ņ

i�m
i � pn�m� 1qpn�mq

2
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Infinite Series:
8̧

k�1
uk � u1 � u2 � u3 � . . .� un � . . .

• lim
nÑ8

8̧

k�1
uk is a definite value Ñ Series is convergent

• lim
nÑ8

8̧

k�1
uk is not a definite value Ñ Series is divergent

Relationship between Summation and Product notations:
nor8¹
r�sth

kr � k

nor8°

r�sthr

ņ

k�1
log k � log

� n¹
k�1

k



� logpn!q

Decimal Representation: A decimal representation of a non-negative real number r is an

expression in the form of a series, traditionally written as a sum: r �
8̧

i�0

ai
10i , where a0 is a

nonnegative integer, and a1, a2, . . . are integers satisfying 0 ¤ ai ¤ 9 called the digits of the
decimal representation. The sequence of digits specified may be finite, in which case any
further digits ai are assumed to be 0.
The number defined by a decimal representation is often written more briefly as
r � a0.a1a2a3 . . . .
That is to say, a0 is the integer part of r, not necessarily between 0 and 9, and
a1, a2, a3, . . . are the digits forming the fractional part of r.
• A sequence is called monotone if it is either increasing, or decreasing.

Tests for Convergence

1. lim
nÑ8un � 0 Ñ series may be convergent,
lim
nÑ8un � 0 Ñ series is certainly divergent

2. Comparison test - Useful standard series
• 1

1p �
1
2p �

1
3p �

1
4p � . . .�

1
np
� . . . : P-series

For p ¡ 1 series converges. For p ¤ 1, series diverges
• 1� 1

2 �
1
3 �

1
4 �

1
5 � . . .

3. D’Alembert’s ratio test for positive terms
• lim

nÑ8

����un�1

un

����   1 ÝÑ limit converges

• lim
nÑ8

����un�1

un

���� ¡ 1 ÝÑ limit diverges
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• lim
nÑ8

����un�1

un

���� � 1 ÝÑ inconclusive assessment

4. For General Series
• σ|un| converges ÝÑ σun is absolutely convergent
• σ|un| diverges ^ σun converges ÝÑ σun is conditionally convergent

5. Limit Comparison Test
• Suppose bn : known series, an : series under test
0   lim

nÑ8
an
bn
  8 ÝÑ both series behave in like manners

6. Monotone Convergence Theorem
• Lemma 1: If a sequence of R is increasing and bounded above, then its
supremum is the limit. The supremum is defined as the least upper bound of a
sequence / function.
• Lemma 2: If a sequence of real numers is decreasing and bounded below, then its
infimum is the limit.
• Theorem: If tanu is a monotone sequence of real numbers (i.e. if an ¤ an�1, for
every n ¥ 1, or an ¥ an�1, for every n ¥ 1) then this sequence has a finite limit if and
only if the sequence is bounded (a sequence is called ”bounded”, when it’s bounded
above and below).

7. Alternating sign test: Based on the alternating harmonic series: p�1qn�1

n
If the

magnitude of the terms decreases and the signs alternate then the series converges.

• Taylor Series: fpx0 � hq � fpx0q � hf 1pxq � h2

2! f
2pxq � h3

3! f
3pxq � . . .

where fpxq is continuous in Dompfq.
• McLaurin Series: fpxq � fp0q � xf 1p0q � x2

2! f
2p0q � x3

3! f
3p0q � . . .

where fpxq continuous in Dompfq. McLaurin series describes the function fpxq in terms of
its successive derivatives at x � 0
Useful / Common Series Expansions
Reminder: In every trigonometric expansion the angle must be in radians
• sinpxq � x� x3

3! �
x5

5! �
x7

7! �
x9

9! � . . .

• cospxq � 1� x2

2! �
x4

4! �
x6

6! �
x8

8! � . . .

• sinhpxq � x� x3

3! �
x5

5! �
x7

7! � . . .

• coshpxq � 1� x2

2! �
x4

4! �
x6

6! � . . .
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• tanpxq � x� x3

3 � 2x5

15 � 17x7

315 � 62x9

2835 � . . .

• ln p1� xq � �x� x2

2 � x3

3 � x4

4 � x5

5 � . . .

• ex � 1� x� x2

2! �
x3

3! �
x4

4! � . . .

• e�x � 1� x� x2

2! �
x3

3! �
x4

4! � . . .

• Binomial Series: p1� xqn � 1� nx� x2

2! npn� 1q � x3

3! npn� 1qpn� 2q � . . .
• Binomial Expansion (General Case):
pa� bqn �n C0a

nb0 �n C1a
n�1b1 �n C2a

n�2b2 �n C3a
n�1b3 � . . .�n Cna0bn

• p1� xq�1 � 1	 x� x2 	 x3 � x4 	 . . . : Converges iff |x|   1
• d

dx
p1� xq�1 � 1

p1� xq2 � 1� 2x� 3x2 � 4x3 � 5x4 � . . .

• cos2pxq � x2 � x4

3 � 2x6

45 � . . .

• sin�1pxq � x� x3

3 � 3x5

40 � . . .

• eax � 1� ax� x2x2

2! � a3x3

3! � a4x4

4! � . . .

• tan�1pxq � x� x3

3 � x5

5 � x7

7 � x9

9 � . . .

• e � lim
nÑ8

�
1� 1

n


n

� lim
nÑ0

p1� nq 1
n

• Harmonic numbers are the numbers Hn for n ¥ 1 defined by Hn �
ņ

i�1

1
i

@n,m P N
�
n ¥ mÑ Hn �Hm ¥ n�m

n

	 n�1̧

k�1
Hk � nHn � n

• 2n � 1 � 1� 2� 22 � 23 � . . .� 2n�1 �
n�1̧

k�0
2k

• 2n � 2n�1 � 2n�1

• 1� 3� 32 � 33 � . . .� 3n � 3n�1 � 1
2

• The length of r1� 2� 3� . . .� 2n � p2n � 1q � p2n � 2q � p2n � 3q � . . .� 2n�1s, n ¥ 1,
is a power of 2.

•
ņ

i�1
ipi!q � pn� 1q!� 1

Fibonacci Sequence
• The definition is given by the recurrence relation: Fn � Fn�1 � Fn�2
where F0 � 0, F1 � 1 or F1 � F2 � 1
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• Fn � Fn�1 � Fn�2 � p
1�?5

2 qn � p1�?5
2 qn?

5

•
ņ

i�0
F2i � F0 � F2 � F4 � . . .� F2n � F2n�1 � 1

• The sequence a0, a1, a2, . . . is called a generalized Fibonacci sequence, or a Gibonacci
sequence, if
@n ¥ 2pan � an�2 � an�1q.
Also, Ds, t P R

�
an � s

�
1�?5

2


2

� t
�

1�?5
2


2�

• The Lucas numbers are the numbers L0, L1, L2, . . . defines as follows:

aqL0 � 2, bqL1 � 1, @n ¥ 2Ln � Ln�2 � Ln�1 �
�

1�?5
2


n

�
�

1�?5
2


n

• Triangular numbers: Tn �
ņ

k�1
k � npn� 1q

2 : equal to the number of dots composinga

triangle with n dots on one side
• Tn � Tn�1 � n2 � pTn � Tn� 1q2

• Dirichlet series: is any series of the form:
8̧

n�1

an
ns

where s P C and a is a complex sequence. The Dirichlet series plays a varierty of
important roles in analytic number theory (the branch of Mathematics connecting Number
Theory / Discrete Math and Calculus).

• π2

6 � 1
12 �

1
22 �

1
32 �

1
42 �

1
52 � . . .

• Mersenne sequence: fpxq � 2n� , n P N

10.3 Fourier Series
• Approximates the values of a periodic function: fpx�T q � fpxq, where T is the period.
• The Fourier series converges to fpxq, if the Dirichlet conditions are satisfied (sufficient
conditions).

1. The function fptq must be defines single valued & periodic.

2. fptq and f 1ptq have at most a finite number of finite discontinuities over a single
period - i.e. they are piecewise continuous.
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• fptq � a0

2 �
8̧

n�1
pan cospnωtq � bn sinpnωtqq, a0, an, bn are the Fourier coefficients

a0 � 2
T

» T {2

�T {2
fptqdt

an � 2
T

» T {2

�T {2
fptq cospnωtqdt , bn � 2

T

» T {2

�T {2
fptq sinpnωtqdt

• Alternative notation for real valued function fptq with complex coefficients:

fptq �
8̧

n��8,n�0
cne

jnωt wherecn � 1
T

» T {2

�T {2
fptqe�jnω0tdt � an � jbn

2 � |cn|ejφn : Discrete

complex spectrum

Figure 7: Sum of Fourier series at a finite discontinuity

• Sum of Fourier series at a finite discontinuity: At x � x1 series for fpxq converges to
the value: 1{2pfpx1�q � fpx1�qq � 1{2py1 � y2q
• Alternative notation: fptq � a0

2 �
8̧

n�1
cn sinpnωt� φnq

cn �
a
a2
n � b2

n , φn � tan�1pan
bn
q

• The constant (D.C.) term a0{2 is to raise, or lower the entire waveform on the y-axis.
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Figure 8: Fourier Series Table
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11 Probability Theory
• An se ν ektelèseic enìc peir�matoc èna endeqìmeno A pragmatopoieÐtai k forèc, tìte o

lìgoc
k

ν
onom�zetai sqetik  suqnìthta tou A kai sumbolÐzetai me fA.

• Statistik  omalìthta   Nìmoc twn Meg�lwn Arijm¸n: Oi sqetikèc suqnìthtec
pragmatopoÐhshc enìc peir�matoc, pou ekteleÐtai k�tw apì amet�blhtec sunj kec,
stajeropoioÔntai gÔrw apì k�poiouc arijmoÔc (ìqi p�ntote Ðdiouc), kaj¸c o arijmìc twn
dokim¸n tou peir�matoc epanalamb�netai aperiìrista.

Axiwmatik  JemelÐwsh Pijanìthtac
'Estw Ω � tω1, ω2, . . . , ωνu deigmatikìc q¸roc me peperasmèno pl joc stoiqeÐwn. IsqÔoun ta
parak�tw:
• 0 ¤ P pωiq ¤ 1 , 1 ¤ i ¤ ν
• P pΩq � P pω1q � P pω2q � . . .� P pωνq � 1
• E�n ω1, ω2, . . . , ων eÐnai an� dÔo asumbÐbasta, dhlad  ωi X ωj � H, tìte:
P pω1 � ω2 � . . .� ωνq � P pω1q � P pω2q � . . .� P pωνq
• P pHq � 0
• An P pωiq � 1

ν
, tìte èqoume ton klasikì orismì thc pijanìthtac enìc endeqomènou

(isopÐjana endeqìmena):

P pAq � Pl joc Eunoðk¸n Peript¸sewn

Pl joc Dunat¸n Peript¸sewn
� NpAq
NpΩq

• P pAYBq � P pA�Bq (alternative notation)
• P pAXBq � P pA �Bq (alternative notation)
• P pA1q � 1� P pAq
• P pAYBq � P pAq � P pBq � P pAXBq (additive law)
• AXB � H Ñ P pAYBq � P pAq � P pBq (simple additive law)
• A � B Ñ P pAq ¤ P pBq
• P pA�Bq � P pAq � P pAXBq � P pAXB1q
• @A,B P Ω P pBq � P pB � A�B � A1q

Figure 9: Di�gramma Venn thc pijanìthtac: P pA�Bq � P pB � Aq

• P pA�Bq � P pB � Aq � P pA �B1q � P pB � A1q figure 9

• P pA|Bq � P pAXBq
P pBq , P pBq ¡ 0 (desmeumènh pijanìthta)
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• P pAXBq � P pA|Bq � P pBq � P pB|Aq � P pAq (pollaplasiastikìc nìmoc twn
pijanot twn)

• P pA|Bq � P pB|Aq � P pAq
P pBq : je¸rhma Bayes, epÐshc:

P pA|Bq � P pAq P pB|Aq
P pAq P pB|Aq � P pAq P pB|Aq

• DÔo endeqìmena A kai B me P pAq ¡ 0 kai P pBq ¡ 0 lègontai anex�rthta, an kai mìnon
an P pAXBq � P pAq � P pBq
• A,B anex�rthta endeqìmena Ñ P pA|Bq � P pAq kai P pB|Aq � P pBq
• P pAq � P pAXB1q � P pAXB2q � . . .� P pAXBνq �

ν̧

i�1
P pA|Biq � P pBiq mìnon an

B1, B2, . . . , Bν asumbibast� endeqìmena kai B1 �B2 � . . .�Bν � Ω
• P pA�B � Γq � P pAq � P pBq � P pΓq � P pABq � P pAΓq � P pBΓq � P pABΓq
•

ν̧

i�1
P pxi|yq � 1

• An experiment that has a result with more than one possible outcomes is referred to as
a random experiment. The only requirement that is made of the outcomes of a random
experiment is that they be mutually exclusive. To cater for ranges of possible outcomes we
define an event. An event consists of one or more outcomes selected from a list of all
possible outcomes.

• Indicator function is a function that returns the value of 1 when something is true and
0 when it is false.
• Indicator Random variable has value 1 if something is going to happen and 0 otherwise.

1rAs �
"

1, R A
0, x P A

For N trials the probability of 1’s will be N � 1rAs and the long term average value for
these N trials will be P pNq.
• Expected value of a discrete random variable is R defined as following. Suppose R can
take value r1 with probability p1, value r2 with probability p2, and so on, up to value rk
with probability pk. Then the expectation of this random variable R is defined as

ErRs � r1 � p1 � r2 � p2 � . . .� rk � pk
• Linearity of Expectation: Let R, S be random variables of some probability space and
a, b constants. Then the following holds:

Eta �R � b � Su � a � EtRu � b � EtSu
• Central Limit Theorem: Given certain conditions, the arithmetic mean of a sufficiently
large number of iterations of independent random variables, each with a well defined
(finite) expected value and finite variance, will be approximately normally distributed,
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regardless of the underlying normal distribution.
Analutikìtera: DÐnontai oi T.M. Xi kai X � X1 �X2 � . . .�Xn to �jroisma touc. To
�jroisma autì apoteleÐ mia T.M. me mèsh tim : m � m1 �m2 � . . .�mn kai diakÔmansh
σ2 � σ2

1 � σ2
2 � . . .� σ2

n. To K.O.J. dhl¸nei ìti, k�tw apì orismènec genikèc sunj kec, h
katanom  fXpχq thc X proseggÐzei thn kanonik  katanom  me thn Ðdia mèsh tim  m kai

diakÔmansh σ2 : fpχq � G
�χ�m

σ

	
kaj¸c to m aux�nei ( jewrhtik� kaj¸c mÑ 8).

• Law of large numbers (LLN): describes the result of performing the same experiment a
large number of times. According to the law, the average of the results obtained from a
large number of trials should be close to the expected value and will tend to become close
as more trials are performed.

11.1 Combinatorics
• Basik  Arq  AparÐjmhshc (kanìnac ginomènou): 'Estw ìti mia diadikasÐa mporeÐ na
pragmatopoihjeÐ se ν diadoqikèc f�seic φ1, φ2, . . . , φν . An h f�sh φ1 mporeÐ na
pragmatopoihjeÐ me k1 trìpouc kai gia kajènan apì autoÔc h f�sh φ2 mporeÐ na
pragmatopoihjeÐ me k2 trìpouc, ... kai gia kajènan apì ìlouc autoÔc touc trìpouc h f�sh
φν mporeÐ na pragmatopoihjeÐ me kν trìpouc, tìte h diadikasÐa aut  mporeÐ na
pragmatopoihjeÐ me k1 � k2 � . . . � kν trìpouc.
• Metajèseic (permutations): Sthn perÐptwsh pou p�roume kai ta ν stoiqeÐa enìc
sunìlou kai ta b�loume se mia seir�, tìte èqoume mia di�taxh twn ν stoiqeÐwn an� ν, h opoÐa
lègetai met�jesh twn ν stoiqeÐwn. To pl joc twn metajèsewn ja eÐnai: Mν

ν �Mν � ν!
• Diat�xeic (k-permutations): Di�taxh twn ν stoiqeÐwn enìc sunìlou an� k, me k ¤ ν,
lègetai kajènac apì touc diaforetikoÔc trìpouc me touc opoÐouc mporoÔme na p�roume k
diaforetik� stoiqeÐa tou sunìlou kai na ta b�loume se mia seir�. (diat�xeic twn ν an� k : )
∆ν
k � νpν � 1qpν � 2q . . . pν � k � 1q � ν!

pν � kq!
Notes:
- The order of elements matters.
- No elements may appear more than once.
• SunduasmoÐ (combinations): Sunduasmìc twn ν stoiqeÐwn enìc sunìlou an� k
onom�zetai k�je uposÔnolo tou sunìlou me k stoiqeÐa.

(”n choose k”) nCk �
�
n

k



� n!
k!pn� kq! , n ¥ k

Notes:
- Order doesn’t matter.
• All combinations of sizes of the input sequence (eg. the Power set of the input set):
2n

• Newton’s Binomial:
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pa� bqn �
8̧

k�0

�
n

k



an�kbk , n P N ^ a, b P R

Properties:
•

�
n� 1
k



�
�
n

k



�
�

n

k � 1



,  

�
n

k



�
�
n� 1
k



�
�
n� 1
k � 1




•
�
n

0



�
�
n

1



�
�
n

2



� . . .�

�
n

n



� 2n  

ņ

k�0

�
n

k



� 2n

•
�
n

1



�
�
n

3



�
�
n

5



� . . . �

�
n

0



�
�
n

2



�
�
n

4



� . . . � 2n�1

•
�
n

0


2

�
�
n

1


2

�
�
n

2


2

� . . .�
�
n

n


2

�
�

2n
n




Random Variables - (TuqaÐec Metablhtèc)
A (discrete) random variable X is a function from a finite, or countably infinite sample
space S to the real numbers. It associates a real number with each possible outcome of an
experiment, which allows us to work with the probability distribution induced on the
resulting set of numbers.
• P pX ¥ xq � 1� P pX ¤ xq
• P pX S xq � P pX ≶ xq � P pX � xq
• FXpxq � P pX ¤ xq , @x P p�8,8q , FX : A.S.K thc t.m. Q.
• H FX eÐnai mh fjÐnousa. An x1   x2, tìte FXpx1q ¤ FXpx2q
• F p�8q � 1 , F p�8q � 0
• lim

xÑ8F pX ¤ xq � 1 , lim
xÑ�8F pX ¤ xq � 0

• @x ¤ x0pFXpx0q � 0 Ñ FXpxq � 0q
• 0 ¤ F pX ¤ xq ¤ 1 , @x
• FXp�xq � FXpxq
• FX : suneq c apì ta dexi�: FXpxq � FXpx�q
• P px1   X   x2q � FXpx2q � FXpx1q
• P pX � xq � FXpxq � FXpx�q
• P px1 ¤ X ¤ x2q � FXpx2q � FXpx�1 q
• S.P.P.: fXpxq 4� dFXpxq

dx
kai FXpxq 4�

»
�8

xfXpuqdu

• P pX P Bq, B : di�sthma �
»
B

fXpxqdx
• P pX � Bq � fXpBq
•

» 8

�8
fXpxqdx � 1 ,

¸
xPA

fXpxq � 1 ,
» 8

�8
FXpxqdx � 1

• P pa ¤ X ¤ bq �
» b

a

fXpxqdx

Expected/Mean Value
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• EpXq �
» 8

�8
xfXpxqdx : for P.D.F.

• EpXq �
¸
i

xiP pxiq : for P.M.F.

Properties:
• EpCq � C : stajer�
• EpC �Xq � C � EpXq
• EpC �X � bq � C � EpXq � b

Variance
• σ2

X � EpX2q � �
EpXq2� : Variance

Properties:
• Var pCq � 0
• Var pC �Xq � C2 � Var pXq
• Var pC �X � bq � C2 � Var pXq

• Covariance (sundiaskÔmansh) of two r.v.: A measure of how much two r.v. change
together.
Cov pX, Y q � E

�pX � ErXsq � pY � ErY sq� � ErX � Y s � ErXs � ErY s

• Error probability:
Pe � P pe|X � x1q �P pX � x1q �P pe|X � x0q �P pX � x2q � . . .�P pe|X � xnq �P pX � xnq
• Q function , X is gaussian r.v.
• QpXq � 1� FXpxq , Qp�xq � 1�Qpxq , Qpxq : fjÐnousa

11.2 Probability Distributions
Bernoulli trials: A Bernoulli trial is any random experiment (r.e.) whose result has only
two outcomes, which we shall call success with probability p and failure with probability q .
P psuccessq � p, P pfailureq � q. Thus p� q � 1.

Binomial (Diwnumik ) Distribution: gives the discrete probability distribution P pn|Nq of
obtaining exactly n successes out of N Bernoulli trials.
P pn|Nq �

�
N

n



pnqN�n � N !

n!pN � nq!p
np1� pqN�n , where

�
N

n



is the binomial

coefficient.

Geometric Distribution: is the D.P.D. of the number X of Bernoulli trials needed to get
one success
P pX � kq � pqk�1 , k trials (k P N), X : number of attempts until the first success
Properties:
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• (i) ErXs � 1
p

,

• (ii) Var rXs � p1� pq
p2

• (iii) The Expected value / Mean of a D.R.V. following the geometric distribution is
the inverse of its parameter. eg. Xi � Geop6� i6 q Ñ ErXis � 6

6� i
It is the discrete analog of the exponential distribution.

Poisson Distribution: is a D.P.D. that expressses the probability of a given number of
events k occuring in a fixed interval of values (e.g. time), if these events occur with a
known average rate λ (rate parameter) and independently of the time since the last event.

P pk events in intervalq � P pX � kq � e�λ
λk

k! : P.M.F. , k P N
λ : average number of events per interval.
Properties:

• (i) ErXs � λ,

• (ii) Var rXs � λ

Exponential Distribution: is the P.D. that describes the time between events in a Poisson
process (i.e. a process in which events occur continuously and independently at a constant
average rate)

fXpxq �
#
λe�λx , x ¥ 0
0 , otherwise

λ : rate parameter (slope of curve)
Properties:

• (i) ErXs � 1
λ

,

• (ii) Var rXs � 1
λ2

Uniform Distribution: is a family of symmetric P.D.’s such that for each member of the
family, all intervals of the same length on the distribution’s support are equal.

C.D.F. : FXpxq

$''&
''%

1 , x ¥ b
x� a
b� a , a ¤ x ¤ b

0 , x   a
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P.D.F.:

fXpxq �
$&
%

1
b� a , a ¤ x ¤ b

0 , otherwise

Properties:

• (i) ErXs � a� b
2 ,

• (ii) Var rXs � pb� aq
2

12
If the random variable X follows the uniform distribution we’ll indicate that, by writing:
X ∼ Ypa, bq

Normal Distribution: A C.R.V. X is a normal, or Gauss R.V. with parameters µ and σ2 , if
its P.D.F. is:
fXpχq � 1?

2πσ2
e�

pχ�µq2

2σ2 , �8   x   8 , σ2 : variance, µ : mean / expected value

C.D.F.: FXpχq �
» x

�8
f
p
Xyqdy 4� G

�χ� µ
σ

�
The cumulative distribution function is often given tabulated (G).
Standard Normal Distribution: P.D.F.: y � φpzq � 1?

2π
e�

z2
2 , where z � χ� µ

σ
µ � 0 , σ � 1

Area under the standard normal curve: P pα ¤ z ¤ bq
P pvalues within 1s.d. of the mean) � 68%
P pvalues within 2s.d. of the mean) � 95%
P pvalues within 3s.d. of the mean) � 99.7%

11.3 Stochastic Processes
• A Markov process, is a stochastic process that satisfies the Markov property (sometimes
characterized as ”memorylessness”). A process satisfies the Markov property if one can
make predictions for the future of the process based solely on its present state just as well
as one could knowing the process’s full history, hence independently from such history.
• The Markov property refers to the memoryless property of a stochastic process.
• Memorylessness is a property of certain probability distributions. It usually refers to
the cases when the distribution of a ”waiting time” until a certain event, does not depend
on how much time has elapsed already. Only two kinds of distributions are memoryless:
exponential distributions of non-negative real numbers and the geometric distributions of
non-negative integers.
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12 Statistics
• ν1 � ν2 � ν3 � . . .� νk � ν : To �jroisma twn (apìlutwn) suqnot twn eÐnai Ðso me to
mègejoc tou deÐgmatoc ν.
• fi � νi

ν
: Sqetik  suqnìthta (relative frequency) thc tim c xi 0 ¤ fi ¤ 1 , afoÔ

0 ¤ νi ¤ ν
fip%q � 100 � fi
• To sÔnolo twn pxi, νiq apoteleÐ thn katanom  suqnot twn
• To sÔnolo twn pxi, fiq   pxi, fip%qq apoteleÐ thn katanom  sqetik¸n suqnot twn
• Gia tic posotikèc metablhtèc ektìc apì ta νi, fi qrhsimopoioÔntai sun jwc kai oi
legìmenec ajroistikèc suqnìthtec (cumulative frequencies) Ni kai oi ajroistikèc sqetikèc
suqnìthtec (cumulative relative frequencies) Fi, oi opoÐec ekfr�zoun to pl joc kai to
posostì antÐstoiqa twn parathr sewn pou eÐnai mikrìterec   Ðsec thc tim c xi.
• νk � Nk �Nk�1 ^ fk � Fk � Fk�1 (upojètontac x1   x2   . . .   xk )
• H gwnÐa φi pou antistoiqeÐ sto antÐstoiqo kuklikì di�gramma suqnot twn (piechart)
eÐnai φi � νi

360o
ν

� 260ofi , gia i � 1, 2, . . . , k.
• Se istìgramma / di�gramma me �niso pl�toc wi kl�sewn, to Ôyoc thc kl�shc eÐnai:

hi � νi
wi

,   h�i �
fip%q
wi

• Se èna istìgramma suqnot twn to embadìn tou orjogwnÐou isoÔtai me th suqnìthta thc
kl�shc aut c.
• An sta istogr�mmata suqnot twn jewr soume dÔo akìmh upojetikèc kl�seic, sthn arq 
kai sto tèloc, me suqnìthta mhdèn kai sth sunèqeia en¸soume ta mèsa twn �nw b�sewn twn
orjogwnÐwn me eujÔgramma tm mata, sqhmatÐzetai to polÔgwno suqnot twn (frequency
polygon). To embadì tou qwrÐou pou orÐzetai apì autì kai ton orizìntio �xona eÐnai Ðso me
to �jroisma twn suqnot twn, dhlad  me to mègejoc tou deÐgmatoc n,   Ðso me 100 an
prìkeitai gia istìgramma sqetik¸n suqnot twn.

Mètra jèshc (Position Metrics)

• �
x � x1ν1 � x2ν2 � . . .� xkνk

ν1 � ν2 � ν3 � . . .� νk � 1
ν

ķ

i�1
xiνi �

ķ

i�1
xifi : Arijmhtikìc mèsoc ìroc

(Arithmetic mean)
ìpou: x1, x2, . . . , xk : oi timèc thc t.m. Q me suqnìthtec ν1, ν2, . . . , νk antÐstoiqa kai fi oi
antÐstoiqec sqetikèc suqnìthtec.

• �
x � x1w1 � x2w2 � . . .� xνwν

w1 � w2 � w3 � . . .� wν �

ν°
i�1
ν°
i�1

wi

: Stajmismènoc mèsoc ìroc (weighted mean)

ìpou x1, x2, . . . , xν oi timèc, me suntelestèc barÔthtac w1, w2, . . . , wν .
• H di�mesoc (median) δ enìc plhjusmoÔ ν parathr sewn pou èqoun diataqjeÐ se
aÔxousa seir�, eÐnai h mesaÐa parat rhsh ìtan ν perittìc,   o mèsoc ìroc (to hmi�jroisma)
twn dÔo messaÐwn parathr sewn ìtan ν �rtioc.
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• Pk , k � 1, 2, . . . , 99 : Ekatosthmìria (percentiles)
Oi timèc P1, P � 2, . . . , P99 qwrÐzoun th sunolik  suqnìthta se 100 Ðsa mèrh. Dhlad ,
orÐzoume wc k-ekatosthmìrio,   Pk thn tim  ekeÐnh gia thn opoÐa to polÔ k% twn
parathr sewn eÐnai mikrìterec tou Pk kai to polÔ p100� kq% twn parathr sewn eÐnai
megalÔterec apì thn tim  aut n. Eidik  perÐptwsh ekatosthmorÐwn eÐnai ta P25, P50 � δ, P75
pou lègontai tetarthmìria. Anafèrontai kai wc Q1, Q2, Q3 antÐstoiqa.
• H epikratoÔsa tim  M0 ,   koruf  (mode) orÐzetai wc h parat rhsh me th megalÔterh
suqnìthta νi. MporeÐ na oristeÐ kai sthn perÐptwsh poiotik¸n dedomènwn, en¸ ta
prohgoÔmena mètra jèshc orÐzontai mìno gia posotik� dedomèna. EÐnai dunatì na up�rqoun
pollaplèc,   kai kami� epikratoÔsa tim .

Mètra Diaspor�c (Dispersion Metrics)
• EÔroc (Range) R = MegalÔterh parat rhsh � Mikrìterh parat rhsh
• Q � Q3 �Q1 : Endotetarthmoriakì eÔroc (interquartile range) Ò QñÒ Diaspor�
• VarrXs � E

�pX � ErXsq2� � E
�
X2�� pE rXsq2 � σ2 : DiakÔmansh

σ2 � 1
ν

ν̧

i�1
pxiνi � �

xq2 � 1
ν

¸
i�1

νpxiνiq2 �
� ν°
i�1

xiνi

ν

�2 : gia mh omadopoihmèna dedomèna

σ2 � 1
ν

ķ

i�1
x2
i νi �

� k°
i�1

xiνi

ν

�2 : gia omadopoihmèna dedomèna, ed¸ xi eÐnai oi kentrikèc timèc

thc k�je kl�shc

• σ �
?
σ2 : Tupik c apìklish (standard deviation)

• CV � σ

| �X
� 100p%q : Suntelest c metabol c,   sqetik  tupik  apìklish (Coefficient of

variation, or relative standard deviation)
Ó CV Ñ MegalÔterh omoiogèneia stic timèc

• Mode of grouped data = L� h� fm � f1

2fm � f1 � f2

�
L : lower boundary of modal class, h : size of modal class, fm : frequency of modal class,
f1 : frequency of class preceding the modal class, f2 : frequency of class proceeding modal
class
• Pearson correlation coefficient prq: Gives the strength of a linear relationship between
the n values of two variables xi and yi.
(Be aware that there may be correlation, but not linear one)

r �
n

n°
i�1

xiyi �
�

n°
i�1

xi


�
n°
i�1

yi



gffe�

n
n°
i�1

x2
i �

�
n°
i�1

xi


2
�
�
�
n

n°
i�1

y2
i �

�
n°
i�1

yi


2
�
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• Spearman’s rank correlation coefficient: It doesn’t measure the actual values, but
rather the differences pdiq between the n corresponding values of two categories (/columns
of data):

rs � 1�
6

n°
i�1

d2
i

npn2 � 1q
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13 Number Theory
• @n,m P Z rm � 0 Ñ D!q, r P Z pn � q �m� r ^ 0 ¤ r   |m|qs
q and r are called quotient and remainder respectively, when n is divided by m.
• pn|m^m ¡ 0q Ñ r P t0, 1, 2, . . . ,m� 1u
• r � 0 Ñ n � 2q : �rtioc
• r � 1 Ñ n � 2q � 1 : perittìc
• Well-Ordering principle: Every nonempty set of N has a smallest element.
• n is even iff n2 is even.
• @n P N @x P R rn is odd Ñ px� 1qpxn � 1qs
• n P NÑ xn � an � px� aqpxn�1 � xn�2a� xn�3a2 � . . .� an�1q
• @n P N� r1� 3� 5� 7� . . .� p2n� 1qs � ν2

• @n P N�
�

1 � 2� 2 � 3� 3 � 4� . . .� npn� 1q � npn� 1qpn� 2q
3

�

• @n P N�
�

1
2 � 2 �

1
2 � 3 �

1
3 � 4 � . . .�

1
npn� 1q �

n

n� 1




• @n P N�@x P R� t1u
�

1� x� x2 � . . . xn�1 � xn � 1
x� 1



• @n P N� ¥ 3

�
n2 ¡ 2n� 1

�
• @k, l P Z �

k � 2l � 1 Ñ Dm P Z �
k2 � 8m� 1

��
• @a P Z ��

a2 � 3k _ a2 � 3k � 1
�^ k P Z�

• @n P N ¥ 2
�
1� 2� 22 � . . .� 2n�1 : pr¸tocÑ 2n�1p2n � 1q : tèleioc

�
• A discrete logarithm is an interger k solving the equation: bk � g where b and g are
elements of a group, s.t. k � logb g
Discrete logarithms are the group theoretic analog of ordinary logarithms, which solve the
same equation for b and g in the group of real numbers.
• A number g is a primitive root modulo n if every number a coprime to n is congruent
to a power of g modulo n. That is, for every integer a coprime to n, there is an integer k
such that g � k � a pmod nq. Such k is called the index or discrete logarithm of a to the
base g mod n.

13.1 Division Properties
• @a P Z� p�1|a^�a|aq
• @b P Z�pb|0q
• @a, b, c P Z^ b � 0 èqoume: - a|b^ b|aÑ a � b_ a � �b
- a|b^ b|cÑ a|c
- a|bÑ Dλ P Zpa|λbq
- a|b^ a|cÑ a|pb� cq (To antÐstrofo fusik� den isqÔei)
- a|b^ b � 0 Ñ |a| ¤ |b|
• @k, λ P Z rpa|b^ a|cq Ñ a|pkb� λcqs
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To pkb� λcq P Z lègeteai grammikìc sunduasmìc twn b, c

• @a,m P Z rpm|a^m ¡ 1q Ñ m - pa� 1qs
• @α, β P Z O M.K.D. twn a, b, ìtan ènac toul�qiston apì touc a, b eÐnai di�foroc tou 0,
eÐnai o d kai eÐnai o megalÔteroc apì touc jetikoÔc koinoÔc diairètec touc. Dhlad , o d èqei
tic akìloujec dÔo idiìthtec:

δ|α ^ δ|β
px|α ^ x|βq Ñ x ¤ δ
Lème ìti δ gcdpa, bq ,   δ � pa, bq
• EukleÐdioc Algìrijmoc An a, b P N kai u to upìloipo thc eukleÐdeiac diaÐreshc tou a me
ton b, tìte: gcdpa, bq � gcdpb, υq
• gcdpa, bq � gcdp|a|, |b|q
• pa, aq � a
• pa, 0q � a
• pa, 1q � 1
• @a, b P N� pb|aÑ pa, bq � bq
• @a, b, k P N, b � 0 ppa, bq � pa� kb, bqq
• @a, b, P Z ppa, bq � 1 Ñ a, bq pr¸toi metaxÔ touc q
• @a, b P Z, b � 0 rδ � gcdpa, bq Ñ δ � ka� lbs : Bezout’s Identity. Oi k, l den eÐnai
monadikoÐ.
• @a, b P Z, b � 0 pa, bpr¸toi metaxÔ toucØ ka� lb � 1q
• @a, b P Z, b � 0

�
ka� lb � δ Ñ

�
kpa
δ
q � lp b

δ
q � 1 Ø pa

δ
,
b

δ
� 1


�
• @a, b, c P Z ppb, cq � 1^ a|bcÑ a|b_ a|cq
• @a, b, c P Z pa|b � c^ pa, bq � 1 Ñ a|cq
• @k, a, b P Z rpka, kbq � kpa, bqs
An�logec sqèseic isqÔoun kai gia perissìterouc apì dÔo akeraÐouc pq.
rδ � pa, b, cq Ñ Dk, l,m P Zpδ � ka� lb�mcqs kai rδ � pα, β, γq Ñ pα{δ, β{δ, γ{δq � 1s.
• δ � pa, b, c, . . .q � ppa, bq, c, d, . . .q � pa, pb, cq, d, . . .q
• E.K.P twn a, b P Z� eÐnai to mikrìtero apì ta jetik� koin� pollapl�sia twn a, b.
SumbolÐzetai: ε � lcmra, bs   ε � ra, bs kai ε P N� èqei tic akìloujec idiìthtec:
ε � mulpaq ^ ε � mulpbq
rx � mulpaq ^ x � mulpbqs Ñ ε ¤ x
• ra, bs � r|a|, |b|s
• b|aÑ ra, bs � a
• ra, 1s � a
• @a, b P N� rpa, bq � ra, bs � a � bs
• @a, b P Z� rpa, bq � ra, bs � |a| � |b|s
• Ta koin� pollapl�sia dÔo akeraÐwn eÐnai pollapl�sia tou EKP touc
• ε � ra, b, c, . . .s � rra, bs, c, . . .s � ra, rb, cs, d, . . .s
• Je¸rhma pr¸twn arijm¸n: # Pr¸twn mikrìterwn tou x � x

ln pxq
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Puknìthta pr¸twn arijm¸n mèqri ton x : x � 1
ln pxq . DiatÔpwsh:

lim
xÑ8

πpxq
x logpxq � 1, πpxq : prime counting function (counts # of primes under x P Z

• x

logpxq : approximates πpxq as x increases without bound
• K�je akèraioc p � 0,�1 lègetai pr¸toc, an oi mìnoi jetikoÐ diairètec tou eÐnai oi 1 kai
|p|.
• K�je jetikìc akèraioc megalÔteroc tou 1èqei ènan toul�qiston pr¸to diairèth
• An a eÐnai ènac sÔnjetoc akèraioc me a ¡ 1, tìte up�rqei ènac toul�qiston pr¸toc
arijmìc r, tètoioc ¸ste p|a kai p ¤ ?a.
• An ènac pr¸toc r diaireÐ to ginìmeno oswnd pote akeraÐwn, tìte diaireÐ ènan
toul�qiston, apì touc akeraÐouc autoÔc.
• K�je teikìc akèraioc a > 1 mporeÐ na grafeÐ kat� monadikì trìpo sth morf :
α � pa1

1 � pa2
2 � � � pakk ìpou oi p1, p2, . . . , pk eÐnai jetikoÐ pr¸toi me p1   p2   . . . pk kai

a1, a2, . . . , ak P N�. Tìte lème ìti to a eÐnai grammènoc sthn kanonik  tou morf .
• An o fusikìc arijmìc n den eÐnai tetr�gwno fusikoÔ tìte o

?
n eÐnai �rrhtoc

• O eukleÐdeioc algìrijmoc basÐzetai sto gegonìc ìti:
@a, b, r P N, b � 0pa ¡ bÑ a � qb� r ^ b ¡ rq
• @a, b, c P Zpax� by � cq : Mia grammik  diofantik  exÐswsh kai δ � gcdpa, bq. H
exÐswsh èqei lÔsh ann δ|c. Tìte up�rqoun �peirec lÔseic pou dÐnontai apì touc tÔpouc
x � x0 � b � n^ y � y0 � a � nq, @n P Z, ìpou px0, y0q mia lÔsh thc grammik c diofantik c
exÐswshc.
• @a, b, k, l P ZDm P N ra � km� υ ^ b � lm� υ Ø a � bpmod mqs
• @a, b P Z ra � bpmod mq Ø m|pa� bqs

Congruent (isoupìloipoi) Numbers
• Orismìc: 'Estw m jetikìc akèraioc. DÔo akèraioi a kai b lègontai isoupìloipoi me
mètro m, ìtan diairoÔmenoi me m af noun to Ðdio upìloipo.

• a � bpmod mq ô m|pa� bq
• a � apmod mq (anaklastik )
• a � bpmod mq Ñ b � apmod mq (summetrik )
•

�
a � bpmod mq ^ b � cpmod mq�Ñ a � cpmod mq (metabatik )

• a � bpmod mq ^ c � dpmod mq

$'&
'%
a� c � b� dpmod mq
a� c � b� dpmod mq
a � c � b � dpmod mq

• @a, b, c P Z rDm P Npa � bpmod mqq Ñ an � bnpmod mq ^ n P Ns
• 'Estw δ � gcdpa,mq. Tìte ax � bpmod mq èqei mia lÔsh, ann δ|b.
• An u to upìloipo thc eukleÐdeiac diaÐreshc tou a P Z me ton m P N�, tìte a � υpmod mq
• @m P Z rm|bÑ b � 0pmod mqs
• @m P Z rm � 0pmod mqs

61



• @a P Z �
a2 � 0pmod 8q _ a2 � 1pmod 8q _ a2 � 4pmod 8q�

• @a, b P Zpa, bq � 5 Ñ
�
a

δ
,
b

δ



� 1

Qr simoc metasqhmatismìc: A � a

δ
Ñ a � Aδ ^B � b

δ
Ñ b � Bδ

• @k P Z rn � 2k � 1 Ñ 9n � 1 � 0pmod 10qs

• Euler / Euler-Mascheroni constant:

γ � lim
nÑ8

�
ņ

k�1

1
k
� ln pnq

�
�
» 8

1

�
1
txu

� 1
x



dx � 0.5772156649 . . . txu : floor function

• The positive integers i and j are called relatively prime, or coprime if they share no
common factors. In other words i and j are coprime if their only common factor is 1.
• Mersenne prime: Mn � 2n � 1 , n P N
• If 2p � 1 is prime then 2p�1p2p � 1q is a perfect number.
• Euler’s totient/Phi function Φpnq : Roughly speaking it measure the ”breakability” of
a number.
Φpnq number of positive integers less than n P N (including 1) that do not share a common
factor with n, ie. they are coprime with n. eg. Φp8q � 4 (numbers 1, 3, 5, 7). These
integers k are referred to as totatives of n.
Φpnq is difficult to compute, except when n is prime. In that case Φpnq � n� 1 (numbers
1, 2, 3, ... , n� 1)
Properties
- Φpa � bq � Φpaq � Φpbq
- p is prime Ñ Φppq � p� 1
- m,n coprime Ñ mΦpnq � 1 mod n
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14 Geometry

14.1 Line Segment
• An M eswterikì (  M' exwterikì) shmeÐo eujugr�mmou tm matoc AB, lème ìti to M
diaireÐ eswterik� (  exwterik� antistoÐqwc) to eujÔgrammo tm ma AB se lìgo l, an kai

mìno an λ � MA

MB
. To shmeÐo autì eÐnai monadikì. Gia k�je perÐptwsh isqÔei:

- MA � λ

λ� 1 � AB,MB � AB �MA � 1
λ� 1AB (  M' antÐ gia M)

Figure 10: Suzug  Armonik� shmeÐa M & M'

• (figure 10) DÔo shmeÐa M kai M', pou diairoÔn eswterik� kai exwterik� to tm ma AB
ston Ðdio lìgo, lègontai suzug  armonik� twn A kai B, an ta tèssera shmeÐa eÐnai

suneujeiak� kai epÐshc isqÔei ìti:
MA

MB
� M 1A
M 1B

• DÔo (  perissìtera) eujÔgramma sq mata lègontai ìmoia, ìtan oi pleurèc touc eÐnai
an�logec (an�logo m koc) kai oi gwnÐec touc Ðsec.

• To Ôyoc υa enìc trig¸nou A
4
BC dÐnetai apì ton tÔpo:

υa � 2
a

a
τpτ � aqpτ � bqpτ � cq, τ : hmiperÐmetroc.

AnalogÐec

• a

b
� c

d
Ø ad � bc,

a

b
� b

c
Ø b2 � ac

• a

b
� c

d
Ø a

c
� b

d

• a

b
� c

d
Ø a� b

b
� c� d

d
,
a

b
� c

d
Ø a

a� b �
c

c� d
• a

b
� c

d
� . . . � k

l
� a� c� . . .� k
b� d� . . .� l

• a ∝ bØ a � λ � b
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14.2 Triangle

Figure 11: Reference Triangle

• Π � a� b� c : PerÐmetroc (See figure 11)
• ε � a � υ

2 � ab � sinθ
2 � rΠ

2 : Embadì trig¸nou

• ε �
a

TpT� aqpT� bqpT� cq : TÔpoc tou 'Hrwna, ìpou T hmiperÐmetroc trig¸nou

r : h aktÐna tou eggegramènou kÔklou tou trig¸nou

• S � Π
2 �

a� b� c
2

• Gia isìpleuro trÐgwno èqoume: ε �
?

3
2 a,Π � 3a , a : pleur�

• 30o � 60o � 90o triangle Ñ 1 :
?

2 : 2
• 45o � 45o � 90o triangle Ñ 1 : 1 :

?
2

• ε � abc

4R � 1
2bc � sinA �

1
2ac � sinB �

1
2ab � sinC R : aktÐna perigeggramènou kÔklou tou

trig¸nou

Orjog¸nio TrÐgwno

• a2 � b2 � c2 : Pujagìreio Je¸rhma

• a2 � b2 � c2 � 2b � AC, in A
4
BD : GenÐkeush P.J. gia

^
A   90o, AC � probbc

• E�n
^
A ¡ 90o Ñ A

4
BC amblug¸nio Ñ a2 � b2 � c2 � 2b � AC

• The maximum possible altitude of a right-angled triangle is half the hypotenuse. By
inscribing the triangle into a circle to see this.

1o Je¸rhma Diamèswn

• b2 � c2 � 2µ2
a �

a2

2 , a
2 � c2 � 2µ2

b �
b2

2 , a
2 � b2 � 2µ2

c �
c2

2
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Figure 12: Orjog¸nio TrÐgwno

2o Je¸rhma Diamèswn
• b2 � c2 � 2a �MD ,MD � probaµa

14.3 Quadrilateral

Figure 13: Kurtì Tetr�pleuro

• (figure 13) To embadì kurtoÔ tetrapleÔrou isoÔtai me to hmiginìmeno twn diagwnÐwn
tou, pol/mèno me to hmÐtono thc gwnÐac w pou autèc sqhmatÐzoun:

pABCDq � 1{2 � AC �BC � sinp^ωq

Orjog¸nio Parallhlìgrammo
• Π � 2pα � βq
• E � α � β

Pl�gio Parallhlìgrammo
• Π � 2pa� bq
• E � α � υ � αβ sinpθq
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Figure 14: Pl�gio Parallhlìgrammo

Rìmboc
• Π � 4α
• E � δ1 � δ2

2 � α � υ

Figure 15: Rìmboc

Trapèzio

• Π � α � β � υ �
�

1
sinθ

� 1
sinφ




• E � a� b
2 υ � ÐÑEZ � υ

• ÐÑ
EZ � a� b

2 (di�mesoc) H di�mesoc dièrqetai apì ta mèsa twn diagwnÐwn tou trapezÐou.

BK � KD,AΛ � ΛC.

14.4 Regular Polygon
• O lìgoc twn embad¸n dÔo ìmoiwn polug¸nwn, èstw E kai E', isoÔtai me to tetr�gwno

tou lìgou omoiìthtac touc:
a

a1
� υa
υa1

� λ ÝÑ E

E 1 � λ2
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Figure 16: Trapèzio

Figure 17: StoiqeÐa KanonikoÔ Polug¸nou

Se k�je kanonikì polÔgwno isqÔoun oi sqèseic:

1. a2
v �

λ2
v

4 � R2

2. Pv � v � λv : PerÐmetroc

3. ωv � 360o
v

: EpÐkentrh gwnÐa

4. Ev � 1
2Pv � av : Embadì

5. φv � 180o � ωv : GwnÐa polug¸nou

ìpou λv : pleur� polug¸nou, R : aktÐna kÔklou, av : apìsthma, v : pl joc pleur¸n
polug¸nou
• 'Ajroisma eswterik¸n gwni¸n polug¸nou: p2v � 4qL
• 'Ajroisma exwterik¸n gwni¸n kurtoÔ polug¸nou: 4L
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14.5 Stereometry - Polyhedron
• Je¸rhma tou Euler (Euler’s formula) gia ta polÔedra: K � E � A� 2
K: pl joc koruf¸n, E: pl joc edr¸n, A: pl joc akm¸n
• A � νE

2 , ν : arijmìc pleur¸n k�je èdrac. K�je èdra èqei kai n korufèc

• Gia mia epif�neia A h stere� gwnÐa ω pou thn perilamb�nei orÐzetai wc: ω � A1

R2 psrq
ìpou A1 h probol  tou A se sfaÐra aktÐnac R.
Mon�da mètrhshc: steradians (sr)

Figure 18: StoiqeÐa Tetraèdrou

Tetr�edro
• Embadì kanonikoÔ tetraèdrou: E �

?
3a2

• 'Ogkoc kanonikoÔ tetraèdrou: V �
?

2a3

12

Figure 19: StoiqeÐa OrjogwnÐou Parallhlepipèdou

Orjog¸nio ParallhlepÐpedo
• 'Ogkoc: V � a � b � c � EB � c
• Diag¸nioc: δ2 � a2 � b2 � c2
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• Embadì olik c epif�neiac: E0 � Eπ � 2EB , EB : embadì b�shc

Figure 20: PuramÐda

PuramÐda

• Embadì: E � ab� a
d�

b

2


2

� h2 � b
c�a

2

	2
� h2

• 'Ogkoc: V � EBh

3 , EB : embadì b�shc

Kanonik  PuramÐda
(puramÐda pou h b�sh thc eÐnai kanonikì polÔgwno kai ta pleurik� Ôyh eÐnai ìla Ðsa se
m koc.)
• Embadì par�pleurhc epif�neiac: Eπ � τ � µ
• Embadì olik c epif�neiac: E0 � τpµ� αq
τ : hmiperÐmetroc b�shc, µ : par�pleuro / loxì Ôyoc

Figure 21: StoiqeÐa K¸nou

K¸noc
• Embadì par�pleurhc epif�neiac: Eπ � πrl
• Sunolikì embadì: E0 � πrl � πr2 , l : loxì Ôyoc

• 'Ogkoc k¸nou: V � πr2h

3 , r : aktÐna b�shc
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Figure 22: KÔlindroc

KÔlindroc
• Par�pleuro embadìn: Eπ � 2πrh
• Olikì embadì: E0 � 2πr2 � 2πrh
• 'Ogkoc: V � πr2h
• PerÐmetroc (èpeita apì pl�gia probol  se epÐpedo Π � 2p2r � hq

SfaÐra
• Embadìn: E � 4πr2

• 'Ogkoc: V � 4
3πr

3

Mètrhsh kìlourhc (IsoskeloÔc) PuramÐdac
• Embadì par�pleurhc epif�neiac: Eπ � pτ � τ 1qµ
τ, τ 1 : oi hmiperÐmetroi twn b�sewn, m: par�pleuro Ôyoc
• Embadì olik c epif�neiac: E � Eπ � EB � EB1
EB : Embadì meg�lhc b�shc, EB1 : Embadì mikr c b�shc

Figure 23: Kìlouroc k¸noc

Mètrhsh Kìlourou K¸nou
• Embadì par�pleurhc epif�neiac: Eπ � π � µpρ� ρ1q
µ : par�pleuro Ôyoc, ρ, ρ1 : meg�lh kai mikr  aktÐna antÐstoiqa
• Olikì embadìn: E0 � Eπ � πpρ2 � ρ12q
• 'Ogkoc kìlourou k¸nou: V � πυ

3

�
ρ2 � ρ12 � ρ � ρ1
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14.6 Line
• Genik  morf  exÐswshc eujeÐac: Ax�By � Γ � 0, ìpou A kai B den eÐnai sugqrìnwc
Ðsa me to mhdèn.
• Kanonik  morf  exÐswshc eujeÐac: y � m � x� b, b : y-intercept, m : suntelest c
dieÔjunshc eujeÐac pou dièrqetai apì ta shmeÐa Apx1, y1q kai Bpx2, y2q,
m � y2 � y1

x2 � x1
� y1 � y2

x1 � x2
� y

x
• ExÐswsh eujeÐac ìtan dÐnontai dÔo shmeÐa thc:

y � y1 � y2 � y1

x2 � x1
� px� x1q

• H genik  morf  exÐswshc eujeÐac se dÔo diast�seic eÐnai:
x� xarq
xtel � xarq �

y � yarq
ytel � yarq ,

morf  isodÔnamh me m � ytel � yarq
xtel � xarq

• Genik  morf  exÐswshc eujeÐac se treÐc diast�seic:
x� xarq
xtel � xarq �

y � yarq
ytel � yarq �

z � zarq
ztel � zarq

• Polik  morf  exÐswshc eujeÐac: r � mr cos θ � b
sin θ ìtan j = 0 den orÐzetai polik  morf 

exÐswshc eujeÐac
• m1 � m2 Ø line1 ‖ line2
• m1 �m2 � �1 Ø line1 K line2
• tanpθq �

���� m1 �m2

1�m1 �m2

���� : GwnÐa j metaxÔ 2 kampul¸n eujei¸n m1,m2 : klÐseic twn

kampul¸n sto shmeÐo epaf c touc,   oi klÐseic twn eujei¸n
• Apìstash shmeÐou Mpx0, y0q kai eujeÐac
ε : Ax�By � Γ � 0 : dpM, εq � |Ax0 �By0 � Γ|?

A2 �B2

14.7 Miscellaneous
• n P N� chords drawn in a circle in such a way that each chord intersects each other,
but no three intersect at one point, cut the circle into n2 � n� 2

2 regions.
• H gwnÐa pou sqhmatÐzetai apì mia qord  kÔklou kai thn efaptomènh sto �kro thc
qord c isoÔtai me thn eggegramènh pou baÐnei sto tìxo thc qord c. - GwnÐa qord c kai
efaptomènhc
• 'Otan èna tetr�pleuro èqei dÔo apènanti gwnÐec tou paraplhrwmatikèc kai mia pleur�
tou faÐnetai apì tic apènanti korufèc upì Ðsec gwnÐec, tìte eÐnai eggr�yimo se kÔklo.
• An open polygon with n sides and k vertexes at infinity will have pn� kq internal
angles.
• Orthogonality is the relation of two lines at right angles to one another
(perpendicularity), and the generalization of this relation into n dimensions; and to a
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variety of mathematical relations thought of as describing non-overlapping, uncorrelated, or
independent objects of some kind.
• 1 arcminute is 1

60th of a degree. 1 arcsecond is 1
3600th of a degree.
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15 Conic Sections

15.1 Circle
• An dÔo qordèc AB, GD,   oi proekt�seic touc tèmnontai se èna shmeÐo R, tìte isqÔei:
PA � PB � PΓ � P∆. Sthn eidik  perÐptwsh thc efaptomènhc, ìpou ta shmeÐa tom c
tautÐzontai (èstw G, D � E), to je¸rhma isqÔei: PE2 � PA � PB. E�n OR = d tìte:
δ2 �R2 lègetai dÔnamh tou R wc proc ton (O,R) kai sumbolÐzetai
∆pO,Rq � δ2 �R2 � OP 2 �R2

• px� x0q2 � py � y0q2 � r2 : ExÐswsh kÔklou, kèntro: Opx0, y0q, aktÐna: r 'Otan kèntro
eÐnai: Kp0, 0q ,tìte: x2 � y2 � r2

• x2 � y2 � Ax�By � C � 0, A2 �B2 � 4C ¡ 0 : Genikeumènh exÐswsh kÔklou

kèntro:
�
�A2 ,�

B

2



, aktÐna: r �

?
A2 �B2 � 4C

2 , A � �2x0, B � �2y0

• ExÐswsh kÔklou se polikèc suntetagmènec: r2 � 2rr0cospφ� φ0q � r2
0 � R2, aktÐna: R

• L � 2πr : Perifèreia kÔklou
• E � πr2 : Embadì
• π � perifèreia tou kÔklou

di�metroc tou kÔklou
� 3.14 159

• Kentrik  gwnÐa j tìxou (se o   radq
360o   2π � perifèreia tìxou L

perifèreia kÔklou : 2πr
• aktÐniopradq � tìxo m kouc r (Ðso me thn aktÐna)

• 180o
µ

� π

α
m: mètro gwnÐac se moÐrec, a: mètro gwnÐac se aktÐnia

• L � r � a   L � πµr

180o : M koc tìxou

• E � 1
2r

2α   E � µπr2

360 : Embadì kuklikoÔ tomèa aktÐnac r, tìxou j

Figure 24: Tìxo kÔklou

Parametrikèc exis¸seic kÔklou
• x � r � cospθq, y � r � sinpθq, θ � r0, 2πq
• r � abc

4
a
SpS � aqpS � bqpS � cq : KÔkloc aktÐnac r perigeggramènoc se A

^
BΓ
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• ExÐswsh efaptomènhc kÔklou me kèntro thn arq  twn axìnwn:
x � x1 � y � y1 � r2 px1, y1q : shmeÐo epaf c kÔklou - eujeÐac.

15.2 Parabola
• Parabol : orÐzetai wc o G.T. twn shmeÐwn enìc epipèdou pou isapèqoun apì dedomènh
eujeÐa d - th dieujetoÔsa kai shmeÐo E tou epipèdou, ektìc thc eujeÐac d.

• |r| : apìstash estÐac apì th dieujetoÔsa, r � 1
2a : par�metroc parabol c Ðsh me thn

apìstash thc estÐac apì th dieujetoÔsa

• ExÐswsh parabol c me estÐa Epr2 , 0q kai dieujetoÔsa x � �
r

2 se kartesianèc

suntetagmènec eÐnai: y2 � 2rx.
• ExÐswsh parabol c me estÐa Ep0, r2q kai δ : y � �r2 se kartes. sunt. eÐnai: x2 � 2ry.
• Genik c morf  exÐswshc parabol c: y � ax2 � bx� c.   sth vertex morf  thc:
y � apx� hq2 � k H kampÔlh aut  eÐnai parabol  an 4ac � b2 kai toul�qiston èna twn a, c
di�foro tou mhdenìc.

èqei koruf  to shmeÐo K

��β
2α ,

�∆
4α



, ìpou ∆ � β2 � 4αγ

estÐa E

�
1�∆

4a




kai dieujetoÔsa y � c� b2 � 1
4a

H grafik  par�stash thc parabol c y � αx2 � βx� γ, α � 0, �xona summetrÐac thn

katakìrufh gramm  pou dièrqetai apì thn koruf  K kai èqei exÐswsh x � �β2α .
E�n α ¡ 0 η y paÐrnei el�qisth tim  to yk, en¸ an α   0 h y paÐrnei el�qisth tim  to yk.
• Efaptomènh parabol c sto Apx0, y0q y2 � 2rx, eÐnai: yy0 � rpx� x0q
• Efaptomènh parabol c sto Apx0, y0q x2 � 2ry, eÐnai: xx0 � rpy � y0q

15.3 Ellipse
• 'Elleiyh eÐnai o G.T. twn shmeÐwn tou epipèdou twn opoÐwn to �jroisma twn apost�sewn
apì dÔo stajer� shmeÐa - tic estÐec thc èlleiyhc - E kai E', eÐnai stajerì, Ðso me 2a kai
megalÔtero thc estiak c apìstashc EE'
• Se k�je èlleiyh isqÔei pME 1q � pMEq � 2α, M: shmeÐo thc èlleiyhc

• ExÐswsh èlleiyhc me estÐec E 1p�γ, 0q kai Epγ, 0q eÐnai x
2

α2 �
y2

β2 � 1, ìpou β �
a
α2 � γ2

• ExÐswsh èlleiyhc me estÐec E 1p0,�γq kai Ep0, γq eÐnai x
2

β2 �
y2

α2 � 1, ìpou β �
a
α2 � γ2

• Meg�loc �xonac = 2a
• Mikrìc �xonac = 2b
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• ε � γ

α
ekkentrìthta èlleiyhc   1

• β

α
�
?

1� ε2
• 2β ¤ p di�metroc èlleiyhc ¤ 2α
• x � α cospφq , y � β sinpφq : Parametrikèc exis¸seic èlleiyhc
• 2g: estiak  apìstash

• Genik  morf  exÐswshc èlleiyhc:
px� x0q2

a2 � py � y0q2
b2 � 1, kèntro

K � px0, y0q, E 1px0 � γ, 0q, Epx0 � γ, 0q
• Efaptomènh èlleiyhc

x2

α2 �
y2

β2 � 1, eÐnai: xx0

α2 �
yy0

β2 � 1 ìpou Apx0, y0q shmeÐo epaf c.

• Efaptomènh èlleiyhc
x2

β2 �
y2

α2 � 1, eÐnai: xx0

β2 �
yy0

α2 � 1
• Embadì èlleiyhc: A � παβ

• ShmeÐo px0, y0q entìc èlleiyhc e�n: x
2
0
β2 �

y2
0
α2   1

15.4 Hyperbola
• Uperbol  eÐnai o G.T. twn shmeÐwn tou epipèdou twn opoÐwn h apìluth tim  thc
diafor�c twn apost�sewn apì tic estÐec E kai E' eÐnai stajer , Ðsh me 2a kai mikrìterh thc
estiak c apìstashc (EE').
• Estiak  apìstash � 2γ
• 'Ena shmeÐo M eÐnai shmeÐo thc uperbol c ann |pME 1q � pMEq| � 2α.
• IsqÔei |pME 1q � pMEq|   pEE 1q, dld. 2α   2γ Ø α   γ

• ExÐswsh uperbol c me Epγ, 0q kai E 1p�γ, 0q eÐnai: x
2

α2 �
y2

β2 � 1, β �
a
γ2 � α2. An

èqei estÐec E(0,-g) kai E'(0,g) tìte h exÐswsh thc eÐnai:
y2

α2 �
x2

β2 � 1. Kèntro kanonik c

morf c uperbol c (0,0)
• An a = b èqoume thn isoskel c uperbol c: x2 � y2 � α2

• Up�rqoun dÔo asÔmptwtec thc uperbol c, ìpou gia thn kanonik c morf c uperbol 

eÐnai: y � �β
α
x kai y � β

α
x ann |λ|   β{α ìpou l: suntelest c dieÔjunshc asÔmptwthc.

Gia thn uperbol  me exÐswsh
y2

α2 �
x2

β2 � 1 oi asÔmptwtec thc eÐnai: y � α

β
x kai y � �α

β
x

• ε � γ

α
p¡ 1q : Ekkentrìthta uperbol c

• β

α
�
?
ε2 � 1

• Efaptomènh uperbol c
x2

α2 �
y2

β2 sto Mpx0, y0q eÐnai: xx0

α2 �
yy0

β2 � 1 en¸ h efaptomènh
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thc uperbol c
y2

α2 �
x2

β2 � 1 eÐnai: yy0

α2 �
xx0

β2 � 1

• dpM, ε1q � dpM, ε2q � α2β2

α2β2 : To ginìmeno twn apost�sewn enìc shmeÐou thc uperbol c

apì tic asÔmptwtec thc eÐnai stajerì.
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16 Calculus / Mathematical Analysis

16.1 Limits
• Existence of a limit of a function fpxq when:
lim
xÑc

fpxq � Lô
�

lim
xÑc�

fpxq � L
	
^
�

lim
xÑc�

fpxq � L
	

A function may have a limit at a point of its domain, but a different, or no value at that
point. The limit describes the behavior of the function, as the latter tends towards a
certain point.
• Suppose f : RÑ R^ x0, L P R. The limit of f , as x approaches x0 is L and is written:
lim
xÑx0

fpxq � L.
• If the following property holds @ε P R�Dδ P R s.t. @x P Rp0   |x� x0|   δ implies
|fpxq � L|   εq, then the value of the limit does not depend on the value of fpx0q, nor even
that x0 be in the domain of f , i.e. the limit does not depend on fpx0q being well - defined.
(ε = ”error”, δ = ”distance”)
'Otan h parap�nw idiìthta isqÔei, tìte h f èqei sto x0 ìrio to L P R.
• lim

xÑx0
fpxq � LØ lim

xÑx�0

fpxq � lim
xÑx�0

fpxq � L

• lim
xÑx0

fpxq � LØ lim
xÑx0

pfpxq � Lq � 0
• lim

xÑx0
fpxq � LØ lim

hÑ0
fpx0 � hq � L

• lim
xÑx0

x � x0

• lim
xÑx0

c � c

• lim
xÑx0

fpxq ¡ 0 Ñ fpxq ¡ 0 kont� sto x0

• lim
xÑx0

fpxq   0 Ñ fpxq   0 kont� sto x0

• An oi f, g èqoun ìrio sto x0 kai fpxq ¤ gpxq, kont� sto x0, tìte: lim
xÑx0

fpxq ¤ lim
xÑx0

gpxq
• An up�rqoun ta pragmatik� ìria twn f kai g sto x0, tìte:

Ñ lim
xÑx0

fpxq � LØ |L|
2   |fpxq|   3

2 |L|

Ñ lim
xÑx0

k
a
fpxq � k

b
lim
xÑx0

fpxq, efìson fpxq ¥ 0 kont� sto x0 (Well defined radical)

• lim
xÑx0

pkfpxqq � k lim
xÑx0

fpxq, @k P R
• lim

xÑx0
pfpxq � gpxqq � lim

xÑx0
fpxq � lim

xÑx0
gpxq

• lim
xÑx0

pfpxq � gpxqq � lim
xÑx0

fpxq � lim
xÑx0

gpxq

• lim
xÑx0

fpxq
gpxq �

limxÑx0 fpxq
limxÑx0 gpxq

, efìson lim
xÑx0

gpxq � 0

• lim
xÑx0

|fpxq| � | lim
xÑx0

fpxq|
• @ν P N�� lim

xÑx0
pfpxqqν �

�
lim
xÑx0

fpxq
�ν �
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• lim
nÑ8 k

n �

$'''&
'''%

undef. , k ¤ �1
0 , �1   k   1
1 , k � 1
8 , k ¡ 1

16.2 Calculations with 0 and inf
• �8p�θq � �8
• �8p�θq � �8
• θ�8 � �8 , θ ¡ 0
• θ�8 � 0� , θ ¡ 0
• p�8qθ � �8 , θ ¡ 0
• p�8q�8 � �8
• ν

?�8 � �8 , ν P N
• 8

?
θ � 1 , θ ¡ 0

• logθp�8q � �8 , θ ¡ 1
• logθp�8q � �8 , 0   θ   1
• �8 � p�8q � p�8q � p�8q � �8
• 0

�8 � 0
• log�8 θ � 0 , 0�anθ ¡ 1 0�an0   θ   1
• θ

0� � �8 pθ ¡ 0q
• θ

0� � �8 pθ ¡ 0q
• θ

�8 � 0�

• θ

�8 � 0�

16.3 Differential Calculus
• A differentiable function must be continuous at every point in its domain. The
converse does not hold: a continuous function need not be differentiable. For example, a
function with a bend, cusp, or vertical tangent may be continuous, but fails to be
differentiable at the location of the anomaly.

• Squeeze / Sandwitch Theorem (Krit rio Parembol c):
Suppose f, g, h are functions. If

Ñ hpxq ¤ fpxq ¤ gpxq, close to x0 ^
Ñ lim

xÑx0
hpxq � lim

xÑx0
gpxq � L,
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then lim
xÑx0

fpxq � L.
Functions g, h are said to be upper and lower bounds respectively.
• | sinpxq| ¤ |x|, @x P R
• lim

xÑx0
sinpxq � sinpx0q, lim

xÑx0
cospxq � cospx0q

• lim
xÑ0

sinpxq
x

� 1

• lim
xÑ0

cospxq � 1
x

� 0

• lim
xÑx0

rfpxqsgpxq �
�

lim
xÑx0

fpxq
�limxÑx0 gpxq

, fpxq ¥ 0
• An lim

xÑx0
fpxq � 0 kai h g fragmènh se mia perioq  U tou x0, tìte: lim

xÑx0
rfpxq � gpxqs � 0

• Mh peperasmèno ìrio sto x0 P R

Figure 25: Mh peperasmèno ìrio sto x0 P R

'Estw f orismènh se sÔnolo thc morf c pα, x0q Y px0, βq. OrÐzoume:
Ñ lim

xÑx0
fpxq � �8, ìtan @M P R� up�rqei δ ¡ 0 tètoio, ¸ste @x P pα, x0q Y px0, βq me

0   |x� x0|   δ na isqÔei: fpxq ¡M .

Ñ lim
xÑx0

fpxq � �8, ìtan @M P R� up�rqei δ ¡ 0 tètoio, ¸ste @x P pα, x0q Y px0, βq me
0   |x� x0|   δ na isqÔei: fpxq   �M .

• If P pxq � aνx
ν � aν�1x

ν�1 � . . .� a0 : polynomial equation, me aν � 0 isqÔei:
lim
xÑ�8P pxq � lim

xÑ�8paνx
νq ^ lim

xÑ�8P pxq � lim
xxÑ�8

panuxνq

• If fpxq � aνx
ν � aν�1x

ν�1 � . . .� a1x� a0

βκxκ � βκ�1xκ�1 � . . .� β1x� β0
, aν � 0, βκ � 0, then:

lim
xÑ�8 fpxq � lim

xÑ�8

�
aνx

ν

βκxκ



^ lim

xÑ�8 fpxq � lim
xÑ�8

�
aνx

ν

βκxκ



• α ¡ 1 Ñ

�
lim
xÑ�8 a

x � 0^ lim
xÑ8 a

x � �8
	

• α ¡ 1 Ñ
�

lim
xÑ0

logα x � �8^ lim
xÑ�8 logαx � �8

	
• A sequence is every real function α : N� Ñ R. Ja lème ìti h akoloujÐa αν èqei ìrio to
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L P R kai ja gr�foume lim
νÑ�8αν � L, ìtan @ε ¡ 0, Dν0 P N� tètoio, ¸ste @ν ¡ ν0 na isqÔei:

|αν � L|   ε

• Discontinuity classification:

1. Removable discontinuity: has a ”hole” in its graph, a term in the denominator that
cancels out,

2. Non-Removable discontinuity: Has a ”jump” at a point.

• f is continuous at x0 P Dom pfq, iff lim
xÑx0

fpxq � fpx0q
• An f, g suneqeÐc sto x0, tìte eÐnai suneqeÐc sto x0 kai oi sunart seic

f � g, c � f, c P R, f � g, f{g, |f |, ν
a
f , me thn proupìjesh ìti orÐzontai s'èna di�sthma pou

perièqei to x0.
• If f is continuous at x0 and g continuous at fpx0q, then their composition g � f is
continuous at x0.
• f eÐnai suneq c sèna anoiktì di�sthma pa, bq, ìtan eÐnai suneq c se k�je shmeÐo tou
pa, bq.
• f eÐnai suneq c s'èna kleistì di�sthma ra, bs, ìtan eÐnai suneq c se k�je shmeÐo tou
pa, bq kai epiplèon lim

xÑα�
fpxq � fpαq ^ lim

xÑβ�
fpxq � fpbq.

• Je¸rhma Bolzano: 'Estw mia sun�rthsh f , orismènh se èna kleistì di�sthma ra, bs. An:
Ñ h f eÐnai suneq c sto ra, bs kai epiplèon, isqÔei
Ñ fpaq � fpbq   0

tìte up�rqei èna, toul�qiston, x0 P pa, bq tètoio, ¸ste fpx0q � 0, sto anoiktì di�sthma
pa, bq.
• Je¸rhma Mègisthc kai El�qisthc tim c: An f suneq c sto ra, bs, tìte h f paÐrnei sto
ra, bs mia mègisth tim  M kai mia el�qisth tim  m.
• An f gnhsÐwc aÔxousa kai suneq c sto pa, bq, tìte to sÔnolo tim¸n thc sto di�sthma
autì eÐnai to pA,Bq, ìpou: A � lim

xÑa�
fpxq kai B � lim

xÑb�
fpxq.

An, ìmwc h f eÐnai gnhsÐwc fjÐnousa kai suneq c sto pa, bq, tìte to sÔnolo tim¸n thc sto
di�sthma autì eÐnai to pB,Aq.
• 'Estw f kai Apx0, fpx0qq èna shmeÐo thc. D lim

xÑx0

fpxq � fpx0q
x� x0

P RÑ efaptomènh (klÐsh)

thc f sto A eÐnai h eujeÐa e pou dièrqetai apì to A kai èqei suntelest  dièujunshc l.

• f is differentiable at point x0 P Dom pfq, iff D lim
xÑx0

fpxq � fpx0qq
x� x0

P R. This limit is the

derivative of f@x0 and we denote it as f 1px0q. Thus, f 1px0q � lim
xÑx0

fpxq � fpx0q
x� x0

• Line ε : y � fpx0q � f 1px0qpx� x0q
• If function f is differentiable @a0, then it is also continuous @x0.
• Je¸rhma Rolle: An mia sun�rthsh f eÐnai:
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1. suneq c sto ra, bs,
2. paragwgÐsimh sto pa, bq kai
3. isqÔei ìti: fpaq � fpbq,

tìte up�rqei èna, toul�qiston x0 P pa, bq t.w.: f 1pξq � 0.
• Je¸rhma Mèshc Tim c (J.M.T.): 'Estw sun�rthsh f . An

1. f suneq c sto ra, bs,
2. f paragwgÐsimh sto pa, bq,

tìte up�rqei èna, toul�qiston x0 P pa, bq t.w.: f 1px0q � fpbq � fpaq
b� a : pou eÐnai o mèsoc

rujmìc metabol c thc f sto pa, bq.

Suppose function f , continuous among space ∆ � pa, bq.
• @x P ∆ pf 1pxq ¡ 0q Ñ f Ò ∆
• @x P ∆ pf 1pxq   0q Ñ f Ó ∆
• Je¸rhma Fermat: If f has a stationary point at x0 P ∆ � Dom pfq and f is
differentiable at that point, then f 1px0q � 0.

Stationary points
• Let x0 P ∆, pf 1px0q � 0^ f2px0q   0q Ñ fpx0q local maximum.
• Let x0 P ∆. pf 1px0q � 0^ f2px0q ¡ 0q Ñ fpx0q local minimum.
• Determining Points of Inflexion (POI): Let x0 P ∆ � Dom pfq

1. We differentiate y � fpxq twice to get d
2y

dx2 .

2. We solve the equation d2y

dx2 � 0.

3. We test to see whether, or not a change of sign occurs in d2y

dx2 , at x � x0 � a and
atx � x0 � a. If fpx0 � aq � f2px0 � aq   0 Ñ x0 : P.O.I.

• @x P ∆pd
2y

dx2 ¡ 0q Ñ f convex / concave-upwards @∆ pYshapeq

• @x P ∆pd
2y

dx2   0q Ñ f convex / concave-downwards @∆ pXshapeq

• dfpxq
dx

� undefined for some x � x0, then px0, fpx0qq is a critical point.
• pf � gq1px0q � f 1px0q � g1px0q
• f � gq1px0q � f 1px0qgpx0q � fpx0qg1px0q
• pf

g
q1px0q � f 1px0qgpx0q � fpx0qg1px0q

rgpx0qs2
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• Chain rule: f 1pgpx0qq � pf � gq1px0q � f 1pgpx0qq � g1px0q   dy

dx
� dy

dz
� dz
dx

• Differerentiation of parametric equations: x � fptq, y � gptq we find: dx
dt

,
dy

dt
and

finally we evaluate: dy
dx
� dy

dt
� dt
dx

• Curvature of a curve at a point P . It tells us how quickly the curve is bending in the
immediate neighborhood of that point P .

• Radius of curvature: R �
�
1� �

dy
dx

�2 � 3
2

d2y
dx2

(R is large Ñ curvature is small)

• Centre of curvature ph, kq, of the circle at point P px1, y1q :
h � x1 �R sin θ ^ k � y1 �R cos θ

• Indeterminate Forms: are algebraic expressions obtained in the context of limits.
Limits involving algebraic operations are often performed by replacing subexpressions by
their limits; if the expression obtained after this substitution does not give enough
information to determine the original limit, it is known as an indeterminate form.
Indeterminate forms:
0
0 ,
8
8 , 8�8, 0 � 8, 18 , 00 , 80 , e�j8

• L’Hospital’s rule for circumventing indeterminate forms: We take the derivatives of
both the numerator and the denominator.

• Asymptotes: first express the equation ”on one line”.
• Asymptotes parallel to the x-axis: We equate the coefficient of the highest power of x
to zero.
• Asymptotes paralle to the y-axis: We equate the coefficient of the highest power of y to
zero.
• Other asymptotes: To find a (general type) asymptote to y � fpxq :

1. Substitute y � mx� c in the given equation and simplify.

2. Equate to zero the coefficients of the two highest powers of x and so determine the
values of m^ c.

Symmetry:
• If only even powers of y pxq occur the curve is symmetrical about the x pyq axis.

Limitations
• First, always check for restrictions on the possible range of values that x, or y may
have.
• Symmetry about origin: replace both x with �x and y with �y. If it’s the same
equation then it is symmetric.
• Symmetric about x-axis: replace x with �x. Check.
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• Symmetric about y-axis: replace y with �y. Check.

• Differentials dy, dx are finite quantities -not necessarily zero- and can therefore exist
alone. dy � f 1px0q dx

• Root Mean Square (R.M.S.) value of a function: y � fpxq , y �
d

1
b� a

» b

a

y2dx

• The General Leibniz rule generalizes the product rule. It states that if f and g are
n-times differentiable functions, then the product fg is also n-times differentiable and its
nth derivative is given by:

pfgqpnq pxq �
ņ

k�0

�
n

k



f pn�kqpxqgpkqpxq

This can be proved by using the product rule and mathematical induction.

16.3.1 Derivatives

• fpxq � C Ñ f 1pxq � 0
• fpxq � xk, k P RÑ f 1pxq � kxk�1

• fpxq � ?x, x ¥ 0 Ñ f 1pxq � p1{2q � x�1
2 , x ¡ 0

• fpxq � sinpxq Ñ f 1pxq � cospxq
• fpxq � cospxq Ñ f 1pxq � � sinpxq
• fpxq � ex Ñ f 1pxq � ex

• fpxq � ln pxq, x ¡ 0 Ñ f 1pxq � 1
x

• fpxq � logapxq Ñ f 1pxq � 1
xlnpaq

• fpxq � tanpxq, x � π{2 Ñ f 1pxq � sec 2pxq
• fpxq � cotpxq, x � 0 Ñ f 1pxq � �cosec 2pxq
• fpxq � x�k, k P R, x � 0 Ñ f 1pxq � �kx�k�1

• fpxq � ax, a ¡ 0 Ñ f 1pxq � axlna

• fpxq � arcsinpxq � sin�1pxq Ñ f 1pxq � 1?
1� x2

• fpxq � cos�1pxq Ñ f 1pxq � �1
sqrt1� x2

• fpxq � tan�1pxq Ñ f 1pxq � 1
1� x2

• fpxq � cot�1pxq Ñ f 1pxq � �1
1� x2

• fpxq � sinhpxq Ñ f 1pxq � coshpxq
• fpxq � coshpxq Ñ f 1pxq � sinhpxq
• fpxq � tanhpxq Ñ f 1pxq � 1� tanh2pxq
• fpxq � cothpxq Ñ f 1pxq � 1� coth2pxq
• fpxq � sinh�1pxq Ñ f 1pxq � 1?

1� x2
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• fpxq � cosh�1pxq Ñ f 1pxq � 1?
x2 � 1

• fpxq � tanh�1pxq Ñ f 1pxq � 1
1� x2

• fpxq � coth�1pxq Ñ f 1pxq � 1
1� x2

• fpxq � gkpxq Ñ f 1pxq � kgk�1pxqg1pxq
• fpxq �

a
gpxq, gpxq ¥ 0 Ñ f 1pxq � 1

2
a
gpxqg

1pxq, gpxq ¡ 0

• fpxq � sinpgpxqq Ñ f 1pxq � g1pxq cospgpxqq
• fpxq � egpxq Ñ f 1pxq � egpxq � g1pxq
• fpxq � xx Ñ f 1pxq � xx � p1� ln xq
• fpxq � ln pgpxqq Ñ f 1pxq � p 1

gpxq � g
1pxq

• fpxq � tanpgpxqq Ñ f 1pxq � 1
cos2pgpxqqg

1pxq
• fpxq � upxqgpxq Ñ f 1pxq � �

egpxq�ln pupxqq�1
• fpxq � 1

gpxq , gpxq � 0 Ñ f 1pxq � �1
g2pxqg

1pxq

• fpxq � logapgpxqq Ñ f 1pxq � 1
ln paqgpxqg

1pxq
• fpxq � sec pxq Ñ f 1pxq � tanpxq � sec pxq
• fpxq � sinpaxq Ñ f pnqpxq � an � sinpax� nπ

2
• fpxq � cospaxq Ñ f pnqpxq � an � cospax� nπ

2
• fpxq � eax Ñ f pnqpxq � aneax

• fpxq � ln pxq Ñ f pnqpxq � rp�1qn�1pn� 1q!s
xn

• fpxq � sinhpaxq Ñ f pnqpxq � an

2 � tr1� p�1qns sinhpaxq � r1� p�1qns � coshpaxqu
• fpxq � coshpaxq Ñ f pnqpxq � an

2 � tr1� p�1qns coshpaxq � r1� p�1qns � sinhpaxqu
• fpxq � xa, a ¡ 0 Ñ f pnqpxq � a!

pa� nq!x
a�n

16.3.2 Numerical solutions to Derivatives

Numerical Solutions to Derivatives of fpxq
• Forward difference formula: f 1pxq � fpx� hq � fpxq

h
(neglecting terms of order 2 and above) • Backward difference formula:

f 1pxq � fpxq � fpx� hq
h

(neglecting terms of order 2 and above) • Central difference formulas: (more accurate)
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(neglecting terms of order 3 and above)

f 1pxq � fpx� hq � fpx� hq
2h

f2pxq � fpx� hq � 2fpxq � fpx� hq
h2

16.3.3 Partial Differentiation

• Notation: fxpx, yq � B
Bxfpx, yq , fxxpx, yq �

B2

Bx2fpx, yq , fyxpx, yq �
B2

By � Bxfpx, yq
• Partial differentiation with respect to a given variable, say x : We are certain that all
other variables, besides x, are held constant for the time being.
• Taylor’s theorem for two independent variables:
fpx� h, y � kq � fpx, yq � thfxpx, yq � kfypx, yqu � 1

2!th
2fxxpx, yq � 2hkfxypx, yq �

k2fyypx, yqu � 1
2!tkh

2fyxxpx, yq � k2hfyyxpx, yqu � . . .
• A function fpxq is an infinitesimal at x0, if its limit at x0 is zero, e.g.
lim
xÑ0

sinpxq � 0 ∴ x0 � 0

• Function’s Differential: Suppose z � fpx, y, w, . . . , nq , where x, y, w, . . . , n are the
independent variables of f . A function’s differential shows its functions behaviour for small
changes in all of its independent variables. With satisfying accuracy it’s approximated to
be:
δz � Bz

Bxδx�
Bz
Byδy �

Bz
Bxδw � . . .�

Bz
Bnδn (+ higher order derivatives of x, y, w, . . . , n of

smaller magnitude / value)
• Rates of change: If z � fpx, yq, then if z changes with respect to δt and δtÑ 0 then
δz

δt
� Bz
Bx �

Bx
Bt �

Bz
By �

δy

δt
• Parametric functions: If z � fpx, yq and x � gpu, vq , y � hpu, vq then z � kpu, vq. To
find BzBu and BzBy we do:

Bz
Bu �

Bz
Bx �

Bx
Bu �

Bz
By �

By
Bu ^ Bz

Bv �
Bz
Bx �

Bx
Bv �

Bz
By �

By
Bv

• Implicit functions: If fpx, yq � 0 is an implicit function, we let z � fpx, yq. Then:
dy

dx
� ��BzBx{BzBy�

• z � fpx, yq Ñ B2z

BxBy �
B2z

ByBx �
B
Bx

�Bz
By

� � B
By

�Bz
Bx

�
• Inverse functions and Jacobian usage:
If z � fpx, yq and u � gpx, yq and v � hpx, yq then:

Bx
Bu �

Bv
By {J ,

Bx
Bv � �

Bu
By {J ,

By
Bu � �

Bv
Bx{J ,

By
Bv �

Bu
Bx{J
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where the Jacobian of u, v with respect to x, y is:

Jpx, yq � Bpu, vqBpx, yq �
�

Bu
Bx

Bv
Bx

Bu
By

Bv
By

�

• Inverse Jacobian: Jpx, yq�1 � Jpu, vq � Bpx, yqBpu, vq �
1

Bpu,vq
Bpx,yq

� 1div
Bx
Bu

By
Bu

Bx
Bv

By
Bv

• Stationary points of functions in 3 dimensions
i.e. z � fpx, yq. Four steps in the routine:

1. Find BzBx and BzBy and solve BzBx � 0 and BzBy � 0. If found any, then px0, y0q is a
stationary point.

2. If
�B2z

Bx2

� � �B2z

By2

�� � Bz
BxBy

� ¡ 0 @ px0, y0q, then the point px0, y0q is either a maximum,
or a minimum (over px0 � h, y0 � kq in any direction from the point).

3. If B
2z

Bx2 and B
2z

By2 are both negative then px0, y0q is a maximum. If B
2z

Bx2 and B
2z

By2 are
both positive then px0, y0q is a minimum.

4. We evaluate the actual minimum, or maximum values, i.e. we find fpx0, y0q.

• If
�B2z

Bx2

� � �B2z

By2

�� � B2z

BxBy
�2   0, then further, detailed study (most likely) is necessary

to determine the stationary points.
• Lagrange multipliers: Used to find extremal values of a function u � fpx, y, z, . . .q, with
constraint φpx, y, z, . . .q � 0. Then we need to find these x, y, z, . . . points in order to
calculate the extremal value u � fpx, y, z, . . .q. For this purpose we solve a system of
equations whose number is the one of the unknown variables �1 (for the constraint
equation). If u � fpx, y, zq, with constraint φpx, y, zq � 0, then we solve the following
system of 4 equations:

Bu
Bx � λ

Bφ
Bx � 0(I) ,

Bu
By � λ

Bφ
By � 0(II) ,

Bu
Bz � λ

Bφ
Bz � 0(III) , φpx, y, zq � 0(IV)

• Any expression dz � Pdx�Qdy , P � fpxq , Q � gpyq is an exact differential if it can

be integrated to determine z. Therefore if B2z

ByBx �
B2z

BxBy , then dz is an exact differential.
The concept can be extended to functions of more than two variables.
• Exact differential in 3 independent variables.
dw � Pdx�Qdy �Rdz is an exact differential of w � fpx, y, zq , if
BP
By �

BQ
Bx ^

BP
Bz �

BR
Bx ^

BQ
Bz �

BR
By
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16.4 Integral Calculus
• Arqik  sun�rthsh,   par�gousa thc f sto ∆ onom�zetai k�je sun�rthsh F pou eÐnai
paragwgÐsimh sto ∆ kai isqÔei: F 1pxq � fpxq, @x P ∆.
• An F par�gousa thc f sto ∆, tìte ìlec oi sunart seic thc morf c
Gpxq � F pxq � c, c P R eÐnai par�gousec thc f sto ∆.
• To sÔnolo ìlwn twn paragous¸n thc f sto ∆ onom�zetai aìristo olokl rwma thc f
sto ∆.
• Fundamental Theorem of Calculus: If f is continuous in ra, bs, then it has an
antiderivative: F pxq �

» x

a

fptqdt, x P ra, bs.

∴
dF

dx
� d

dx

» x

a

fptqdt � fpxq. Corrolary:
» b

a

fptqdt � F pbq � F paq, i.e. f is Riemann
integrable on ra, bs.
•

»
fpxqg1pxqdx � fpxqgpxq �

»
f 1pxqgpxqdx : Integration by parts

•
»
fpgpxqqg1pxqdx �

»
fpuqdu : Integration by substitution

u � gpxq landdu � g1pxqdx
•

»
f 1pxq
fpxq dx � ln rfpxqs � C

•
»
fpxqf 1pxqdx � f 2pxq

2 � C (�
»
zdz)

z � fpxq, dz � f 1pxqdx
• To integrate a ”function of a linear function of x”, simply replace x in the
corresponding standard result by the linear expression and divide by the coefficient of x in
the linear expression.

• The total area A between a curve fpxq � y and the x axis, from x � a to x � b, is

given by A �
» b

a

y dx

• Area between a curve and an intersecting line from x � a, to x � b is:

A �
» b

a

py1 � y2qdx
• The equation that is ”more positive” (from a to b) is y1 (either the line of the curve)

• Partial Fractions

1. It is necessary that the degree of the numerator is less than the degree of the
denominator.

2. In such an expression that the denominator can be expressed as a product of simple
prime factors, each one of the ax� b :

(a) Write the rational expression with the denominator given as product of its prime
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factors,

(b) Each factor then gives rise to a partial fraction of the form: A

ax� b , whereA is a
constant whose value is to be determined.

(c) Add the partial fractions together to form a single algebraic fraction whose
numerator contains the unknown constants and whose denominator is identical
to that of the original expression,

(d) Equate the numerator so obtained with the numerator of the original algebraic
fraction,

(e) By substituting appropriate values of x in this equationdetermine the values of
the unknown constants. You’ll have to solve a system of linear equations whose
number is that of the unknown constants.

3. In such a case that the denominator of the original rational expressionn of the form
pax2� bx� cq is irreducible, it gives rise to a partial fraction of the form: Ax� b

ax2 � bx� c
4. In such a case that the denominator of the original rational expression contains

algebraic repeated facors of the form ax� bqn, these give rise to partial fractions of
the form: A1

ax� b �
A2

pax� bq2 � . . .�
An

pax� bqn , n P N�.

Heavyside’s Cover up Method

• ypxq � vpxq
Bpx� p1qpx� p2q � � � px� pνq �

k1

x� p1
� k2

x� p2
� . . .� kν

x� pν
• An pi : aplìc pìloc, tìte: ki � rpx� piqypxqsx�pi • An pi : pollaplìc pìloc,

pollaplìthtac m, dhlad  νpxq
px� piqm �

k1

x� pi �
k2

px� piq2 � . . .�
km

px� piqm , tìte:

Ñ ki � 1
pi� 1q! �

di�1

dxi�1 rpx� piqmypxqsx�pi , i � 2, 3, . . . ,m

Ñ ki � rpx� piqmypxqsx�pi , i � m, i.e. highest order repeated root.

• An pi : migadikì zeÔgoc pìlwn, dld.:
νpxq
x� pi �

k1

x� a� jb �
k2

x� a� jb , tìte k1 �
�
k2, k1, k2 P C

k1 � rpx� a� jbqypxqsx�a�jb � lim
xÑa�jb

rpx� a� jbqypxqs

• Mean value of a function f between two limits a and b :

M � Area
b� a �

1
b� a

» b

a

ydx , b ¡ a , y � fpxq
• J.M.T. oloklhrwtikoÔ logismoÔ: Gia f pou orÐzetai sto pa, bq � Dom pfq kai èstw
c P pa, bq. Tìte: F 1pcq � F pbq � F paq

b� a
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• We get that:
» b

a

fpxqdx � fpcqpb� aq and fpcq �
³b
a
fpxqdx
b� a is the mean value of f in

the interval pa, bq.
• Integration as a summing process:

when δxÑ 0
x�b̧

x�a
yδx �

» b

a

ydx

• Moment of mass of element about axis = r � δm, r : distance from the axis.

• Volume of a solid of revolution rotating about the x-axis: V �
» b

a

πy2dx, when the

function is given in parametric form then: V �
» b

a

πy2dx

dt
dt

• Volume of a solid of revolution rotating about the y-axis: V � 2
» b

a

πxydx

• Surface Area of plane figure: A �
» b

a

ydx

• Centroid
��
x,

�
y
	

of plane figure: �
x � 1

A

»
A

xedA � 1
A

» b

a

xydx and

�
y � 1

A

»
A

yedA � 1
A

» b

a

y

2ydx �
1

2A

» b

a

y2dx

• Centre of gravity (or mass) of a solid of revolution, revolving about the x-axis:
�
x �

³b
a
xy2dx³b
a
y2dx

and �
y � 0

• Length of a curve: S �
» b

a

d
1�

�
dy

dx


2

dx, when the function is given in parametric

form (i.e.x � fpBq, y � gpBq : A � 2π
» b

a

y

d�
dx

dB

2

�
�
dy

dB

2

dB

• Centre of gravity of a solid of revolution that rotates about the y-axis: �
x � 0 and

�
y �

³b
a
yx2dy³b
a
x2dy

• Surface of revolution generated by the arc of a curve rotating about the y-axis:

A � 2π
» b

a

x

d
1�

�
dy

dx


2

dx

• 1st rule of Pappus: If an arc of a plane curve rotates about an axis in its plane, the
area of the surface generated is equal to the length of the line multiplied by the distance
travelled by its centroid.
• 2nd rule of Pappus: If a plane figure rotates about an axis in its plane, the volume
generated is equal to the area of the figure multiplied by the distance travelled by its
centroid.
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Ñ One proviso / caveat in using the rules of Pappus: the axis of rotation must not cut
the rotating arc, or plane figure.

• Whenever we have a problem not covered by our standard results, we build up the
integral from first principles.
• KE � 1

2mU
2 � 1

2mω
2r2 � 1

2ω
2
¸

mr2pJq : Kinetic Energy

• Moment of Inertia (rop  adr�neiac): I �
¸

mr2p kg
m2 q : Physical property of the object.

It’s a sum for all of its particles, r : distance from axis of rotation.
The M.O.I. is also called rotational mass, because it does the same thing in rotational
dynamics as mass does in linear dynamics.
• I �Mk2 , M �

¸
m, k : radius of gyration or gyradius

• I � Md2

12 : M.O.I. for rectangular plate
• IAB � IG �Ml2 : for axis AB ‖ G axis, l : distance(AB �G)

• I � πr4ρ

2 � Mr2

2 : for normal axis of a circular plane / disc (p � m

v
: density) and

I � Mr2

4 : for axes-diameters of the disc(-oid)
• Perpendicular axes theorem (applies only for thin plates and plane figures): Iz � Ix� Iy
where Ix is an axis perpendicular to Iy and Iz is perpendicular to both Iy and Iz.
• Liquid Pressure: P � W � d, W : weight, d : depth from sea level.
• Atmospheric or barometric pressure is the pressure exerted by the weight of air in the
atmosphere of Earth (or that of another planet). In most circumstances atmospheric
pressure is closely approximated by the hydrostatic pressure caused by the weight of air
above the measurement point. Low-pressure areas have less atmospheric mass above their
location, whereas high-pressure areas have more atmospheric mass above their location.
Likewise, as elevation increases, there is less overlying atmospheric mass, so that
atmospheric pressure decreases with increasing elevation.
• Total thrust = Area of object � Pressure at its center of gravity: Applies for an object
immersed in liquid.
• For second moment of area, or moment of inertia of plane area, we replace mass with
the area on every relevant formula. It is a geometrical property of an area that reflects the
manner its points are distributes with respect to an arbitrary axis.
• Total thrust of a submerged surface = total area of a face � pressure at its centroid
(depth)

• The resultant thrust acts at the centre of pressure, the depth of which:
��
z � k2

z
, k2 is

the gyradius on the surface of the liquid.

• Area of polar sector: A �
» B2

B1

1
2r

2dB
• Volume generated by polar plane figure rotating about initial line

pOxq : V � 2π
3

» B2

B1

r3 sinpBqdB
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• Length of arc of polar curve: S �
» B2

B1

d
r2 �

�
dr

dB

2

dB
• Surface area of revolution of polar curve, generated when rotating about line

B � π{2 : S � 2π
» B2

B1

r cos B
d
r2 �

�
dr

dB

2

dB
• If a system of masses S consists of parts, each of which has its center of gravity on the
same plane, then this plane also contains the center of gravity of the entire system S.
Using multiple integrals

• Finding area and volume enclosed between a curve y � fpxq and the x-axis:
y2̧

y�y1

δy � δx
: Area of vertical strip, δy � δx : Area of element.

Area =
x2̧

x�x1

y2̧

y�y1

δyδx

As δy Ñ 0 , δxÑ 0 ∴
» x2

x1

» y2

y1

dydx �
» x2

x1

y
��y2

y1
dx .

• For curves in polar coordinates:

A �
B1̧

B�0

r1̧

r�0
rδrδB , δ Ñ 0 , δB Ñ 0 ∴ A �

» B1

0

» r1

0
rdrdB

• Approximate values: We use them whenever we quote a result correct to a stated
number of decimal places or significant figures.
Approximate Integration
• Method 1: By Series
• Method 2: By Simpson’s rule

The area of a figure from a to b : A �
» b

a

ydx �
» b

a

fpxqdx, that cannot be calculated in

closed form, can be approximated using Simpson’s rule: A � S

3 rpF � Lq � 4E � 2Rs, S :
width of each strip, F � L : Sum of the first and last ordinates, 2R � 2� Sum of the
remaining odd numbered ordinates.
Note: each ordinate is used only once.
• Method 3: By the trapezoid rule

• Integration of exact differentials:
z �

»
Pdx � fpxq � gpyq, where gpyq is a function of y only, and is akin to the constant in

a normal integral.
z �

»
Qdy � fpyq � gpxq. By inspection of the two results we can find gpxq and gpyq.

• Exact differential in 3 independent variables:
dw � Pdx�Qdy �Rdz is an exact differential of w � fpx, y, zq, if
BP
By �

BQ
Bx _

BP
Bz �

BR
Bx ^

BQ
Bz �

BR
By
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• A � �
¾
ydx : Closed curve integral. The limits chosen must progress the integration

round the boundary of the figure in an anticlockwise manner.
• Line Integrals, Definition: I �

»
c

fpx, yqds �
»
c

P pxqdx�Qpyqdy where c is the
prescribed curve and f , or P and Q are functions of x and y.

Properties

1.
»
c

Fds �
»
c

tPdx�Qdyu

2.
»
AB

Fds � �
»
BA

Fds, i.e. the sign of a line integral is reversed when the direction of
the integration along the path is reversed.

3. Paths of integration:

Ñ For a path of integration parallel to the y-axis, i.e.
x � k, dx � 0 ∴

»
c

Pdx � 0 ∴ Ic �
»
c

Qdy

Ñ For a path of integration paralle to the x-axis, i.e.
y � k , dy � 0 ∴

»
c

Qdy � 0 ∴ Ic �
»
c

Pdx

4. If the path of integration c joining A to B is divided into two parts AK and KB,
then Ic � IAB � IAK � IKB.

5. In all cases, the function y � fpxq that describes the path of integration involved
must be continuous and single-valued - or dealt with in this way (item 6 below).

6. If the function y � fpxq that describes the path of integration c isn’t single valued for
part of its extent (figure 26), the path is divided into two sections:
py � f1pxqfromAtoKq ^ py � f2pxqfromKtoBq

Figure 26: Function divided to multiple sections to be integrated
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• Line integral relation with arc length:

I �
»
AB

fds �
»
AB

pPdx�Qdyq �
» x2

cx1
fpx, yq

d
1�

�
dy

dx


2

dx

• When x and y are expressed in parametric form, i.e. x � fptq , y � gptq, then:

I �
»
c

fpx, yqds �
» t2

t1

fpx, yq
d�

dx

dt


2

�
�
dy

dt


2

dt

• If Pdx�Qdy is an exact differential where P,Q and their first derivatives are finite
and continuous inside the simply connected region R, then

1. I �
»
c

pPdx�Qdyq is independent of the path of integration where c lies entirely
within R

2. I �
¾
c

pPdx�Qdyq is zero when c is a closed curve lying entirely within R.

Same reasoning applies for functions of more than two variables.

• Integration under the Integral Sign is the use of the identity:» b

a

» a

a0

fpx, aq da dx �
» a

ao

» b

a

fpx, aq dx da to compute an integral of the form
» a

a0

fpx, aq da.

It is also referred to as the Leibniz integral rule.

• Green’s Theorem: Let P and Q be two functions of x and y that are, along with their
first partial derivatives, finite and continuous inside and on the boundary c of a region R in
the x� y plane. Then, by definition of G.T.:

»
R

» �BP
By �

BQ
Bx



dxdy � �

¾
c

pPdx�Qdyq

and for a simple closed curve:¾
c

pxdy � ydxq � 2
»
R

»
dxdy � 2A , where A is the area of the enclosed figure.

•
»
R

»
dxdy � Area of region R

• Centre of gravity p�x, �yqM�
x � Sum of Moments about x-axis, M�

y � Sum of moments
about y-axis.
Sum of moments about x-axis �

»
R

»
xdm �

»
R

»
xdydx ,

Sum of moments about y-axis �
»
R

»
ydm

• Surface integrals: I �
»
R

fpx, yqda �
»
R

»
fpx, yqdydx

• Surface in space: I �
»
S�
φpx, y, zqds �

»
R

»
φpx, y, zqsec γ dxdy �
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»
R

»
φpx, y, zq

d
1�

�Bz
Bx


2

�
�Bz
By


2

dxdy , γ   π

2 , z � fpx, yq
φpx, y, zq : function of position on S

Area of the surface s �
»
s

ds �
»
R

» d
1�

�Bz
Bx


2

�
�Bz
By


2

dxdy

R : projection of surface s on x� y plane.
• We project the surface s onto the x� y plane and then we use the variables x, y, z such
as: ds � Adxdy. A : scaling factor P R
• The equation of φpx, y, zq � constant , represents a surface in space. [just like the
equation fpx, yq � constantpe.g.x� y � 1q represents a line on a surface.]

• Volume integrals
We find: 1) Volume of column, 2) Volume of slice, 3) Total volume
• V �

» x2

x1

» y2

y1

» z2

z1

dzdydx

• Change of variables in multiple integrals: From Cartesian coordinates px, yq to
Curvilinear coordinates pu, vq
a) Double Integrals, where x � fpu, vq , y � gpu, vq. Then:

I �
»
R

»
fpx, yqdxdy �

»
R

»
F pfpu, vq, gpu, vqq ��Bpx, yqBpu, vq

�� dudv
and

��Bpx, yq
Bpu, vq

�� dudv � dA : the transformed element of area.

b) Triple Integrals, where x � fpu, v, wq, y � gpu, v, wq, z � hpu, v, wq , i.e. transformation
in 3 dimensions.
I �

» » »
F px, y, zq dxdydz �

» » »
Gpu, v, wq�� Bpx, y, zqBpu, v, wq

�� dudvdw
and

�� Bpx, y, zq
Bpu, v, wq

�� dudvdw � dV : the transformed element of volume

• Jpu, v, wq � Bpx, y, zq
Bpu, v, wq �

�
�����
Bx
Bu

By
Bu

Bz
BuBx

Bv
By
Bv

Bz
BvBx

Bw
By
Bw

Bz
Bw

�
�����

16.4.1 Properties of Integrals

• An integral is the limit of a(n) (infinite) sum.

•
» b

a

fptqdt�
» c

b

fptqdt �
» c

a

fptqdt

•
» a

a

fptqdt � 0

94



•
» b

a

fptqdt � �
» a

b

fptqdt

•
����
» b

a

fptqdt ¤
» b

a

|fptq|dt
����

• Distance interpretation of integral: Suppose uptq is the velocity at time t of a particle

moving along the x-axis. Then:
» b

a

|uptq| dt � S� � S� � S, where:

Ñ S� : total distance traveled in the forward direction

Ñ S� : total distance traveled in the backward direction

Ñ S : total distance traveled. whereas:
» b

a

uptqdt � S� � S� � D

Ñ S� : area bounded by t axis, lines t � a and t � b and the part of the graph, where
fptq ¥ 0.

Ñ S� : area bounded by t axis, lines t � a and t � b and the part of the graph, where
fptq ¤ 0.

Ñ D : net displacement from the original position.

16.4.2 Integrals

• fpxq � 0 Ñ
»
fpxqdx � C

• fpxq � C Ñ
»
fpxqdx � Cx � D

• fpxq � xa, a P R� t�1u Ñ
»
fpxq � xa�1

a� 1 � C

• fpxq � 1
2
?
x
, x ¡ 0 Ñ

»
fpxqdx � ?x� C

• fpxq � sinpxq Ñ
»
fpxqdx � � cospxq � C

• fpxq � cospxq Ñ
»
fpxqdx � sinpxq � C

• fpxq � 1
cos2pxq Ñ

»
fpxqdx � tanpxq � C

• fpxq � 1
cos2pxq Ñ

»
fpxqdx � � cotpxq � C

• fpxq � ex Ñ
»
fpxqdx � ex � C

• fpxq � ax , a P R� t1u Ñ
»
fpxqdx � ax

ln paq � C
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• fpxq � tanpxq Ñ
»
fpxqdx � �ln p| cospxq|q � C

• fpx0 � cotpxq Ñ
»
fpxqdx � ln p| sinpxq|q � C

• fpxq � cos2pxq Ñ
»
fpxqdx � 1

2

�
x� sinp2xq

2



� C

• fpxq � cos2pxq Ñ
»
fpxqdx � 1

2

�
x� sinp2xq

2



� C

• fpxq � ln pxq Ñ
»
fpxqdx � xlnpxq � x� C (by substitution)

• fpxq � logapaq Ñ
»
fpxqdx � x loga x�

x

ln paq � C

• fpxq � 1
x
Ñ

»
fpxqdx �

#
ln pxq � C , x ¡ 0
ln p�xq � C x   0

� ln |x| � C

• fpxq � sin�1pxq Ñ
»
fpxqdx � x sin�1pxq �

?
1� x2 � C, |x| ¤ 1

• fpxq � cos�1pxq Ñ
»
fpxqdx � x cos�1pxq �

?
1� x2 � C, |x| ¤ 1

• fpxq � tan�1pxq Ñ
»
fpxqdx � x tan�1pxq � 1

2ln |1� x2| � C

• fpxq � cot�1pxq Ñ
»
fpxqdx � x cot�1pxq � 1

2ln |1� x2| � C

• fpxq � sinhpxq Ñ
»
fpxqdx � coshpxq � C

• fpxq � coshpxq Ñ
»
fpxqdx � sinhpxq � C

• fpxq � tanhpxq Ñ
»
fpxqdx � ln | coshpxq| � C

• fpxq � cothpxq Ñ
»
fpxqdx � ln | sinhpxq| � C

• fpxq � sinh�1pxq Ñ
»
fpxqdx � x sinh�1pxq �

?
x2 � 1� C

• fpxq � cosh�1pxq Ñ
»
fpxqdx � x cosh�1pxq �

?
x2 � 1� C , x ¡ 1

• fpxq � tanh�1pxq Ñ
»
fpxqdx � x tanh�1pxq � ln p1� x2q

x
� C , |x|   1

• fpxq � coth�1pxq Ñ
»
fpxqdx � c coth�1pxq � ln px2 � 1q

2 � C , |x| ¡ 1

• fpxq � e�x
2 Ñ

» 8

�8
fpxqdx � ?π

• fpxq � tan2pxq Ñ
»
fpxqdx � tan x� x� C
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• fpxq � 1
x2 � a2 Ñ

»
fpxqdx � 1

a
coth�1

�x
a

	
• fpxq � 1

x2 � a2 Ñ
»
fpxqdx � �1

a
coth�1

�x
a

	
, x2 ¡ a2

• fpxq � sinpaxq Ñ
»
fpxqdx � �1

a
cospaxq

•
»
f 1pxqefpxqdx � efpxq � C

•
»
f 1pxqafpxqdx � afpxq

ln paq � C

•
»
f 1pxq pfpxqqa dx � rfpxqs

a�1

a� 1 � C

• fptq � δptq Ñ
» 8

�8
fptqdti � 1^

» t

�8
fptiqdti � uptq

• fptq � uptq Ñ
» t

�8
fptiq dti � rptq , rptq �

#
t , t ¥ 0
0 , t   0

• fpxq � sinhpaxqdxÑ
»
fpxqdx � 1

a
coshpaxq � C

• fpxq � sinh2paxq Ñ
»
fpxqdx � 1

4a sinhp2axq � x

2 � C

• fpxq � cosh2paxq Ñ
»
fpxqdx � 1

4a sinhp2axq � x

2 � C

• fpxq � tanh2paxq Ñ
»
fpxqdx � x� tanhpaxq

a
� C

• fpxq � sec pxq Ñ
»
fpxqdx � ln

�1� sinpxq
cospxq

�� C
• fpZq � 1

Z2 � A2 Ñ
»
fpZqdZ � 1

2A ln
�
Z � A
Z � A



� C

• fpZq � 1
A2 � Z2 Ñ

»
fpZqdZ � 1

2A ln
�
A� Z
A� Z



� C

• fpZq � 1
A2 � Z2 Ñ

1
A

tan�1
�
Z

A



� C

• fpZq � 1?
A2 � Z2 Ñ

»
fpZqdZ � sin�1

�
Z

A



� C (the root keeps us from using

partial fraction decomposition)

• fpZq � 1?
A2 � Z2 Ñ

»
fpZqdZ � sinh�1

�
Z

A



� C

• fpZq � 1?
Z2 � A2 Ñ

»
fpZqdZ � cosh�1

�
Z

A



� C

• fpZq �
?
A2 � Z2 Ñ

»
fpZqdZ � A2

2
�

sin�1
�
Z

A



� Z

?
A2 � Z2

A2

�� C
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• fpZq �
?
Z2 � A2 Ñ

»
fpZqdZ � A2

2
�

sinh�1
�
Z

A



� Z

?
A2 � Z2

A2

�� C
• fpZq �

?
Z2 � A2 Ñ

»
fpZqdZ � A2

2
�� cosh�1

�
Z

A



� Z

?
Z2 � A2

A2

�� C
• fpxq

» 1
a� b sin2pxq � c cos2pxqdx , t � tanpxq , sinpxq � t?

1� t2 , dx �
2dt

1� t2 , cospxq � 1?
1� t2

• fpxq
» 1
a� b sinpxq � c cospxqdx , t � tanpx2 q , sinpxq � 2t

1� t2 , dx �
2dt

1� t2 , cospxq � 1� t2
1� t2

• fpxq � 1
gpxq Ñ

»
fpxqdx � ln pgpxqq , if the highest power of x is 1. Else: resort to

partial fraction decomposition method.
• fpxq � cosec pxq Ñ

»
fpxqdx � �ln p|cosec pxq � cotpxq|q � C

• π � 2e
» �8

0

cospxq
x2 � 1dx

• fpxq � sec pxq Ñ
»
fpxqdx � ln p|sec pxq � tanpxq|q � C

• fpxq � e�x
2 Ñ

» 8

0
fpxqdx �

?
π

2 ,

» 8

�8
fpxqdx � ?π

• fpxq � e
�x2

2 Ñ
» 8

�8
fpxqdx �

?
2π

• fpxq � e�k
2x2 Ñ

» 8

0
fpxqdx �

?
π

2k , k ¡ 0

Integrals of periodic functions (primarily to assist with Fourier series expansions) - applied
for any interval of length 2π -
•

» π

�π
dx � rxsπ�π � 2π

•
» π

�π
cospnxqdx � 0

•
» π

�π
sinpnxqdx � 0

•
» π

�π
cospmxq cospnxqdx � πδmn

•
» π

�π
sinpmxq sinpnxqdx � πδmn

•
» π

�π
cospmxq sinpnxqdx � 0
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16.4.3 Reduction Formulae

n P N�

• In �
»
enx sinpxqdxÑ In � enx

n2 � 1 pn sinpxq � cospxqq

• In �
»

sinnpxqdxÑ In � � 1
n

sinn�1pxq � cospxq � n� 1
n

In�2

• In �
»

cosnpxqdxÑ In � 1
n

cosn�1pxq � sinpxq � n� 1
n

In�1

• In �
»
xnexdxÑ In � xnex � nIn�1

• In �
»
xn sinpxqdxÑ In � �xn cospxq � nxn�1 sinpxq � npn� 1q � In�2

• In �
»
xn cospxqdxÑ In � xn sinpxq � nxn�1 cospxq � npn� 1qIn�2

• In �
»

tannpxqdxÑ In � tann�1pxq
n� 1 � In�2p�Cq

• Walli’s Formula: If In �
» π{2

0
sinnpxqdx , or In �

» π{2

0
cosnpxqdx then:

In � n� 1
n

In�2 , I0 � π

2 , I1 � 1

or In � n� 1
n

� n� 3
n� 2 �

n� 5
n� 4 � � � �

#
�1 pn oddq
�π2 pn even

• In �
»
pln pxqqn dxÑ In � x pln pxqqn � nIn�1

• In �
»

cotnpxqdx , n ¡ 1 Ñ In � �cotn�1pxq
n� 1 � In�2 �

�cotn�1pxq
n� 1 � cotn�3pxq

n� 3 � cotn�5pxq
n� 5 � � � � � x� C

• In �
» �

x2 � a2�n dxÑ In � 1
2n� 1

�
xpx2 � a2qn � 2na2In�1

�
• In �

»
sec npxqdxÑ In � 1

n� 1 tanpxqsec n�2pxq � n� 2
n� 1In�1 , n ¥ 2

• In �
» π

0
e�x sinnpxqdxÑ In � npn� 1q

n2 � 1 � In�1

• In �
» π

2

0
x cosnpxqdx , n ¡ 1 Ñ In � npn� 1qIn�2 � 1

n2

• In �
» 8

0
xne�axdxÑ In � n

a
In�1 ∴ In � n!

an�1

• Im,n �
» π

2

0
sinmpxq � cosnpxqdxÑ Im,n � m� 1

m� n
» π

2

0
sinm�2pxq cosnpxq dx or

Im,n � n� 1
m� nIm�2,n
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Improper integral: The limit of a definite integral as an endpoint of the interval(s) of
integration approaches either a specified real number, or 8, or �8 or in some cases, as
both endpoints approach limits. Symbolically:

lim
bÑ8

» b

a

fpxqdx� � » 8

a

fpxqdx�, or e.g.

lim
cÑb�

» c

a

fpxqdx , lim
cÑa�

» b

c

fpxqdx» 8

�8
fpxqdx �

» 0

�8
fpxqdx�

» 8

0
fpxqdx
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17 Differential Equations
• Solutions to differential equations are functions, as opposed to algebraic equations
where the solutions are numbers.
• An nth order differential equation is derived from a function having n arbitrary
constants.
• The general, or primitive, solution of the equation contains the arbitrary constant.
• The particular solution of the equation can be found if we are told the value of y for a
given value of x. Then we can find a value of C.

17.1 Ordinary Differential Equations (ODEs)
• An ordinary differential equation (ODE) is a differential equation containing one or
more functions of one independent variable and its derivatives. The term ordinary is used
in contrast with the term partial differential equation which may be with respect to more
than one independent variable.

17.1.1 Analytical Solutions to ODEs

Solution of 1st order Differential Equations
• a) By direct integration: dy

dx
� fpxq, gives y �

»
fpxqdx

• b) By separating the variables: F pyqdy
dx
� fpxq, gives

»
F pyqdy �

»
fpxqdx

• c) Homogeneous equations: Substituting y � vx, gives v � xdv
dx
� F pvq, which can be

solved by separating the variables.
Homogeneous equations are of the form:
anpxqypnq � an�1pxqypn�1q � . . .� a1pxqy1 � a0pxqy � 0, where all the terms are proportional
to either y, or a derivative of x. There’s no x alone.
• d) Linear equations - Use of Integrating Factor (IF)
They have the form: dy

dx
� Py � Q, where P&Q are constants, or functions of x.

Multiplying both sides by the IF = e
³
P pxqdx, gives

dy

dx
IF� ydIF

dx
� Q � IF Ñ d

dx
tyIFu � Q � IF Ñ yIF �

»
Q � IFdx

• e) Bernoulli’s equation: dy
dx
� Py � Qyn

First, divide by yn. Then put z � y1�n. Afterwards it is reduced to type d.
• f) In various cases there may need to happen a specific transformation in order for the
differential equation to fall to one of the previous categories. We transform a non-linear
O.D.E. to a linear one this way.
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Second Order Differential Equations

• Solution of equations of the form: ad
2y

dx2 � b
dy

dx
� cy � fpxq

Auxiliary equation: am2 � bm� c � 0
Types of solutions:
a) Real and different roots: m � m1 ^m � m2
C.F.: y � Aem1x �Bem2x

b) Real and equal roots: m � m1ptwiceq
C.F.: y � em1xpA�Bxq
c) Complex roots: m � a� βx
C.F.: y � eaxpA cos βx�B sin βxq

• Equations of the form: d
2y

dx2 � n2y � 0
Auxiliary equation: m2 � �n2

C.F.: y � A cosnx�B sinnx
• Equations of the form: dy

dx2 � n2y � 0
Auxiliary equation: m2 � n2

C.F.: y � A coshpnxq �B sinhpnxq � enx
�
A�B

2



� e�nx

�
A�B

2



• General Solution = Complementary Function + Particular Integral [G.S. = C.F. + P.I.]
• To find C.F. solve: a d

y

dx2 � b
dy

dx
� cy � 0

• Particular Integral exists only when fpxq � 0, i.e. in inhomogeneous differential
equations.
• To find P.I. assume the general form of the R.H.S. It can be of the form:
fpxq � k . . . Assume: yPI � C
fpxq � kx . . . Assume: yPI � Cx�D
fpxq � kx2 Assume: yPI � Cx2 �Dx� E
fpxq � k sinpxq , ork cospxq Assume: yPI � C cospxq �D sinpxq
fpxq � k sinhpxq , ork coshpxq Assume: yPI � C coshpxq �D sinhpxq
fpxq � ekx Assume: yPI � Cekx

Combine forms where applicable. Afterwards differentiate yPI to get dy
dx

and d2y

dx2 ,
substitute to the L.H.S. to find the constants C,D, . . . by equating coefficients of the L.H.S.
to those in the R.H.S.
• Note: If the general form of the R.H.S. is already included in the C.F., multiply yPI by
x as many times as necessary and proceed as before.
• Particular solution: Finding the values of the arbitrary constants A and B, when given
the necessary boundary / initial conditions.

• fptq � a cos
c
k

l
t� b

c
l

k
sin

c
k

l
t : Behaviour of a system that executes simple
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harmonic, oscillatory motion with natural frequency ω �
c
k

l
. Such a system is called a

harmonic oscillator.
• Af2ptq �Bf 1ptq � Cfptq � 0 : Differential equation describing the position of the
harmonic oscillator
• f 1ptq : damping term, B : damping parameter
With 0 on the R.H.S. only transient terms exist in fptq (i.e. damping terms that decay
over time t). With terms on the R.H.S. steady-state terms emerge.
The R.H.S. is the forcing function. If this function’s frequency is the same as the ω of the
H.O. then the system will resonate, which means that it will oscillate with increasing
amplitude.
Leibnitz n th derivative theorem: ru � fpxq ^ v � gpxqs Ñ puvqpnq �
upnqv �n C1u

pn�1qvp1q �n C2u
pn�2qvp2q � . . .�n Cn�1u

p1qvpn�1q � uvpnq , up0q � u
• Leibnitz - MacLaurin (power series) method for solving O.D.E.’s of the form:
dy

dx2 � P pxq
dy

dx
�Qpxqy � 0

Steps:
a) Differentiate given equation n times
b) Rearrange the result to obtain the recurrence relation between the derivatives, at x � 0
(initial condition).
c) Determine the values of the derivatives at x � 0, usually in terms of yp0q and y1p0q.
d) Substitute the findings in the MacLaurin expansion for y � fpxq.
e) Simplify the result where possible and apply boundary conditions if provided.
• Cauchy-Euler equi-dimensional equations have the structure:
anx

nypnqpxq � an�1x
n�1ypn�1qpxq � . . .� a1xy

1pxq � a0ypxq � gpxq, where the coefficient of
the nth derivative contains xn term.
General solution = yHpxq � yppxq, normally. We assume ynpxq � kxn, find its derivatives
and substitute to find as many n’s as the degree of the equation. The form of the
particular solution depends upon the form of the R.H.S. of the equation.

• Sturm - Liouville systems: pppxq � y1q1 � pqpxq � λrpxqqy � 0, for a ¤ x ¤ b and
rpxq ¡ 0, with boundary conditions a1 � ypaq � a2 � y1paq � 0 and β1 � ypbq � β2 � y1pbq � 0
Solutions yn to a Sturm - Liouville system are called eigenvectors, each corresponding to an
eigenvalue λn for n � 0, 1, 2, . . .

17.1.2 Systems of Differential Equations

• Solving systems of 1st order D.E.s, of the form:

F1pxq � A � Fpxq , where Fpxq �

�
����
f1pxq
f2pxq

...
fnpxq

�
���& F1pxq �

�
����
f 11pxq
f 12pxq

...
f 1npxq

�
���
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1. Find the eigenvalues and eigenvectors of A and construct the modal matrix M and
spectral matrix S, where eigenvalues are λ1, λ2, . . . , λn and eigenvectors
C1,C2, . . . ,Cn.

2. Write the solution of the equation as Fpxq �
ņ

r�1
are

λrxCr and use the boundary

conditions to find the values of ar, for r � 1, 2, . . . , n.

• Solving systems of 2nd order D.E.s, of the form: F2pxq � AFpxq
1. Find the eigenvalues λ1, λ2, . . . , λn of A.

2. Assuming the eigenvalues are all distinct, find the associated eigenvectors
C1,C2, . . . ,Cn.

3. Write the solution of the equation as Fpxq �
ņ

r�1

�
are

?
λr�x � bre�

?
λrx

�
Cr

and use the boundary conditions to determine the values of the constants ar and br ,
r � 1, 2, . . . , n.

17.2 Partial Differential Equations (PDEs)
• A partial differential equation (PDE) is a differential equation that contains unknown
multivariable functions and their partial derivatives. (ODEs are a special case which deal
with functions of a single variable and their derivatives.) PDEs are used to formulate
problems involving functions of several variables, and are either solved by hand, or used to
create a relevant computer model.
• Solution to u � fpx, y, w, t, . . .q
• Linear equations: If u � u1, u � u2, u � u3, . . . are solutions, then the following is also a

solution: u � u1 � u2 � u3 � . . .� ur � . . . �
8̧

r�1
ur

• Wave equation: Simulates transverse vibrations of an elastic string:
B2u

Bx2 �
1
c2 �

B2u

Bt2 , u � fpx, tq

• Heat Conduction equation: Heat flows in uniform finite bar: B
2u

Bx � 1
c2 �

Bu
Bt , c

2 � k

σρ
k : thermal conductivity of material, σ : specific heat of the material, ρ : mass per unit
length of bar
• Laplace’s equation: Distribution of a field over a plane area:
B2u

Bx2 �
B2u

By2 �
B2u

Bz2 � ... � 0 , u � fpx, y, z, ...qpu is a scalar function)

It is also written as ∇2u � 0 , or ∆u � 0
• Solution steps

1. Assume a solution of the form: u � Xpxq � T ptq
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2. Transpose the equation by separation of the variables. Then
Bu
Bx � X 1T ,

B2u

Bx2 � X2T ,
Bu
Bt � T 1X ,

B2u

Bt2 � T 2X

3. The two solutions are in the form: X � pA cos ρx�B sin ρxq � pC cos cρt�D sin cρtq
Then upx, tq � pA cos ρx�B sin ρxq � pC cos cρt�D sin cρtq

4. Putting cρ � λ we apply boundary conditions to determine A and B.

5. List the eigenvalues and eigenfunctions for n � 1, 2, 3, . . . and determine general
solution as an infinite sum.

6. Apply the remaining initial, or boundary conditions and finally determine Cr and Dr

by Fourier series techniques.
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18 Difference Equations
• Any function f , where its input n P Z is restricted to integer values has as output fpnq
in the form of a discrete sequence of numbers. Such a function is called a sequence.
• A recurrence relation (Anadromik  Sqèsh) is an equation that recursively defines a
sequence, or a multidimensional array of values, once one or more initial terms are given:
each further term of the sequence or array is defined as a function of the preceding terms.
• The term ”difference equation” is frequently used to refer to any recurrence relation,
but rigorously speaking it is a type of a recurrence relation.
• The prescription of a sequence, say fpnq � 5n� 2, written as a recursive equation, with
all the unknowns on one side: fpn� 1q � fpnq � 5, is called a difference equation.
• The order of a difference equation is taken from the maximum number of terms
between any pair of terms. In order to solve a difference equation it is necessary to have as
many initial terms as the order of the difference equation.
• The solution of a constant coefficient, linear recursive difference equation is of the
form: fpnq � fhpnq � fppnq
• fhpnq is the solution to the homogeneous equation:
anfpnq � an�1fpn� 1q � . . .� an�kfpn� kq � 0 pIq (k order)
We assume that the above has a solution in the form of: fpnq � cwn , c, w P R� , n P Z and
we substitute fpnq into the dif. eq. pIq.
Factorizing we find the characteristic equation of the difference equation:
KwN

 
akw

k � ak�1w
k�1 � . . .� a2w � a1

( � 0, where ak are constants and find the roots
wk, wk�1, . . . , w.
Then fhpnq � A � wnk �B � wnk�1 � . . . .
If we have 2 equal roots, we assume Bn � wn is also a root of the difference equation pIq.
• fppnq is the particular solution and to find it we assume a solution to the (now)
inhomogeneous equation: anfpnq � an�1fpn� 1q � . . .� an�kfpn� kq � gpnq pIIq, according
to:�
���

gpnq Particular solution
polynomial termnm Cmn

m � Cm�1n
m�1 � . . .� C1n� C0

exponentialan Can

an cospbnq , an sinpbnq an pC1 cospbnq � C2 sinpbnqq

�
���

We substitute the particular solution into pIIq and equate coefficients between the L.H.S.
and R.H.S.
• The general solution is fpnq � fhpnq � fppnq
• Finally, given the initial conditions, we find the constants A,B,C, . . . of the fhpnq.
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19 Complex Numbers
• A complex number is a number that can be expressed in the form a� bi, where a and b
are real numbers and i is the imaginary unit, satisfying the equation i2 � �1. In this
expression, a is the real part and a is the imaginary part of the complex number. If
z � a� bi, then Re pzq � a Im pzq � b.

• j � ?�1 , j2 � �1 , j3 � �j , j4 � 1
• z � a� jb ,Re pzq � a ^ Im pzq � b

• �
z � a� jb : Conjugate

• z � r pcos θ � j sin θq : Polar form (figure 27)

a � r cos θ , b � r sin θ , θ � =z � tan�1
�
b

a



, |z| � r

Figure 27: Argand Diagram

• A phasor (portmanteau for phase vector) is a term primarily used in circuit analysis,
used to represent the amplitude and phase angle of a complex number (usually a voltage,
or current).
• To find the correct angle θ, we should beware that there are two angles between 0� and
360�, the tangent of which has the value b{a. Always draw a sketch of the complex number
to ensure we have the right quadrant.
• Those complex numbers that evaluate to 1 when raised to some power p are called the
complex roots of unity, ie. zp � 1 ô pa� i � bqp � 1
For each N , there are exactly N complex numbers z such that zN � 1.
The numbers cos

�2πk
N

	
� i sin

�2πk
N

	
for k � 0, 1, . . . , N � 1 can be easily shown to have

this property.
• z � |z| z p=z ¡ 0q,   z � |z| z p=z   0q
• r �

?
a2 � b2

• tanpθq � b

a
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• |z|2 � z � �z � r2

• |z| � |�z � | � z|
• |zν | � |z|ν
• e�jθ � cos θ � j sin θ : Oyler’s identity
• z � rejθ : Exponential form. Here θ be in radians
• ln z � ln r � jθ : Logarithm of complex number
• zn � rrpcos θ � j sin θsn � rn pcospnθq � j sinpnθqq De’Moivre’s Therorem, we can use it
to find the roots of complex numbers
• z � 1

z
� 2 cos θ

• zn � 1
zn
� 2 cospnθq

• z � 1
z
� j2 sin θ

• zn � 1
zn
� j2 sinpnθq

• Apìejx � cospxq � j sinpxq :q cospxq � ejx � e�jx
2 , sinpxq � ejx � e�jx

2j
Hyperbolic Functions

• sinhpxq � ex � e�x
2

• coshpxq � ex � e�x
2

• e�x � coshpxq � sinhpxq
• tanhpxq � ex � e�x

ex � e�x
• |fpejωq|2 � fpejωq � fpe�jωq : Tautìthta tou mètrou
• sinh�1pxq � ln rx�

?
x2 � 1s

• cosh�1pxq � �ln rx�
?
x2 � 1s

• tanh�1pxq � 1
2ln

�
1� x
1� x



, output P r�1, 1s

• sin�1pxq � �jln r
?

1� x2 � jxs , �1 ¤ x ¤ 1
• cos�1pxq � �jln rj

?
1� x2 � xs , �1 ¤ x ¤ 1

• tan�1pxq � 1
2jln

�
1� jx
1� jx



, @x P R

• cothpxq � 1
tanhpxq

• sech pxq � 1
coshpxq

• cosech pxq � 1
sinhpxq

• cosh2pxq � sinh2pxq � 1
• sech 2pxq � 1� tanh2pxq
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• cosech 2pxq � coth2pxq � 1
• sinhp2xq � 2 sinhpxq coshpxq
• coshp2xq � cosh2pxq � sinh2pxq � 1� 2 sinh2pxq � 2 cosh2pxq � 1

19.1 Complex Trigonometric & Hyperbolic Identities
• sinpjxq � j sinhpxq
• sinhpjxq � j sinpxq
• cospjxq � coshpxq
• coshpjxq � cospxq
• tanpjxq � j tanhpxq
• tanhpjxq � j tanpxq
• Re rsinhpzqs � sinhpaq cospbq
• Im rsinpzqs � coshpaq sinpbq
• Re rcoshpzqs � coshpaq cospbq
• Im rcospzqs � sinhpaq sinpbq
• | coshpzq|2 � sinh2paq � cos2pbq
• | sinhpzq|2 � sinh2paq � cos2pbq
• |x� y| � RÑ x� y � Rejθ , x, y P C
• sinpzq � ejz � e�jz

2j
• cospzq � ejz � e�jz

2
• tanpzq � sinpzq

cospzq �
ejz � e�jz
ejz � e�jz

• cotpzq � ejz � e�jz
ejz � e�jz

• cosp�zq � cospzq
• sinp�zq � � sinpzq
• cos2pzq � cos2pzq � 1

• coshpzq � 0 Ø z0 � �j
�
n� 1

2



π , n � 1, 2, . . .

• sinhpzq � 0 Ø z0 � �jnπ , n � 1, 2, . . .
• cosh

�
sinh�1pxq� � ?x2 � 1

• sinh
�
cosh�1pxq� � ?x2 � 1

• arctan
� a
S

	
� arctan

�
S

a



� π

2
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Figure 28: Visual representation of the identity

• C � fptq � Re tgptqu � CRe tfptq � gptqu � Re tC � fptq � gptqu
Re , orIm ,Z , etc . . . ,whereC P C

• Hermitian function: A complex function where its complex conjugate is equal to the
original function with the variable changed in sign, i.e. f�pxq � fp�xq
• In linear algebra for an Hermitian matrix: AH � A�1 � �

AT
�� Properties

• Re tfpxqu � Re tfp�xqu
• Im tfp�xqu � �Im tfpxqu,
• |fp�xq| � |fpxq|
• =fp�xq � �=fpxq
• Also: fFg � fFg , if f is Hermitian and
• fFg � gFf , if both f and g are Hermitian

• Transformation equation: z � x� jy ^ w � u� jv
Mappings from the z plane, z � fpx, yq, onto the w-plane
w � fpzq z � x� jy , w � u� jv , u � gpx, yq , v � hpx, yq
• Linear Transformation: w � az � b, where a and b are real or complex. A straight line
in the z-plane maps onto a corresponding straight line the w-plane.
• Types of Linear transformations: w � az � b
a) Translation: given by b
b) Magnification: given by |a|
c) Rotation: given by arga
• Non-linear transformations
(a) w � z2 : A straight line through the origin maps onto a corresponding straight line
through the origin in the w-plane. A straight line not passing through the origin maps onto
a parabola.
(b) w � 1

z
(inversion): A straight line, or a circle maps onto a straight line, or a circle in

the w-plane. A straight line may be regarded as a circle of infinite radius. (z � 1{w : to
find the equation)
(c) w � az � b

cz � d (bilinear transformation) - with a, b, c, d real, or complex.
• Mapping of a region depends on the direction of development.
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Right (Left) hand regions map onto right (left) hand regions.

19.2 Complex Analysis
• Complex analysis studies the properties of functions of complex numbers.

• Derivative of a function of a single real variable: y � fpxq
δy � fpx� δxq � fpxq
dy

dx
� lim

δxÑ

"
fpx� δxq � fpxq

δx

*
� py � δyq � y

δx

Figure 29: Derivative of a function

• Derivative of a function of a complex variable: w � fpzq�
dw

dz

�
z0

� lim
δzÑ0

"
fpz0 � δzq � fpz0q

δz

*
� pw � δwq � w

δz
� lim

QÑP

P 1Q1

PQ
If this limiting value exists, the function is said to be differentiable at P .
• dz � dx� jdy , dw � du� jdv
• A function w � fpzq is said to be regular, or holomorphic, or analytic, at a point
z � z0, if is defined and single valued and has a derivative at every point at and around z0.
Points in a region where fpzq ceases to be regular (eg. its derivative does not exist) are
called singular points, or singularities. A function of a complex variable that is analytic
over the entire finite complex plane is called an entire function. Examples of entire
functions are polynomials, ez, sinpzq and cospzq.
In other words, a holomorphic function is a complex-valued function, of one or more
complex variables that is complex differentiable in a neighborhood of every point in its
domain.
• The real and imaginary parts of an analytic function are both harmonic and form a
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conjugate pair of functions.

• A meromorphic function on an open subset D of the complex plane is a function that is
holomorphic on all of D except for a set of isolated points, which are poles of the function.
Every meromorphic function on D can be expressed as the ratio between two holomorphic
functions (with the denominator not constant 0) defined on D : any pole must coincide
with a zero of the denominator.

• Cauchy - Riemann Equations: A necessary condition for w � fpzq � u� jv to be
regular at z � z0 is that u � gpx, yq and v � hpx, yq and their partial derivatives are
continuous and that in the neighborhood of z � z0 :
Bu
Bx �

Bv
By and BvBx � �

Bu
By

• Complex Integration:
»
wdz �

»
fpzqdz �

»
pudx� vdyq � j

»
pvdx� udyq

• Contour Integration: Evaluation of line integrals in the z-plane.
• Cauchy’s Theorem: If fpzq is regular at every point within and on a closed curve c,
then¾
c

fpzqdz � 0

• Deformation of Contours

(a) Singularity at A (Multiple singularities may occur.
(b) Restored to a closed curve.
(c)

¾
c

fpzqdz �
¾
c1

fpzqdz

For
¾
c

fpzqdz , where fpzq � 1
pz � aqn , n � 1, 2, 3, . . .

¾
c

fpzqdz �

$'&
'%

0 n � 1
0 n � 1andcdoes not enclosea
j2π n � 1andcdoes enclosea

In general we have to consider if the

singularity is enclosed within the contour c (if that’s not explicitly stated, or visible).

• If f 1pz0q � 0, at z � z0, then z0 is a critical point.
• Conformal transformation: mapping in which angles are preserved in size and sense of
rotation.
Conditions:

1. w � fpzq must be a regular function of z.

2. f 1pzq, ie. dw
dz
� 0 at a point of intersection.
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• Schwarz - Christoffel transformation: maps any polygon in the z-plane onto the entire
upper half of the w-plane and the boundary of the polygon onto the real axis of the
w-plane. dz

dw
� A pw � u1q

a1
π
�1 � pw � u2q

a2
π
�1 . . . pw � unq

an
π
�1

We find z from dz

dw
and finally the transformation function w � fpzq.

1. Any three points u1, u2, . . . , un can be selected on the u-axis. a1, a2, . . . , an are the
corresponding angles formed at the points u1, u2, . . . , un respectively.

2. One such point can be chosen at infinity.

3. Infinite open polygons are regarded as limiting cases of closed polygons.

• If fpzq is a function in the complex variable z, analytic at z � 0, then its McLaurin
series can be found by
fpzq � fp0q � zf 1p0q � z2

2! f
2p0q � z3

3! f
3p0q � . . .

• Radius and circle of convergence: The radius of the circle within which a series
expansion is valid is called the raius of convergence of the series and the circle is called the
circle of convergence. The radius of convergence can be found using the ratio test for
convergence. When an expression is expanded in a McLaurin series, the circle of
convergence is always centered on the origin and the radius of convergence is determined
by the location of the first singular point met as |z| moves out from the origin.
• If fpzq has a singular point at z0 and for some natural number n the
lim
zÑz0

tpz � z0qn fpzqu � L � 0, then the singularity is called a pole of order n (the pole’s
multiplicity).
• If fpzq has a singular point at z0, but lim

zÑz0
tfpzqu exists then the singular point is called

a removable singularity.

• Complex Taylor Series: Provided fpzq is analytic inside and on a simple closed curve c,
the Taylor series expansion of fpzq about a point z0 which is interior to c is given as:

fpzq � fpz0q � pz � z0qf 1pz0q � pz � z0q2f2pz0q
2! � . . .� pz � z0qnfpz0qpnq

n! � . . .
where, here the expansion is about the point z0 which is the centre of the circle of
convergence. The circle of convergence is given as |z � z0| � R, where R is the radius of
convergence. McLaurin’s series is a special case of Taylor’s series where z0 � 0. It is easiest
to derive the series with the new origin centered at z0. For this purpose we can apply the
transformation u � z � z0.
• A derivable function of a complex variable is equal to the sum of its Taylor series.
• Laurent’s series: The Laurent series expansion provides a series expansion valid within
an annular region centered on the singular point. Let fpzq be singular at z � z0 and let c1
and c2 be two concentric circles centered on z0. Then if fpzq is analytic in the annular
region, between c1 and c2 and c is any concentric circle lying within the annular region
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between c1 and c2, we can expand fpxq as a Laurent series in the form:

fpzq � . . .� a�2

pz � z0q2 �
a�1

pz � z0q � a0 � a1pz � z0q � a2pz � z0q2 � . . . �
8̧

nÑ�8
an pz � z0qn

where an � 1
2πj

¾
fpzq

pz � z0qn�1dz : Cauchy integral formula

for r   |z � z0|   R

• The part of the Laurent series that contains negative powers of the variable is called
the principal part of the series and the remaining terms constitute what is called the
analytic part of the series. If in the principal part the highest power of 1{z is n, then the
function possesses a pole of order n and if the principal part contains an infinite number of
terms, the function possesses an essential singularity. An essential singularity is a
singularity that is neither a pole, nor a removable singularity.
• Removable singularities, poles and essential singularities are the three types that
constitude the isolated singularities.

• Residues: In the Laurent series:
fpzq � . . .� a�2

pz � z0q2 �
a�1

z � z0
� a0 � a1pz � z0q � a2pz � z0q2 � . . .

the coefficient a�1 is referred to as the residue of fpzq. In other words, the residue of a
function fpzq is the coefficient of its 1

z � a term (n� 1), when the function is expanded
into its series representation.
• Calculating residues: a�1 � lim

zÑz0

�
1

pn� 1q!
dn�1

dzn�1 rpz � z0qnfpzqs
�

where n is the order of the pole.

• Cauchy’s Residue Theorem: Provided fpzq is analytic at all points inside and on the
simple closed contour c, apart from the single isolated singularity at z0 which is interior to
c, then

¾
c

fpzqdz � 2πja�1

The residue theorem extends to the case where the contour contains a finite number of
singularities. If fpzq is analytic inside an on the simple closed contour c except at the finite
number of points z0, z1, z2, . . . each with a Laurent series expansion and each with
corresponding residues a�1, a�1, a�1, . . . then

¾
c

fpzqdz � 2πj ta�1 � a�1 � a�1 � . . .u

• Evaluation of certain real integrals
The Residue theorem can be very usefully employed to evaluate integrals of real functions.

- Integrals of the form
» 2π

0
F pcos θ, sin θqdθ

use z � ejθ and cos θ � pe
jθ � e�jθ

2 � z � z�1

2
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sin θ � ejθ � e�jθ
2j � z � z�12j

and dz � jejθdθ � jzdθ

so that dθ � dz

jz
. Convert the integral into a contour around the unit circle centered on the

origin and use the Residue theorem.

- Integrals of the form:
» 8

�8
F pxqdx and

» 8

�8
F pxq

#
sin x
cosx

dx

Consider integrals of the form
¾
F pzqdz and

¾
F pzqejzdz respectively, where the contour c

is a semicircle with the diameter lying along the real axis. The principle is that the integral
can be evaluated by the Residue theorem and then the contour can be expanded to cover
the required extent of the real axis, the integration along the semicircle giving a zero
contribution.

• An analytic function is a function that is locally given by a convergent power series.
There exist both real analytic functions and complex analytic functions, categories that are
similar in some ways, but different in others. Functions of each type are infinitely
differentiable, but complex analytic functions exhibit properties that do not hold generally
for real analytic functions. A function is analytic if and only if its Taylor series about x0
converges to the function in some neighborhood for every x0 in its domain.

19.3 Quaternions
Quaternions is a number system that extends the complex numbers. They are generally
represented in the form:
a� bi� cj � dk
where a, b, c, and d are real numbers, and i, j, and k are the fundamental quaternion units.
• The quaternions are defined by the following equation:

i2 � j2 � k2 � ijk � �1
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20 Numerical Analysis
• Numerical analysis is the study of algorithms that use numerical approximation (as
opposed to general symbolic manipulations) for the problems of mathematical analysis.
The field of numerical analysis developped as a necessity, because already known things
from pure maths were unable to be applied in various branches of problems. So
approximations had to be devised.

Newton-Raphson Iterative method

Ñ First we try to find an approximate root of our real function in question, its x value.
Call it x1.

Ñ Then we try to find a better approximation of that root, by using: xn�1 � xn� fpxnq
f 1pxnq

Ñ The algorithm may not always work, especially when f 1px0q is very small.

Ñ It is used to find numerical solutions

• Special case for finding
?
a , a : number: xi�1 � 0.5pxi � a{xiq , i P N (x0 is found by

bisection)
Modified / Enchanced Newton-Raphson method
When f 1px0q is very small then the Newton-Raphson method won’t work, since x1 might
diverge from the real root. In such a case we calculate instead:

x1 � x0 � h, where h �
d
�2fpx0q
f2px0q . We choose �h when fpx0q and f2px0q have opposite

signs and �h when they are of equal sign.
Afterwards we continue normally with xn�1 � xn � fpxnq

f 1pxnq
Interpolation: A method of constructing new data points within the range of a discrete set
of data points.
• Linear, Graphical (or approximate)
From 2 arbitrary points p1px1, y1q, p2px2, y2q in a figure we want to find out the value y
somewhere in between x1 and x2, say @ x. We assume a linear dependence between y1 and
y2. Then:
y � y1 � px� x1q y2 � y1

x2 � x1
• Gregory-Newton formula using forward finite differences
fp � f0 � p∆f0 � ppp� 1q

2! ∆2f0 � ppp� 1qpp� 2q
3! ∆3f0 � . . .

• Gregory-Newton formula using backward finite differences
fp � f0 � p∆f�1 � ppp� 1q

2! ∆2f�2 � ppp� 1qpp� 2q
3! ∆3f�3 � . . .

Gauss interpolation using central finite differences
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• Gauss forward formula
fp � f0 � pδfo� 1

2
� ppp� 1q

2! δ2f0 � pp� 1qppp� 1q
3! δ3fo� 1

2
� pp� 1qppp� 1qpp� 2q

4! δ4f0

• Gauss backward formula
fp � f0 � pδfo� 1

2
� ppp� 1q

2! δ2f0 � pp� 1qppp� 1q
3! δ3fo� 1

2
� pp� 2qpp� 1qppp� 1q

4! δ4f0 � . . .
in all cases: h � x1 � x0 , x1 ¡ x0 : points that their fpx1q, fpx0q values are given and are
closest to xp. Also x0   xp   x1 p � xp � x0

h
• Lagrangian Interpolation
The interpolation polynomial of degree n passes through n� 1 points. To find the value x,

not given in the data points pxj, fpxjqq we follow the formula: ppxq �
ņ

j�0
ljpxqfpxjq, where:

ljpxq �
¹

0¤i¤n�1 i�j

x� xi
xj � xi

Lagrangian interpolation can also be used when the domain points are not equally spaced,
sontrary to previous methods.

Frobenius method for solving differential equations of the form:
y2 � P pxq � y1 �Qpxq � y � 0, under the conditions:
(a) If functions P pxq ^Qpxq are such that are both finite when x is put equal to zero,
x � 0 is called an ordinary point of the equation.
(b) If x � P pxq and x2 �Qpxq remain finite at x � 0, then x � 0 is called a regular singular
point of the d.eq.
- If P and Q do not satisfy either of the conditions stated in (a), or (b), then x � 0 is
called an irregular singular point of the d.eq. and the method can’t be applied.

Ñ Solution: We assume a series solution of the form:
y � xcpa0 � a1x� a2x

2 � . . .� arxr � . . .q , a0 � 0.

1. Differentiate to find y1 and y2. They will be:
y1 � a0cx

c�1 � a1pc� 1qxc � a2pc� 2qxc�1 � . . .� arpc� rqxc�r�1 � . . .
y2 � a0cpc�1qxc�2�a1pc�1qcxc�1�a2pc�2qpc�1qxc�. . .�arpc�rqpc�r�1qxc�r�2�. . .

2. Substitute in the equation.

3. Equate coefficients of corresponding powers of x on each side of the equation -
usually written with zero on the R.H.S. and find the recurrence relation whose termin
values all of the of the expansions

4. Coefficient of the lowest power of x gives the indicial equation from which the values
of c are obtained, c � c1 and c � c2.

• Case 1: c1 and c2 differ by a quantity not an integer.
Substitute c � c1 and c � c2 in the series for y.
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• Case 2: c1 and c2 differ by an integer and make a coefficient indeterminate when
c � c1. Substitute c � c1 to obtain the complete solution.

• Case 3: c1 and c2 pc1   c2q differ by an integer and make a coefficient infinite
when c � c1. Replace a0 by kpc� c1q. Two independent solutions are then
obtained by putting c � c1 in the new series for y and for ByBc . In general if
c1 � c2 � n where n is a non zero integer, the solution is of the form:
y � p1� kln pxqqxc1ta0 � a1x� a2x

2 � . . .u � xc2tb0 � b1x� b2x
2 � . . .u

• Case 4: c1 and c2 are equal. Substitute c � c1 in the series for y and for ByBc .
Make the substitution after differentiating. In general if c1 � c2 � c, the solution
is of the form: y � p1� kln pxqqxcta0 � a1x� a2x

2 � . . .u � xctb1x� b2x
2 � . . .u

5. For each value of c, consider values of r � 1, 2, 3, . . . as needed and from the
recurrence relation find the constants a1, a2, a3, a4, . . . in terms of a0 or a1.

6. Final solution is the sum of the series solutions found for the different values of c.

20.0.1 Numerical Solutions to ODEs

Numerical Solutions to ODEs of order 1
rthe subindex number is the # of iteration. With 0 we denote the initial conditionss
• Suppose we have the equation: y1 � fpx, yq, with y � y0 at x � x0, for x0 : h � xn

1. Euler’s Method
y1 � y0 � h � y10 (h is the step value, i.e. xn�1 � xn � h)

2. Euler-Cauchy method
x1 � x0 � h�
y1 � y0 � h � y10 : Auxilliary value of y
y1 � y0 � 1{2 � h

�
y10 � fpx1,

�
y1

�
y11 � fpx1, y1q

3. Runge - Kutta method
x1 � x0 � h
k1 � h � fpx0, y0q � h � y10
k2 � h � fpx0 � 1{2 � h, y0 � 1{2 � k1q
k3 � h � fpx0 � 1{2 � h, y0 � 1{2 � k2q
k4 � h � fpx0 � h, y0 � k3q
∆y0 � 1

6pk1 � 2k2 � 2k3 � k4q
y1 � y0 �∆y0
y11 � fpx1, y1q
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Numerical Solutions to ODEs of order 2
• Suppose we have the equation: y2 � fpx, y, y1q, with y � y0 and y1 � y10 at x � x0, for
x � x0 : h : xn.

1. Euler’s 2nd order method
y1 � y0 � h � y10 �

h2

2! � y
2
0

y11 � y10 � h � y20
2. Ruge-Kutta method
x1 � x0 � h
k1 � 1{2 � h2 � fpx0, y0, y

1
0q � 1{2 � h2 � y20

k2 � 1{2 � h2 � fpx0 � 1{2h, y0 � 1{2 � h � y10 � 1{4k1, y
1
0 � k1{hq

k3 � 1{2 � h2 � fpx0 � 1{2h, y0 � 1{2 � h � y10 � 1{4k1, y
1
0 � k2{hq

k4 � 1{2 � h2 � fpx0 � h, y0 � h � y10 � k3, y
1
0 � 2k3{hq

P � 1{3 � pk1 � k2 � k3q
Q � 1{3 � pk1 � 2k2 � 2k3 � k4q
y1 � y0 � h � y10 � P
y11 � y10 �Q{h
y21 � fpx1, y1, y

1
1q

• Predictor-Corrector numerical method for solving D.E.s
Employs a more accurate technique, where, instead of starting with just a single set of
initial values, we use a collection of previously calculated values.
Suppose we have the equation: y1 � fpx, yq, with y � y0 and y1 � y10 at x � x0, for
x : h : xn. Then

Predictor:
# �
yi�1 � yi � 1{2 � hp3fpxi, yiq � fpxi�1, yi�3qq i � 1, 2, . . .
�
y1 � y0 � h � fpx0, y0q i � 0

Corrector: yi�1 � 1{2 � h � pfpxi, yiq � fpxi�1,
�
yi�1qq i � 0, 1, 2, 3, . . .

20.0.2 Numerical Solutions to PDEs

• Central difference formulas for partial direvatives.
r (i column, j row) h, k : distance between grid points on x, y plane respectively.s
Bfpx, yq
Bx

��
ij
� fi�1,j � fi�1,j

2hBfpx, yq
By

��
ij
� fi,j�1 � fi,j�1

2k
• If fpx, yq is signle valued, then to every domain point px, yq there corresponds a single
range point fpx, yq.
• Grid alues: The value of fpx, yq at the ijth grid point is denoted by:
fi,j � fpx0 � ih, y0 � jkq
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• Computational molecules: The P.D.E.: aBfpx, yqBx � bBfpx, yqBy � c , evaluated at the

ijth grid point, is aBfpx, yqBx
��
ij
� bBfpx, yqBy

��
ij
� c and is by the central difference formula:

a

2hpfi�1,j � fi�1,jq � b

2k pfi,j�1 � fi,j�1q � c which is in turn represented by the composite
computational molecule below (figure 30).

Figure 30: Computational Molecule example

• The procedure to solve a 1st order P.D.E. is:

1. Draw the function’s domain with the grid overlaid.

2. On the drawing enter the values of fpx, yq that can be obtained from the boundary
conditions.

3. Label the grid points at which fpx, yq is to be evaluated, with capital letters.

4. Construct the central difference equation that represents the numerical
approximation to the P.D.E.

5. Construct the computational molecule for the P.D.E.

6. Lay the centre of the molecule on each of the lettered grid points in turn and derive a
set of simultaneous linear equations - the unknowns being represented by the letters
at the grid points.
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7. Write the simultaneous equations in matrix form: Ax � b

8. Find A�1 and computer the solution: x � A�1b, finding the fpx, yq values in the
lettered grid points.

• If derivative boundary conditions exist, the grid is extended over the boundary of the
function domain by adding additional points outside the domain appropriately, with values
the value of the aforementioned derivative at the specified boundary point, i.e. @
Bfpx, yq
Bx

��
x�x0�C (x0 is b.point and C �value)

• Second Order P.D.E.s: The most general form is:

apx, yqB
2f

Bx2 � bpx, yq
B2f

BxBy � cpx, yq
Bf
By2 � dpx, yq

Bf
Bx � epx, yq

Bf
By � gpx, yq � 0

• If b2 � 4ac   0, then the P.D.E. is called an elliptic equation.
• If b2 � 4ac ¡ 0, then the P.D.E. is called a hyperbolic equation.
• If b2 � 4ac � 0, then the P.D.E. is called a parabolic equation.
• Central difference formulas for 2nd partial derivatives:
B2fpx, yq
Bx2

��
ij
� fi�1,j � 2fi,j � fi�1,j

h2

B2fpx, yq
By2

��
ij
� fi,j�1 � 2fi,j � fi,j�1

k2

• Time Dependent Equations: To use a central difference formula for the derivative with
respect to t, would require knowledge of fpx, tq for values t   0. Consequently, for a

derivative with respect to t we use the forward difference formula: Bfpx, tqBt
��
ij
� fi,j�1 � fi,j

k

So the P.D.E.: B
2fpx, tq
Bx2 � Bfpx, tqBt , becomes fi,j�1 � fi,j � k

h2

�
fi�1,j � 2fi,j � fi�1,j

�
,

where it can be shown that there will be no growth of rounding errors when evaluating this
equation if: k

h2 ¤
1
2

• The Crank - Nicolson procedure makes the assumption that the P.D.E. can be satisfied
at points in time halfway between two grid points. That is:
B2fpx, tq
Bx2

��
i,j�1{2 �

Bfpx, tq
Bt

��
i,j�1{2 This gives:

Bfpx, tq
Bt

��
i,j�1{2 �

fi,j�1 � fi,j
2pk{2q � fi,j�1 � fi,j

k
B2fpx, tq
Bx2

��
i,j�1{2 �

1
2h2

�
fi�1,j � 2fi,j � fi�1,j � fi�1,j�1 � 2fi,j�1 � fi�1,j�1

�
Thus: �fi,j�1 � k

2h2

�
fi�1,j�1 � 2fi,j�1 � fi�1,j�1

� � �fi,j � k

2h2

�
fi�1,j � 2fi,j � fi�1,j

�
, with no restriction on the value of k

2h2 (usually we make it equal to 1).
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21 Vectors
• ~a�~b � ~b� ~a : Antimetajetik  idiìthta

• p~a�~b� ~c � ~a� p~b� ~cq : Prosetairistik  idiìthta

• ~AB ⇔ ~Γ∆ Ñ ~AB, ~Γ∆ : Omìrropa dianÔsmata

• ~AB � ~Γ∆ Ñ ~AB, ~Γ∆ : AntÐrropa dianÔsmata

• ~AB � � ~BA
• ~AB � ~OB � ~OA O: shmeÐo anafor�c
~OA, ~OB : dianusmatikèc aktÐnec,   dianÔsmata jèsewc tou A kai B

•
���|~a| � |~b|��� ¤ |~a�~b| ¤ |~a| � |~b|

• ~a�~0 � ~a
• ~a� p�~aq � ~0
• λp~a�~bq � λ~a� µ~a, λ P R
• pλ� µq~a � λ~a� µ~a, λ, µ, P R
• λpµ~aq � pλµq~a, λ, µ P R
• @λ, µ P R

�
pλ~a � λ~b^ λ � 0q Ñ ~a � ~b

�
• @λ, µ P R rpλ~a � µ~a^ ~a � 0q Ñ λ � µs
• ~a,~b dÔo dianÔsmata ,~b � 0 Ñ

�
~a ‖ ~bØ Dλ P Rp~a � λ~bq

�
• Dianusmatik  aktÐna mèsou tm matoc: ~AB : ~OM �

~OA� ~OB

2
• Oi suntetagmènec px, yq tou dianÔsmatoc me �kra ta shmeÐa arq c Apx1, y1q kai tèlouc
Bpx2, y2q dÐnontai apì tic sqèseic: x � x2 � x1 & y � y2 � y1

• ~a � px, yq Ñ |~a| �
a
x2 � y2, |~a| : mètro dianÔsmatoc ~a

• H apìstash twn sumeÐwn Apx1, y1q & Bpx2, y2q eÐnai Ðsh me

pABq �
a
px2 � x1q2 � py2 � y1q2.

• Suntetagmènec kèntrou b�rouc trig¸nou A
4
B∆, me Apx1, y1q, Bpx2, y2q & Γpx3, y3q eÐnai:

x � x1 � x2 � x3

3 & y � y1 � y2 � y3

3 .

• ~a ‖ ~bØ detp~a,~bq � 0, detp~a,~bq �
�
x1 y1
x2 y2

�
,~a � px1, y1q,~b � px2, y2q

• λ � tanpφq � y

x
: suntelest c dieÔjunshc tou dianÔsmatoc ~a � px, yq, φ : gwnÐa pou

sqhmatÐzei to di�nusma ~a me ton �xona x1x.
• ~a ‖ ~bØ λ1 � λ2 : Sunj kh parallhlÐac dÔo dianusm�twn ~a,~b me suntelestèc
dieÔjunshc λ1, λ2 antÐstoiqa.
• ~a � λ~b. An ~a,~b omìrropa, tìte λ ¥ 0. An ~a,~b antÐrropa tìte λ   0.
• ~a,~b � 0 Ñ

�
~a �~b � |~a| � |~b| cospφq

�
: Eswterikì ginìmeno dianusm�twn ~a kai ~b. (Scalar

Product)
^
φ � gwnÐa pou sqhmatÐzoun ta dianÔsmata ~a,~b metaxÔ touc.
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• ~a K ~bØ ~a �~b � 0
• ~a ‖ ~bØ ~a~b � |~a||~b|
• ~a� ~bØ ~a �~b � �|~a||~b|
• ~a � ~a � ~a2 � |~a|2
• ~a � px1, y1q ^~bpx2, y2q Ñ ~a �~b � x1x2 � y1y2 : Analutik  èkfrash eswterikoÔ ginomènou

dianusm�twn ~a,~b.
• pλ~aq �~b � ~a � pλ~bq � λp~a �~bq
• ~a � p~b� ~γq � ~a �~b� ~a � ~γ Epimeristik  idiìthta

• p~a,~b ∦ y1y ^ ~a K ~bq Ø λ~a � λ~b � �1
• ~ν,~a � ~0, me koin  arq Ñ ~a � ~ν � ~aprob~a~ν prob~a~ν � ~OM1

Figure 31: Probol  dianÔsmatoc

• Embadì trig¸nou: pA
4
BΓq � 1

2

���det
�
~AB, ~AΓ

	���
• G centroid of A

triangle

B C Ñ ~GA� ~GB � ~GC � ~0

• Direction cosines: The direction of a vector in 3 dimensions is determined by the angles
which the vector makes with the three axes of reference.
Let ÝÝÑOP � a~i� b~j � c~k be a vector.
Then: a

r
� cospaq � l,

b

r
� cospbq � m,

c

r
� cospγq � n

a � =pi, rq, b � =pj, rq, γ � =pk, rq
r �

?
a2 � b2 � c2, a, b, c : 3 direction consines of vector r � ÝÝÑOP .

• Vector/Cross Product of two vectors: It acts in a direction perpendicular to both ~a and
~b

∴

��������
~aljhn

(thumb)

� ~bljhn
(index finger)

��������
� |a| � |b| sin θl jh n

(middle finger) (can represent the area of a parallelogram)
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~i�~j � ~k,~j � ~k �~i,~k �~i � ~j p~a,~b and
���~a�~b��� form a right handed setq

~a�~b �
�
� i j k
a1 a2 a3
b1 b2 b3

�
� � �~b� ~a

Cross product represents the signed area of the parallelogram formed by the points, or
vectors considered.

• Angle between two vectors. Let ~a,~b vectors with direction cosines rl,m, ns and
rl1,m1, n1s respectively. Then cos θ � cos=p~a,~bq � ll1 �mm1 � nn1
It can also be found by the scalar product of ~a,~b. • If Apx1, y1q, Bpx2, y2q, Cpx3, y3q then

the area of the formed triangle is: pA
4
BCq � 1

2

�
� 1 1 1
x1 x2 x3
y1 y2 y3

�
�

• For perpendicular vectors: ll1 �mm1 � nn1 � 0.
• For parallel vectors: ll1 �mm1 � nn1 � 1.
• ÝÑ

A � p ~B � ~C � ~A� ~B � ~A� ~C : Distributive property
• Scalar Triple product of three vectors ~Apax, ay, azq, ~Bpbx, by, bzqand~Cpcx, cy, czq :

~A � p ~B � ~Cq �
������
�
�ax ay az
bx by bz
cx cy cz

�
�
������

• ~A � p ~B � ~C � ~B � p~C � ~Aq � ~C � p ~A� ~Bq : Unchanged by cyclic change of vectors. Sign
reversed by non-cyclic change.
•

��� ~A � p ~B � ~Cq
��� � | ~A| � | ~B| � |~C| � | sinpθq � cospθq| � volume of the parallelepiped with 3

adjacent sides defined by ~A, ~B, ~C.
^
θ � =p ~B, ~Cq, ^φ � =p ~A,~nq, |~n| � 1
• ~A � p ~B � ~Cq � 0 Ñ ~A, ~B, ~C vectors are coplanar

• Vector Triple Product ~A� p ~B � ~Cq �

�
���

~i ~j ~k
ax ay az�

by bz
cy cz

� �
bz bx
cz cx

� �
bx by
cx cy

�
�
���

• ~A� p ~B � ~Cq � p ~A � ~Cq ~B � p ~A � ~Bq~C
• p ~A� ~Bq � ~C � p~C � ~Aq ~B � p~C � ~Bq ~A
• Vector Function: ~Apuq � axpuq �~i� aypuq~j � azpuq � ~k
• d ~A

du
� dax

du
~i� day

du
~j � daz

du
~k : Differentiation of vectors

• T � dA{du
|dA{du| : Unit (tangent) vector parallel to the tangent to the curve at P figure 32
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Figure 32: Unit Tangent Vector

•
» b

a

~Apuqdu �~i
» b

a

axdu�~j
» b

a

aydu� ~k
» b

a

azdu : Integration of vectors
• Most (if not all) standard calculus rules apply in vector functions.
• Transforming vector ~A into unit vector ^

a :
^
a � ax~i� ay~j � az~k��� ~A��� �

~A��� ~A��� , with the direction of the original vector ~A

• d~r �~idx�~jdy � ~kdz
• ~F � Fx~i� Fy~j � Fz~k
• ~F � d~r � Fxdx� Fydy � Fzdz
•

»
c

~F � d~r �
»
c

Fxdx�
»
c

Fydy �
»
c

Fzdz

21.1 Vector Analysis
• If every point P px, y, zq of a region R of space has associated with it, a scalar quantity
φpx, y, zq, then φpx, y, zq is a scalar function and a scalar field is said to exist in the region
R.
• Similarly, if every point P px, y, zq of a region R has associated with it a vector quantity
~F px, y, zq, then ~F px, y, zq is a vector function and a vector field is said to exist in the region
R.
• Gradient of a scalar function φpx, y, zq
grad pφq �~iBφBx �

~j
Bφ
By �

~k
Bφ
Bz �

"
~i
B
Bx �

~j
B
By �

~k
B
Bz

*
φ � ∇φ

where ∇ �
�
~i
B
Bx �

~j
B
By �

~k
B
Bz



: vector differential operator, or del, or nabla operator

and φ is continuously differentiable with respect to its variables x, y, z, throughout the
region R.
The gradient is a generalization of the usual concept of derivative to functions of several
variables. If fpx1, ..., xnq is a differentiable, real-valued function of several variables, its
gradient is the vector whose components are the n partial derivatives of f . It is thus a
vector-valued function.
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Similarly to the usual derivative, the gradient represents the slope of the tangent of the
graph of the function. More precisely, the gradient points in the direction of the greatest
rate of increase of the function, and its magnitude is the slope of the graph in that
direction, ie. the direction of grad pφq gives the direction in which the maximum rate of
change of φ occurs.
• Total differential of φpx, y, zq :

grad pφq �d~r �
�Bφ
Bx
~i� BφBy

~j � BφBz
~k



�
�
dx �~i� dy �~j � dz � ~k

	
� BφBxdx�

Bφ
By dy�

Bφ
Bz dz � dφ

Gradient Properties
• ∇pA�Bq � ∇A�∇B : Grad of Sums
• ∇pA �Bq � Ap∇Bq �Bp∇Aq : Grad of Products

• Directional Derivative dφ
ds
� â grad pφq � â∇φ

where â is a unit vector in a stated direction. It gives the rate of change of φ with distance
measured in the direction of â.
• Unit normal vector N to surface: φpx, y, zq � constant, ~N � ∇φ

|∇φ| (at a point P px, y, zq
)

• Divergence (div) of a vector function ~A :
div p ~Aq � ∇ � ~A � BaxBx �

Bay
By �

Baz
Bz (notice the dot � in ∇)

Divergence is a vector operator that produces a signed scalar field giving the quantity of a
vector field’s source at each point. More technically, the divergence represents the volume
density of the outward flux of a vector field from an infinitesimal volume around a given
point.
As an example, consider air as it is heated or cooled. The velocity of the air at each point
defines a vector field. While air is heated in a region, it expands in all directions, and thus
the velocity field points outward from that region. The divergence of the velocity field in
that region would thus have a positive value. While the air is cooled and thus contracting,
the divergence of the velocity has a negative value.
• If ∇ � ~A � 0 for all points, then A is called a solenoidal vector.

• Curl of a vector function ~A:

curl pAq � ∇� ~A �
�
~i
B
Bx �

~j
B
By �

~k
B
Bz



�
�
ax~i� ay~j � az~k

	
�

�
���
~i ~j ~z
B
Bx

B
By

B
Bz

ax ay az

�
���

The curl is a vector operator that describes the infinitesimal rotation of a 3-dimensional
vector field. At every point in the field, the curl of that point is represented by a vector.
The attributes of this vector (length and direction) characterize the rotation at that point.
The direction of the curl is the axis of rotation, as determined by the right-hand rule, and
the magnitude of the curl is the magnitude of rotation.
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• If ∇� ~A � 0 then the vector field ~A is said to be irrotational.

• Multiple Vector Operations

• curl grad φ � ∇� p∇φq � 0

• div curl ~A � ∇ � p∇� ~Aq � 0

• div grad φ � ∇ � p∇φq � B
2φ

Bx2 �
B2φ

By2 �
B2φ

Bz2 � B2φ � ∆ : Laplacian of φ

• ∇� p∇� ~Aq � ∇p∇ � ~Aq �∇2 ~A

• Surface Integrals
We note that a surface is defined by φpx, y, z, q � constant
a) Scalar field V px, y, zq :»
s

V d~s �
»
s

V n̂ds , where n̂ � ∇φ
|∇φ|

b) Vector field ~F � Fx~i� Fy~j � Fz~k»
s

~F � d~s �
»
s

~F � n̂ds ,

where n̂ � ∇φ
|∇φ| unit normal vector

• A vector field ~F is conservative if

1.
¾
c

~F � d~r � 0 , for all closed curves

2. curl ~F � 0

3. ~F � grad V

The line integral of a conservative vector field is independent of the path of integration
between the two end points.

• Harmonic function: is a twice continuously differentiable function fpx, y, z, ...q that
satisfies Laplace’s equation.
• A smooth function is a function that has derivatives of all orders everywhere in its
domain. The smoothness of a function is a property measured by the number of derivatives
it has, which are continuous.

• Divergence (Gauss’s) Theorem
For a closed surface S enclosing a region V in a vector field ~F :

»
v

div ~FdV �
»
S

~F � d~S
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for a closed surface the normal vectors at all points are drawn in an outward direction.

• Stoke’s Theorem
Let an open surface S bounded by a simple closed curve c. Then

»
S

curl ~F � d~S �
¾
c

~F � d~r

• The unit normal n̂ is drawn in a right - handed screw sense (common right hand rule).
(convention)
• Sign convention for the surfaces is represented by the image below (figure 33)

Figure 33: Sign convention for surfaces
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22 Determinants
• Considering the equations:$'&
'%
a1x� b1y � c1z � d1 � 0
a2x� b2y � c2z � d2 � 0
a3x� b3y � c3z � d3 � 0

,we can write them in determinant form:

x�
�b1 c1 d1
b2 c2 d2
b3 c3 d3

�
�
� �y�

�a1 c1 d1
a2 c2 d2
a3 c3 d3

�
�
� z�

�a1 b1 d1
a2 b2 d2
a3 b3 d3

�
�
� �1�

�a1 b1 c1
a2 b2 c2
a3 b3 c3

�
�

and thus find any unknown. We can extend this method for any number of equations and
unknowns, noting the alternating ”+”, ”-” signs. The above can also be written as:
x

∆1
� � y

∆2
� z

∆3
� � 1

∆0
,

where:
∆1 : the determinant of coefficients omitting the x-terms
∆2 : the determinant of coefficients omitting the y-terms
∆3 : the determinant of coefficients omitting the z-terms
∆0 : the determinant of coefficients omitting the constant terms

• ∆ � 0 Ø System of equations is consistent.
for example:

a1∆x� b1∆y� c1∆0 � 0 Ñ a1

�
b2 c2
b3 c3

�
� b1

�
a2 c2
a3 c3

�
� c1

�
a2 b2
a3 b3

�
� 0 Ñ ∆ �

�
�a1 a2 a3
b1 b2 b3
c1 c2 c3

�
�

• Properties of Determinants
They can be applied to determinants of any order.

1. The value of a determinant remains unchanged if rows are changed to columns and
columns to rows�
a1 a2
b1 b2

�
�
�
a1 b1
a2 b2

�

2. If two rows (or two columns) are interchanged, the sign of the determinant is changed.�
a2 b2
a1 b1

�
� �

�
a1 b1
a2 b2

�

3. If two rows (or two columns) are identical, the value of the determinant is zero.�
a1 a1
a2 a2

�
� 0

4. If the determinants of any one row (or column) are all multiplied by a common
factor, the determinant is multiplied by that factor
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�
ka1 kb1
a2 b2

�
� k

�
a1 b1
a2 b2

�

5. If the elements of any row (or column) are increased (or decreased) by equal
multiples of the corresponding elements of any other row (or column), the value of
the determinant is unchanged.�
a1 � kb1 b1
a2 � kb2 b2

�
�
�
a1 b1
a2 b2

�
and

�
a1 b1

a1 � ka1 b2 � kb1

�
�
�
a1 b1
a2 b2

�
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23 Matrices
• A matrix is a set of elements arranged in rows and columns to form a rectangular
array. A matrix is simply an array of numbers. There is no arithmetical connection
between the elements.
• To add or subtract two matrices, they must be of the same order i� j.
• kpaijq � pkaijq, k : scalar, aij = matrix i� j
• Two matrices can be multiplied together only when the number of columns of the first
matrix is equal to the number of rows of the second matrix.
• AT : Transpose of amtrix A : The rows and columns are interchanged.
• Square matrix is a matrix of order m�m.
• A square matrix is symmetrix iff aij � aji.
• A square matrix is skew-symmetric iff aij � �aji antisummetrikìc.
• Diagonal matrix is a square matrix with all elements zero except those on the leading
diagonal.
• Unit matrix is a diagonal matrix with all its elements equal to unity on the leading
diagonal. It is denoted with I. The unit matrix behaves much like the unit factor in
ordinary algebra and arithmetic.
• If A � paijq is a square matrix, we can form a determinant of its elements. Each
element aij of a square matrix A has a corresponding cofactor Aij that is p�1qi�j times the
determinant of the matrix formed by deleting the i-th row and j-th column from A.

e.g. |A| � detpAq �
�
�2 3 5

4 1 6
1 4 0

�
� � 45, when A �

�
�2 3 5

4 1 6
1 4 0

�
�

The minor of 2 is
�

1 6
4 0

�
� �24. Place sign is +. Therefore the cofactor of the element 2 is

�1 � p�24q � �24.
• To form the inverse of a square matrix A:

1. Evaluate the determinant of A, i.e. A � detpAq
2. Form the matrix C of the cofactors of |A|.
3. Write the transpose of C, i.e. CT , to obtain the adjoint matrix of A.

4. Divide each element of CT by detpAq. The resulting matrix is the inverse A�1 of the
original matrix A.

• A �A�1 � A�1 �A � 1
• Validation: A� adj pAq � |A| � I must be true.
• Solution of a set of n linear equations with n unknowns.
A � x � b Ñ A�1 �A � x � A�1 � b Ñ x � A�1 � b
b : the matrix of the constant terms.
• Gaussian elimination method for solving systems of equations
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Suppose we have the following equations:

x1 � 2x2 � 3x3 � 3

2x1 � x2 � x3 � 11
3x1 � 2x2 � x3 � �5

Our goal is to modify the matrix of coefficients

�
�1 2 �3

2 �1 �1
3 2 1

�
� in order to look like an

upper triangular matrix.

1. Step 1: We form the augmented matrix:

�
�1 2 �3 | 3

2 �1 �1 | 11
3 2 1 | �5

�
�

2. Step 2: We use any elementary matrix operations at our disposal, in order to form an
upper triangular matrix.

3. Step 3:Starting from the bottom equation we find one unknown, as it is immediately
given to us, xn. We proceed to the exact upper row to find the other unknown xn�1
etc.

Notes
- These operations are permissible since we are dealing with the coefficients of both sides of
the equations.

• Eigenvalues
In equations of the form Ax � λx,

�
A � paijq : square matrix, x : column matrix

�
we do:�

A� λI
�
x � 0 : For this set of homogeneous linear equations (i.e. right hand constants are

all zero) to have a non-trivial solution, |A� λI| must be 0. |A� λI| is the characteristic
determinant of A and |A� λI| � 0 is the characteristic equation. On expanding the
determinant, this gives a polynomial of degree n and the solution of the characteristic
equation gives the values of λ, i.e. the eigenvalues of A.

• Eigenvectors: Substitution of each eigenvalue λ to |A� λI|x � 0 gives rise to a

corresponding eigenvector, in the form of

�
����
x1
x2
...
xn

�
���� β

�
����
a1
a2
...
an

�
���, β : constant. In matrices the

term ”vector” indicates a row matrix, or a column matrix. We usually pick B � 1 to obtain
the most simple eigenvector. • A square matrix is called singular if and only if its
determinant is zero. Such a matrix is not invertible. Otherwise, the matrix is non-singular
• The rank of an n�m matrix A is the order of the largest square, non-singular
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sub-matrix. That is, the largest square sub-matrix whose determinant is non-zero. If
n � m, so making A itself square, then this sub-matrix could be the matrix A itself.
• A set of n simultaneous equations in n unknowns is consistent if the rank of the
coefficient matrix A is equal to the rank of the augmented matrix Ab . In particular if the
rank of both A and Ab is equal to n then a unique solution exists. Else, if the rank of A
and of Ab is equal to m, where m   n, then there will be an infinite number of solutions
for the equations. If their rank rankpAq   rankpAbq then no solution exists.
• A matrix A is invertible, iff |A| � 0.
• Two matrices, A and B, are said to be equivalent if B can be obtained from A by a
sequence of elementary transformations.
• A combines coefficient matrix contains the coefficients of the corresponding unknowns
from both sides of an equation.
• Elementary matrix operations:

1. Intercharging two rows,

2. Multiplying each element of a row by the same non-zero scalar quantity.

3. Adding, or subtracting corresponding elements from those of another row.

Eigenvectors make understanding linear transformations easy. They are the ”axes”
(directions) along which a linear transformation acts simply by ”stretching/compressing”
and/or ”flipping”; eigenvalues give you the factors by which this compression occurs.

Matrix Transformations
• U � T �X, where T is a transformation matrix, which transforms a vector in the x� y
plane to a corresponding vector in the u� v plane. Similarly, X � T�1U performs the
inverse transformation.

Figure 34: Rotation of axes

133



• Rotation of axes�
u
v



�
�

cos θ sin θ
� sin θ cos θ



�
�
x
y



�
x
y



�
�

cos θ � sin θ
sin θ cos θ



�
�
u
v




• Cayley-Hamilton theorem: Every square matrix satisfies its own characteristic
equation.
• Modal Matrix: If the n eigenvectors xi of a square matrix A are arranged as columns,
the modal matrix of A, denoted by M, is formed. i.e. M � �

x1,x2, . . . ,xn
�
.

• Spectral Matrix: A diagonal matrix with the eigenvalues only on the main diagonal,
denoted by S. This process is called diagonalisation.
• The relationship between M and S is: M�1 �A �M � S.
• Considering two non-equal matrices A,B. If A �B � B �A we say that the two
matrices commute.

• A square matrix that is not invertible is called singular, or degenerate. A square
matrix is singular if and only if its determinant is 0. Singular matrices are rare in the sense
that a square matrix randomly selected from a continuous uniform distribution on its
entries will almost never be singular.
• An orthogonal matrix is a square matrix with real entries whose columns and rows are
orthogonal unit vectors (i.e., orthonormal vectors), i.e.: QTQ � QQT � I, where I is the
identity matrix. This means that a matrix is orthogonal if its transpose is equal to its
inverse.
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24 Coordinate Systems

24.1 2-D Coordinate Systems
1. Cartesian Coordinate System: The standard orthogonal 2-dimentional coordinate
system, with px, yq coordinates.

2. Polar Coordinate System: A 2-dimentional coordinate system pr, θq figure 35
where r � radius, θ � azimuth
x � r cos θ y � r sin θ r �

a
x2 � y2 tan θ � y

x

Figure 35: Representation of the Polar (planar) Coordinate System

24.2 3-D Coordinate Systems
1. Cartesian Coordinates px, y, zq (figure 36)
First octant: x ¥ 0 , y ¥ 0 , z ¥ 0
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Figure 36: 3-Dimensional Coordinate System

2. Cylindrical Coordinates pr, θ, zq , r ¥ 0 (figure 37)
x � r cos θ y � r sin θ z � z

r �
a
x2 � y2 θ � tan�1py

x
q z � z

Cylindrical coordinates are useful when an axis of symmetry occurs.

Figure 37: Cylidrical Coordinate System

3. Spherical Coordinates pr, θ, φq , r ¥ 0 (figure 38)
x � r sin θ cosφ y � r sin θ sinφ z � r cos θ
r �

a
x2 � y2 � z2 θ � cos�1

�z
r

	
φ � tan�1

�y
x

	
Spherical coordinates are useful where a centre of symmetry occurs.
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Figure 38: Spherical Coordinate System

24.3 Moment of Area
Element of Area in Polar Coordinates: δa � rδrδθ (figure 39)

Figure 39: Element of Area in Polar Coordinates

24.4 Element of Volume
1. Cartesian coordinates: δv � δxδyδz
(figure 40)
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Figure 40: Element of Volume in Cartesian Coordinates

2. Cylindrical coordinates: δv � rδθδrδz � rδrδθδz
(figure 41)

Figure 41: Element of Volume in Cylidrical Coordinates

3. Spherical coordinates: δv � δvrδθ r sinφδφ � r2 sin θδrδθδφ (figure 42)

Figure 42: Element of Volume in Spherical Coordinates
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[δa � hedra]

24.5 Element of Area in Space
1. Cartesian coordinates: δa � δxδy
2. Cylindrical coordinates: δa � rδθδz
3. Spherical coordinates: δa � r2 sin θδθδφ

24.6 Curvilinear Coordinates
• Curvilinear coordinates is a coordinate system for Euclidean space in which the
coordinate lines may be curves, as well as the coordinate surfaces. These coordinates may
be derived from a set of Cartesian coordinates by using a transformation that is locally
invertible (a one-to-one map) at each point. As such, in the general case (3D):
u � fpx, y, zq , v � gpx, y, z, q , w � hpx, y, zq
• If the coordinate curves for u and v forming the network cross at right angles, the
system of coordinates is said to be orthogonal. That is, if BuBx �

Bv
Bx �

Bu
By �

Bv
By � 0 then u and

v are orthogonal.

• Orthogonal Coordinate system in space (Curvilinear)
a) Cartesian Rectangular Coordinates px, y, zq
~F � Fx~i� Fy~j � Fz~k , Scale factors: hx � hy � hz � 1
b) Cylindrical Polar Coordinates pr, θ, zq
~r � r cos θ~i� r sin θ~j � z~k

Base unit vectors
~I � B~rBr

L ����B~rBr
����

~J � B~r
Bθ

L ����B~rBθ
����

~K � B~r
Bz

L ����B~rBz
����

Scale factors
hr �

����B~rBr
���� � 1

hθ �
����B~rBθ

���� � r

hz �
����B~rBz

���� � 1
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~F � Fr~I � Fθ ~J � Fz ~K
c) Spherical Polar Coordinates pr, θ, φq
~r � r sin θ cosφ~i� r sin θ sinφ~j � r cos θ~k

Base unit vectors
~I � B~rBr

L ����B~rBr
����

~J � B~r
Bθ

L ����B~rBθ
����

~K � B~r
Bφ

L ���� B~rBφ
����

Scale factors
hr �

����B~rBr
���� � 1

hθ �
����B~rBθ

���� � r

hφ �
���� B~rBφ

���� � r sin θ

~F � Fr~I � Fθ ~J � Fφ ~K
• General Orthogonal Curvilinear coordinates pu, v, wq
x � fpu, v, wq , y � gpu, v, wq , z � hpu, v, wq
~r � x~i� y~j � z~k
B~r
Bu � hu~I , where hu �

���� B~rBu
��������B~rBv

���� � hv ~J , where hv �
����B~rBv

�������� B~rBw
���� � hw ~K , where hw �

���� B~rBw
����

• Element of arc: ds � �
h2
udu

2 � h2
vdv

2 � h2
wdw

2� 1
2

• Element of volume: dV � huhvhwdudvdw � Bpx, y, zq
Bpu, v, wqdudvdw
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25 Transforms

25.1 Laplace Transforms

• Ltfptqu �
» 8

t�0
e�stfptqdt � F psq : Definition (single sided)

where e�stfptq must converge as tÑ 8 , s � σ � jωcomplex frequency , σ ¡ 0
and fptq is a continuous, or piecewise continuous, function.
• fptq � L�1tF psqu : Inverse Laplace transform
• s � σ � jω : Complex frequency. σ : represents the transient component, ω :
represents the steady state component
Properties
• Both the LaPlace transform and its inverse are linear transforms. This means that:

1. Ltfptq � gptqu � Ltfptqu � Ltgptqu
L�1tF psq �Gpsqu � L�1tF psqu � L�1Gpsqu

2. Ltkfptqu � kLtfptqu
L�1tkF psqu � kL�1tF psqu

3. Laplacian of a derivative: Ltf 1ptqu � sF psq � fp0q
4. Laplacian of higher derivatives:

Ltf pνqptqu � sνF psq � sν�1fp0q � sν�2f 1p0q � sν�3f2p0q � . . .� f pν�1qp0q
5. pνqpsq � p�1qnLttnfptqu
6. F ps� kq � Ltektfptqu
7. Lte�atfptqu � F ps� aq (1st Shift Theorem)

8. Lttnfptqu � p�1qn d
n

dsn
pF psqq (Multiplication by tn)

9. Ltfptq
t
u �

» 8

σ�s
F pσqdσ, provided that D lim

tÑ0

�
fptq
t




10. Ltupt� cq � fpt� cqu � e�csF psq , c P R : 2nd Shift Theorem, where F psq � Ltfptqu
11. Ltfptq � gptqu � F psq �Gpsq � Ltfptqu � Ltgptqu : Convolution theorem

12. L
 �
fptq( � 1

1� e�sTF psq

where F psq �
» TporT{2q

0 por�T{2q
e�stfptqdt

�
fptq is a periodic function, with period T.
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13. Ltfptq � δpt� cqu � fpcqe�cs

14. To find inverse transforms involving periodic functions, expand the p1� e�csq term in
the denominator as the binomial series: p1� xq�1 � 1� x� x2 � x3 � . . .

15.
» t

0
fpτqdτ Ø F psq

s

16. fptq � gptq Ø F psq �Gpsq

17. fp t
a
quptq Ø aF pasq , @a P R�

18. fp t
a
� bquptq Ø ae�sabF pasq , @a P R�

19. fp0�q � lim
sÑ8 rsF psqs : Initial Value Theorem, where fptq is a one-sided function

20. lim
tÑ8 rfptqs � lim

sÑ0
rsF psqs : Final Value theorem,

provided that the lim
tÑ8 rfptqs exists, i.e. fptq has a final value.

• Using the LaPlace transform we can solve equations of the form:
anf

pnqptq � an�1f
pn�1qptq � . . . a2f

2ptq � a1f
1ptq � a0fptq � gptq, where an, an�1, . . . , a2, a1, a0

are known constants, gptq is a known expression of t and the values of fptq and its
derivatives are known at t � 0.
This type of equation is called a linear, constant-coefficient, inhomogeneous differential
equation and the values of fptq and its derivatives are called boundary conditions. The
method to find the solution is:
a) Take the LaPlace Transform of both sides.
b) Find the expression F psq � Ltfptqu in the form of an algebraic fraction.
c) Separate F psq into its partial fractions.
d) Find L�1tF psqu to find the solution fptq.

Table of LaPlace Transforms
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�
���������������������������������������������

fptq Ltfptqu � F psq
a

a

s
, s ¡ 0

e�atuptq 1
s� a , s ¡ �a

tnuptq n!
sn�1 , n P N�

sinpatq � uptq a

s2 � a2 , s ¡ 0

cospatq � uptq s

s2 � a2 , s ¡ 0

sinhpatq � uptq a

s2 � a2 , s ¡ |a|
coshpatq � uptq s

s2 � a2 , s ¡ |a|

upt� cq e�cs

s
δpt� cq e�cs

ln
�
t

T



uptq �T

s

��ln pTsq � γ��
fptq sinpctquptq 1

2j rF ps� jcq � F ps� jcqs

fptq cospctquptq 1
2 rF ps� jcq � F ps� jcqs

act � uptq 1
s� cln paq , s ¡ c

lnpaq
rpt� T q � pt� T qupt� T q 1

s2 � e�Ts

�
���������������������������������������������

25.1.1 Convolution

• cptq � fptq � gptq �
» 8

�8
fpxqgpt� xqdx (flip and slide)

Properties

1. fptq �hptq � hptq � fptq
2. rfptq �hptqs � cptq � fptq � rhptq � cptqs
3. fptq � rhptq � cptqs � fptq �hptq � fptq � cptq
4. fptq � δptq � fptq
5. fptq � δpt� t0qq � fpt� t0q

• The convolution of two functions xptq, hptq is obtained by:
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1. Changing variable t to the dummy variable T .

2. Reversing one of them, say hpT q to form hp�T [if it isn’t already in the form hp�T q].
3. Shifting hp�T q by t units to the left, hpt� T q.
4. Taking the product of xptq and hpt� T q and integrating with respect to T .
tñ T ñ tñ T

25.2 Z Transform

• Z tf rnsu � F pzq �
8̧

n��8
f rnsz�n , n P Z : Definition (bilateral)

f rns p� fpnqq is a discrete function.

Properties

1. Ztaf rns � bgrnsu � aZtf rnsu � bZtgrnsu : Linearity

2. F pzq � Ztf rnsu Ñ Ztf rn�msu � zmF pzq � �
zmf r0s � zm�1f r1s � . . .� zf rm� 1s� :

Shifting Left

3. F pzq � Ztf rnsu Ñ Ztf rn�msu � z�mF pzq : Shifting Right

4. F pzq � Ztf rnsu Ñ Ztanf rnsu � F
�z
a

	
: Translation

5. lim
nÑ8 f rns � lim

zÑ1

 �z � 1
z



F pzq( : Final Value Theorem, provided that lim

nÑ8 f rns
exists.

6. fp0q � lim
zÑ8 tF pzqu : Initial Value Theorem

7. F pzq � Z tf rnsu Ñ Z tnf rnsu � �zF 1pzq : Derivative of the transform

Table of Z Transforms
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�
��������������������������������������������

f rns F pzq R.O.C.
δrns 1
urns z

z � 1 , |z| ¡ 1

nurns z

pz � 1q2 , |z| ¡ 1

n2urns zpz � 1q
pz � 1q3 , |z| ¡ 1

n3urns zpz2 � 4z � 1q
pz � 1q4 , |z| ¡ 1

anurns z

z � a , |z| ¡ |a|
nanurns az

pz � aq2 , |z| ¡ |a|
δrn� cs z�cn

e�an � urns z

z � e�a , |z| ¡ e�a

sinrans � urns sinpaq � z
z2 � 2 cospaq � z � 1 , |z| ¡ 1

bn sinrans � urns b sinpaq � z
z2 � 2b cospaq � z � b2 , |z| ¡ b

cosrans � urns zpz � cospaqq
z2 � 2 cospaq � z � 1 , |z| ¡ 1

bn � cosrans � urns zpz � b cospaqq
z2 � 2b cospaq � z � b2 , |z| ¡ b

Curns , C P C Cz

z � 1 , |z| ¡ 1

�
��������������������������������������������

25.2.1 Sampling

If a continuous function fptq is sampled at equal intervals, the resulting sequence has a Z
transform that is related to the Laplace transform of the piecewise function created f�ptq
from the sequence of sampled values.

L tf�ptqu �
8̧

k�0
fpkT qz�k � Z tfpkT qu

where tfpkT qu � tfp0q, fpT q, fp2T q, fp3T q, . . .u
f�ptq �

#
fpkT q , if t � k , and z � esT

0 , otherwise

25.3 Fourier Transform
• Definition: If
paqfptq and f 1ptq are piecewise continuous in every finite interval, and pbqfptq is absolutely
integrable in p�8,8q, that is

» 8

�8
|fptq|dt is finite, then
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pÑqF pωq �
» 8

�8
fptqe�jωtdt � F tfptqu (or fptq’s spectrum) &

pÐq fptq �
» 8

�8
F pωqejωtdω � F�1tF pωqu

• The Fourier transform F pωq is a complex function, so F pωq � |F pωq| ejφpωq, where
|F pωq| is the continuous amplitude spectrum and φpωq is the continuous phase spectrum.
• The Fourier transform describes a waveform fptq into the frequency domain, just like
the complex cn coefficients of f.s. for periodic signals.

Properties

1. Fourier cosine transformation: fptq even function Ø F pωq �
» 8

�8
fptq cospωtqdt P Re

2. Fourier sine transformation: fptq odd function
Ø F pωq � j

» 8

�8
fptq sinpωtqdt P Im � 2j

» 8

0
fptq sinpωtqdt P Im

3. Linearity: Fta1f1ptq � a2f2ptqu � a1F1pωq � a2F2pωq
4. Time shifting: {ptq � F pωq Ñ Ftfpt� t0qu � ejωt0F pωq

5. Frequency shifting: Ftfptqu � F pωq Ñ Ftfpktqu � 1
|k|F

�ω
k

	
6. Symmetry: Ftfptqu � F pωq Ñ FtF pωqu � fp�ωq

7. Differentiation: Ftfptqu � F pωq Ñ F
"
dn

dtn
fptq

*
� pnωqnF pωq

8. Convolution property:�
Ftfptqu � F pωq ^ Ftgptqu � Gpωq�Ñ �

Ftfptq � gptqu � F pωq �Gpωq�
9. Integration: F

� » t

�8
χpτqdτ� � Xpω

jω
� 1

2Xp0qδpωq

10. The Fourier transform of a real signal is a Hermitian function.

11. Rayleigh Energy Theorem: E �
» 8

�8
|xptq|2dt �

» 8

�8
|Xpωq|2dω

Fourier Transform Table
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fptq F pωq pω � 2πfq
δptq 1

1 δpωq
δpt� t0q e�jωt0

ejω0t δpω � ω0q
cospω0tq 1

2δpω � ω0q � 1
2δpω � ω0q

sinpω0tq �1
2j δpω � ω0q � 1

2j δpω � ω0q
Πptq sinc pωq

Asinc p2ω0tq p A2ω0
� Πp ω2ω01

t
�jπ � sgn pωq

sinc 2ptq Λpωq
uptq 1

2δpωq �
1
jω

e�atuptq , a ¡ 0 1
jω � a

te�atuptq , a ¡ 0 1
pjω � aq2

e�a|t|
2a

ω2 � a
e�πt

2
e�πω

2

Παptq �
$&
%1{α ,

�a
2   t   a

2
0 , otherwise

sinc
�ωa

2

	

Λptq �

$'&
'%
t� 1 , �1 ¤ t   0
1� t , 0 ¤ t   1
0 , otherwise

sinc 2pωq

RXpt1, t2q SXpωq
RXY pt1, t2q SXY pωq

e�αt cospω0tquptq , a ¡ 0 a� jω
ω2

0 � pa� jω2q2
e�αt sinpω0tquptq , a ¡ 0 ω0

ω2
0 � pα � jωq2

cospω0tquptq jω

ω2
0 � ω2 �

π

2
�
δpω � ω0 � δpω � ω0q

�
sinpω0tquptq ω0

ω2
0 � ω2 � j

π

2
�
δpω � ω0q � δpω � ω0q

�

�
�����������������������������������������������������������������������
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26 Special Functions

Heaviside unit step function: fptq � upt� cq
#

0 t   c

1 t ¡ c

Properties
• uptq � up�tq � 1

Ramp function: rpt� cq �
#
t t ¡ c

0 t   c

Properties

• rptq �
» t

�8
upτqdτ

• rpt� cq � tupt� cq
• rpt� cq � pt� cqupt� cq
• d

dt
rptq � uptq

• d

dt
prpt� cqq � pt� cqupt� cq

Signum Function: sgn ptq �

$'&
'%

1 t ¡ 0
�1 t   0
0 t � 0

Properties
• @x P Rpx � sgn pxq � |x|q
• sgn pxq � x

|x| �
|x|
x

• d|x|
dx

� sgn pxq
• sgn ptq � 1 � 2uptq
• sgn ptq � uptq � up�tq

Unit Impulse / Dirac Delta: δptq» 8

�8
fptqδpt� aqdt � fpaq , where fptq is a continuous function @t � a , a P R

• In function terms: δptq �
#

0 t � 0
undefined t � 0

Properties
•

» 8

�8
δpt� aqdt � 1

•
» q

p

δpt� aq � 1 , p   a   q
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• uptq �
» t

�8
δpτqdτ

• d

dt
uptq � δptq

• δ1ptq � d

dt
δptq : Unit doublet

• δptq � δp�tq , δpt� τq � δpτ � tq (Even)
• fptqδpt� cq � fpcqδpt� cq , fptq : continuous function at t � c : Sampling property
• fptq �

» 8

�8
fpτqδpt� τqdτ : Construction of fptq by the sum of all its samples T, or,

for discrete functions: xrns �
¸

k � �88xrksδrn� ks
• δp�tq � δptq

Sinc function: sinc pxq � sinpπxq
πx

, sinc p0q � 1
Properties
• sinc pxq � sinc p�xq : Even function
• sinc pnq � 0 , n P Z�

•
» 8

�8
sinc pxqdx � 1

∴
» 0

�8
sinc pxqdx �

» 8

0
sinc pxqdx � 1

2

Sine Integral: Siptq �
» t

0

sinpxq
x

dx

Properties
• Sip0q � 0

• lim
tÑ8Siptq � Sip8q � π

2 �
» 8

0

sinpxq
x

dx

•
» t

0
sinc pxqdx � Sipπtq

π

• d

dx

�Sipπxq
π

� � sinc pxq

Periodic Functions
�
fptq � fptq � fpt� T q � fpt� 2T q � fpt� 3T q � . . .� fpt� nT q , n P Z , T P N , with
fptq � fpt� T q � fpt� 2T q � . . . � fpt� nT q

Orthogonal Functions: If two different functions fpxq and gpxq are defined on the interval

a ¤ x ¤ b and
» b

a

fpxq � gpxqdx � 0 , then the two functions are orthogonal to each other on
the aforementioned interval.
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Kronecker delta function: δpi, jq � δij �
#

1 i � j

0 i � j

Boxcar function: Πwpt� cq � boxcar t� c
w

�

$'&
'%

1 c� w   t   c� w
1{2 pt � c� wq _ pt � c� wq
0 pt   c� wq _ pt ¡ c� wq

Rectangular / Top-hat function: Boxcar function centered at origin (c � 0):

rect p t
w
q � Πp t

w
q �

$'&
'%

1 |t|   w{2
1{2 |t| � w{2
0 otherwise

� wΠptq � Πwptq

Properties
• Unit area
•

» 8

�8
lim
wÑ0

tΠwptqu dt �
» 8

�8
δptqdt � 1

• Triangle function: Λwptq � tri ptq � Λptq �

$'''&
'''%

w � t
w2 �w   t   0
w � t
w2 0   t   w

0 |t|   w
Properties

Figure 43: Triangle Function

Bessel’s equation & Bessel functions
• Equation: x2y2 � xy1 � px2 � v2q � 0 , v is a real constant.
If we express its two solutions in terms of gamma functions, we obtain the Bessel function
of the 1st kind of order v - provided v is not a negative integer:

Jvpxq �
�x

2

	2
"

1
Γpv � 1q �

x2

22 � 1!Γpv � 2q �
x4

24 � 2! � Γpv � 3q � . . .
*

• Also,

J�vpxq �
�x

2

	�v " 1
Γp1� vq �

x2

2 � 1! � Γp2� vq �
x4

22 � 2! � Γp3� vq � . . .
*

provided that v is not a positive integer.
Therefore, complete solution is: y � A � Jvpxq �B � J�vpxq
When v � n P Z , then:
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Jnpxq �
�x

2

	n" 1
n! �

1
pn� 1q! �

�x
2

	2
� 1

2! � pn� 2q!
�x

2

	4
� 1

3! � pn� 3q!
�x

2

	6
� . . .

*

Legendre’s Equation: p1� x2qy2 � 2xy1 � kpk � 1qy � 0,
where k P R a constant. Solution by Frobenius gives:
c � 0 : y � a0

 
1� kpk � 1q

2! x2 � kpk � 2qpk � 1qpk � 3q
4! x4 � . . . (

c � 1 : y � a1
 
x� pk � 1qpk � 2q

3! x3 � pk � 1qpk � 3qpk � 2qpk � 4q
5! x5 � . . . (

When k P Z , one series terminates. The resulting polynomial Pnpxq, is a Legendre
polynomial, with a0 or a1 being chosen so that the polynomial has unit value @x� 1, ie.
Pnp1q � 1.
• Legendre polynomials can be derived by Rodrigues formula:
Pnpxq � 1

2nn! �
dn

dxn
px2 � 1qn ,

or by the generating function: 1?
1� 2xt� t2 �

8̧

n�0
Pnpxqtn , |t|   1.

• Legendre polynomials are mutually orthogonal ie. if m � n, then» 1

�1
Pmpxq � Pnpxqdx � 0. The orthogonality of the Legendre polynomials permits any

polynomial to be writeen as a finite series of Legendre polynomials.

Gamma Function
The Gamma function is an extension of the factorial function, with its argument shifted
down by 1, to the realm of real and complex numbers. That is:
n P N� Ñ Γpnq � pn� 1q!
• Definition: Γpxq �

» 8

0
tx�1e�tdt , converges for x ¡ 0

Γpx� 1q � xΓpxq Ø Γpxq � Γpx� 1q
x

: Recurrence relation
Properties
• If x � n P N� Ñ Γpn� 1q � n!Γp1q � n!
• Γp1q � 1
• Γp0q � 8
• Γp�nq � �8 , (�8 if n odd) _ (8 if n even)

• Γp12q �
?
π , Γp32q �

?
π

2 , Γp52q �
3
4
?
π , Γp72q �

15
8
?
π

Γp�1
2q � �2

?
π , Γp�3

2q �
4
?
π

3
• Duplication formula: Γ

�
n� 1

2



� Γp2nq?π

22n�1Γpnq
• For large n : Γpn� 1q �

?
2πnnne�n

Digamma Function
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• Definition: Two different definitions are given. The first:
Ψpzq 4� d

dz
ln pΓpzqq � Γ1pzq

Γpzq defined as the logarithmic derivative of Γpzq and

F pzq � d

dz
ln pz!q defined as the logarithmic derivative of the factorial function.

• The two are connected by the relationship:
F pzq � Ψpz � 1q
• The nth derivative of Ψpzq is called the polygamma function , denoted ψnpzq. Thus the
notation ψ0pzq � Ψpzq is frequently used for the digamma function itself.

Beta Function

• Definition: Bpm,nq �
» 1

0
xm�1p1� xqn�1dx , converges form ¡ 0^ n ¡ 0

• Alternative Definition: Bpm,nq � 2
» π{2

0
sin2m�1pθq � cos2n�1pθq

Properties
• Bpm,nq � Bpn,mq
• Bpm,nq � pm� 1qpn� 1q

pm� n� 1qpm� n� 2qBpm� 1, n� 1q

• Bpk, 1q � Bp1, kq � 1
k

• Bp1, 1q � 1
• Bp12 ,

1
2q � π

• Bpm,nq � pm� 1q!pn� 1q!
pm� n� 1q! ,m, n P N�

• Relationship between Beta and Gamma Functions:
Bpm,nq � Γpmq � Γpnq

Γpm� nq , @m,n

Error Function:
• Definition: erf pxq � 2?

π

» x

0
e�t

2
dt

Properties

• erf pxq � 2?
π

8̧

n�0

p�1qnx2n�1

n!p2n� 1q
• Complementary error function: erfc pxq � 2?

π

» 8

x

e�t
2
dt � 1� erf pxq

• erf p�xq � �erf pxq : Odd function
• erf p8q � 1 , erfc p8q � 0
• erf p0q � 0 , erfc p0q � 1
• Area beneath the Gaussian P.D.: Φpxq � 1?

2π

» x

�8
e�

t2
2 dt � 1

Elliptic Functions
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a) Standard Forms: (valid for 0 ¤ φ ¤ π

2 0   k   1

• Of the 1st kind: F pk, φq �
» φ

0

dθ?
1� k2 sin2 θ

• Of the 2nd kind: Epk, φq �
» φ

0

a
1� k2 sin2 θdθ

• In general, if an integrand is a rational expression of x and of
a
P pxq where P pxq is a

polynomial in x of degree 3 or 4, then the integral is said to be elliptic.
• In each case if φ � π

2 then the integral is said to be complete and it is denoted by

F
�
k,
π

2

	
� Kpkq and E

�
k,
π

2

	
� Epkq.

b) Alternative forms of elliptic functions: (valid for 0 ¤ x ¤ 1 ^ 0   k   1)
• Of the 1st kind: F pk, xq �

» x

0

duap1� u2qp1� k2u2q
• Of the 2nd kind: Epk, xq �

» x

0

c
1� k2u2

1� u2 du

In some tables k, x are quoted as sinpθq, sinpφq respectively, thus
θ � sin�1pkq , φ � sin�1pφq

• Riemann Zeta function: ζpsq is a function of a complex variable s � σ � it that
analytically continues the sum of the Dirichlet series for when the real part of s is greater
than 1. It is equal to the generalization of the harmonic series. It is equal to the following,
with the caveat that σ ¡ 1 :

ζpsq �
8̧

n�1

1
ns
� 1

1s �
1
2s �

1
3s �

1
4s � . . . �

1
p1� 1

2s qp1� 1
3s qp1� 1

5s qp1� 1
7s qp1� 1

11s q
We notice that the Riemann function can be written in a product form over the Prime
numbers. This discovery, attributed to Euler, means that they Riemann Zeta function
encodes information about the prime numbers.

• Lambert-W function:
Also known as the Omega function, is a set of functions namely the branches of the inverse
relation of the function fpzq � zez, where ez is the exponential function and z is any
complex number:

z � f�1pzezq � Wpzezq
By substituting z0 � zez we get the defining equation for the W function (and for the W
relation in general):

z0 � Wpz0qeWpz0q
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for any complex number z0.

We can approximate the function as follows:

φpx, rq � 1�
rrş

k�1

xk
�
r � pk � 1q�k

k!

Now consider the following series of approximations, where r is assumed to be sufficiently
large. The first one is:

W̃1px, rq � 1
r

ln φpx, rq
Subsequent approximations are defined recursively by:

W̃n�1px, rq � 1
r

ln
�

W̃n
�
1� W̃n

�
x

φpx, rq
�

Example: For x � 2000, even r as low as 80 gives quite accurate results:
W̃5p2000, 80q � 5.83673149492073 and W̃6p2000, 80q � 5.836731494908671
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27 Abstract Algebra
• A linear mapping is a mapping V Ñ W between two modules (including vector spaces)
that preserves the operations of addition and scalar multiplication.
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28 Recreational
A magic square is a square divided into smaller squares each containing a number, such
that the sum in each row, column and diagonal is a constant. That constant is equal to:
npn2 � 1q

2
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29 Physics

29.1 Classic Mechanics
• Diafor� enìc megèjouc X = Arqik  tim  tou megèjouc - Telik  tim  tou megèjouc =
Xarq �Xtel

• Metabol  enìc megèjouc X = Telik  tim  tou megèjouc - Arqik  tim  tou megèjouc =
Xtel �Xarq

• Rujmìc metabol c fusikoÔ megèjouc F sqetik� me ton qrìno t � ∆Φ
∆t

• x � U � t : jèsh antikeimènou / ontìthtac apì thn arq  shmeÐou anafor�c pmq
• ∆~x � ∆~U �∆t : Metatìpish(m) [E.O.K (rectilinear) ]
• ∆~x � xtel � xarq (ìtan h kateÔjunsh sumpÐptei me thn kateÔjunsh thc metatìpishc)
• p � m

V
: Puknìthta (kg/m3)

•
�
U � S

t
pm{sq � � � |∆~x∆t

�
: Mèsh taqÔthta

S = di�sthma (mìno jetikì),   apìstash

• p � mOL

VOL
pkg{m3q : Mèsh puknìthta (gia stajerèc sunj kec pÐeshc kai jermokrasÐac)

• ~a � ∆~U

∆t : Epit�qunsh pm
s2 sthn E.O.M. kÐnhsh. 'Eqei p�nta thn Ðdia kateÔjunsh me thn

metabol  thc taqÔthtac ∆~U � ~U � U0

• ∆~x � U0t� 1
2~at

2 pmq : Metatìpish sthn E.O.M. kÐnhsh

• 1oc Nìmoc NeÔtwna: K�je s¸ma, pou brÐsketai mèsa se èna adraneiakì sÔsthma,
diathreÐ thn kat�stash hremÐac,   eujugrammhc kai omal c kÐnhshc tou, efìson kamÐa
exwterik  dÔnamh den epidr� gia th metabol  thc,   h sunistamènh twn dun�mewn isoÔtai me

0. Σ~Fex � 0 Ø ~U � stajer 
• 2oc Nìmoc NeÔtwna: Perigr�fei th sumperifor� tou s¸matoc, ìtan h sunistamènh twn
dun�mewn pou askoÔntai se autì den eÐnai mhdèn. Tìte h dÔnamh pou ja tou askhjeÐ ja

eÐnai: ~F � m � ~a ( N � kg � m
s

) (IsqÔei gia s¸ma stajer c m�zac m)
• 3oc Nìmoc NeÔtwna: 'Otan dÔo s¸mata allhlepidroÔn kai to pr¸to askeÐ dÔnamh F sto
deÔtero, tìte kai to deÔtero askeÐ dÔnamh Ðdiou mètrou F kai antÐjethc for�c, dhlad  askeÐ
antÐjeth dÔnamh �F sto pr¸to.

• Sunj kh isorropÐac: ΣF � 0
• W � m � g pNq : B�roc
• F � �kx : Nìmoc tou Hooke. k= stajer� tou elathrÐou. To arnhtikì prìshmo
upodhl¸nei ìti aut  h dÔnamh askeÐtai se antÐjeth kateÔjunsh apì thn kateÔjunsh
tèntwshc,   sumpÐeshc tou elathrÐou

• P � F

A

�
Pa � 1Pascal � N

m2

�
: PÐesh, pou eÐnai to mètro thc olik c dÔnamhc pou

askeÐtai k�jeta se epif�neia embadoÔ A
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• P1atm � 101, 293Pa : PÐesh miac atmìsfairac sthn epif�neia thc j�lassac
• Arq  tou Pascal: K�je metabol  thc pÐeshc se opoiod pote shmeÐo enìc periorismènou
reustoÔ pou eÐnai akÐnhto, prokaleÐ Ðsh metabol  thc pÐeshc se ìla ta shmeÐa tou.
• P � p � g � h (Pa): Udrostatik  pÐesh, pou eÐnai h pÐesh pou askeÐ èna reustì se
antikeÐmeno   epif�neia pou brÐsketai mèsa s�utì. p : puknìthta tou reustoÔ, h : b�joc sto
opoÐo brÐsketai to antikeÐmeno. OfeÐletai sto b�roc tou reustoÔ.
• Arq  twn sugkoinwnoÔntwn doqeÐwn: 'Otan antikeÐmena a, b diaforetik�, brÐskontai se
Ðdio b�joc entìc enìc reustoÔ ja isqÔei: Pa � Pβ
• A � p � g � VΣpNq : 'Anwsh, pou dèqetai s¸ma ìgkou VΣ : bujismènou se reustì.
• ps¸matoc   PreustoÔ Ñ A � WΣ : Sunj kh pleÔshc

• W � ~F �∆~x cos θ pJ � N �mq : 'Ergo, dÔnamhc ~F
θ : gwnÐa pou sqhmatÐzei h dÔnamh me thn metatìpish pou prokaleÐ
'Oti eÐnai h epitag  gia to qr ma, eÐnai to èrgo gia th dÔnamh •
UDUN � W � h � m � g � h pJq : (Barutik ) Dunamik  enèrgeia

• EKIN � 1
2mU

2 pJq : Kinhtik  enèrgeia

• EMHX � EKIN � UDUN pJq
• EARQ

MHX � ETEL
MHX : Diat rhsh thc Mhqanik c Enèrgeiac

• P � W

t
� E

t
pW � J{sq : IsqÔc, prokÔptei ìti: P � F � U

• n � Eqr simh

Ekatanaliskìmenh

: Apìdosh mhqan c

• Q � m � c �∆θ pJq : Nìmoc thc jermidometrÐac
c : eidik  jermìthta ulikoÔ (J{kg � k) (specific heat capacity), ∆θ = metabol  thc
jermokrasÐac, Q : posìthta jermìthtac,   jermoqwrhtikìthta (thermal capacity)
• ∆l � l0 � al �∆θ pmq : Metabol  m kouc epÐmhkouc s¸matoc - r�bdou, lìgw grammik c
jermik c diastol c,   sustol c, al : suntelest c grammik c diastol c ulikoÔ thc r�bdou, l0
: arqikì m koc thc r�bdou
• ∆V � V0 � av �∆θ : Metabol  tou ìgkou Ôgrou   stereoÔ kat� th diastol ,   sustol 
tou, V0 : arqikìc ìgkoc, av : suntelest c ìgkou ulikoÔ
• Q � LT �m pJq : jermìthta pou metafèretai se stereì s¸ma kat� thn t kh tou, LT :
lanj�nousa jermìthta t xhc, m : m�za s¸matoc
• Q � LB �m pJq : jermìthta pou metafèretai se ugrì s¸ma kat� ton brasmì, LB :
lanj�nousa jermìthta brasmoÔ.
• ∆U∆ � �W Ø UTEL � UARQ � �W : Sqèsh thc metabol c thc dunamik c enèrgeiac
sust matoc swm�twn sugkritik� me to èrgo twn sunthrhtik¸n dun�mewn allhlepÐdrashc.
• ~Fc � k

q1q2

r2 pNq : Nìmoc Coulomb, k � 1
4πε0

stajer� tou Coulomb / hlektrik 

stajer� � 9 � 109N �m2{Cb2

O nìmoc isqÔei gia fortismèna s¸mata twn opoÐwn oi diast�seic eÐnai polÔ mikrèc se sqèsh
me th metaxÔ touc apìstash,   gia fortismènec sfaÐrec

• Arijmìc hlektronÐwn � sunolikì fortÐo

stoiqei¸dec fortÐoqe
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• I � q

t
pAq : 'Entash tou hlektrikoÔ reÔmatoc pou diarrèei ènan agwgì. H sqèsh isqÔei

mìnon ìtan to reÔma eÐnai stajerì, dhlad  gia apeiroel�qista fortÐa: I � dq

dt
pA � C

s
q

• εPHG � EHL

q
pV q �Volt � J

C

�
: Hlektregertik  dÔnamh phg c

  V � UHl, S
q

pV q, UHL, S hl. dunamik  enèrgeia tou pedÐou pou èqei to fortÐo q sth jèsh S.

• R � V

I
pΩq�Ohm � V

A
� J

C
� s
J
� s

C

�
: Hlektrik  antÐstash dipìlou,   agwgoÔ

• I � VPHGHS
R

: Nìmoc tou Ohm, VPHGHS : t�sh stouc pìlouc thc phg c

• R � pθ
l

A
pΩq : AntÐstash tou agwgoÔ, l : m koc tou agwgoÔ (l), A : embadì diatom c

tou agwgoÔ (m2), pθ : eidik  antÐstash tou ulikoÔ tou agwgoÔ (Ω �m), wc sun�rthsh thc
jermokrasÐac
• Gia θ P p0�C, 100�Cq, eÐnai: pθp0 p1� aθq pΩq eidik  antÐstash tou agwgoÔ se
jermokrasÐa j.
p0 : eidik  antÐstash ulikoÔ tou agwgoÔ stouc 0� C, a : jermikìc suntelest c eidik c
antÐstash pou gia ta perissìtera kajar� mètalla èqei tim  a � 1{273� C.
• Rθ � R0p1� aθq pΩq AntÐstash agwgoÔ se jermokrasÐa θ� C, R0 � p0

l

A
: antÐstash

agwgoÔ se jermokrasÐa 0�.
• Qant. � I2 �R � t pJq : Nìmoc tou Joule (Joule effect),   Qant. � a � I2 �R � t pJq,
a � 0.24pcal{Jq : hlektrikì isodÔnamo thc jermìthtac
• 1 calorie = 1 cal = 4.184J
• Ehl � V � I � t pJq : Hlektrik  enèrgeia pou qrhsimopoieÐ mia hlektrik  suskeu  se
qrìno t
• Phl � V � I pW q : IsqÔc pou qrhsimopoieÐ mia hlektrik  suskeu 

• Apìdosh: np%q � Wfèlimo posì

Pareqìmeno posì
� 100p%q

• ∆K � Ktel �Karq � ΣWf � WFol   ∆K � WFol

Je¸rhma metabol c kinhtik c enèrgeiac - J.M.K.E.   je¸rhma èrgou - enèrgeiac.
• Je¸rhma Diat rhshc Mhqanik c Enèrgeiac: 'Otan s'èna s¸ma,   sÔsthma swm�twn
droun mìno diathrhtikèc dun�meic, tìte h mhqanik  enèrgeia diathreÐtai, dhlad 
EARQ
MHQ � ETEL

MHQ. ProkÔptei ìti to �jroisma thc metabol c thc K.E. kai thc D.E. eÐnai 0  
∆K �∆U � 0.
• J.M.K.E.: Efarmìzetai gia èna s¸ma, isqÔei p�nta.
• A.D.M.E.: Efarmìzetai gia sÔsthma swm�twn kai isqÔei mìnon ìtan ìlec oi dun�meic
pou askoÔntai sto sÔsthma eÐnai sunthrhtikèc.
• A.D.E.: IsqÔei pantoÔ kai p�ntote.
• Tk � µk �N : Trib  olÐsjhshc (kinetic friction) (N),
µk : suntelest c trib c olÐsjhshc, N : k�jeth dÔnamh me thn opoÐa sumpièzontai oi
epif�neiec
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• Ts � µs �N pNq : Statik  trib , ìtan to s¸ma paramènei akÐnhto, µs : suntelest c
statik c trib c

• Orizìntia bol :
#
KÐnhsh ston �xonax : E.O.K., me x � U0t

KÐnhsh ston �xonay : EleÔjesh pt¸sh
• Arq  anexarthsÐac twn kin sewn: Oi dÔo kin seic eÐte ekteloÔntai anex�rthta, eÐte

diadoqik� kai diarkoÔn qrìno: t �
d

2h
g

Ñ ~U � S

t
pm
s
q : Grammik  taqÔthta sthn omal  kuklik  kÐnhsh, S : tìxo pou

diagr�fetai se qrìno t,

Ñ ~ω � θ

t
prad
s
q : Gwniak  taqÔthta sthn O.K.K., me dieÔjunsh k�jeth sto epÐpedo thc

troqi�c kai for� peristrof c tou kinhtoÔ pou sumpÐptei me thn kateÔjunsh twn
upìloipwn daktÔlwn (figure 44)
Gia t � T , eÐnai: ω � 2π

T

Figure 44: Mèjodoc tou dexioÔ qerioÔ (sth Fusik )

• U � ω � r : Sqèsh grammik c kai gwniak c taqÔthtac

• f � N

∆t (1Hz = 1 rep / sec): Suqnìthta tal�ntwshc, N : arijmìc talant¸sewn se
qronikì di�sthma ∆t.
Gia N � 1, ∆t � T : perÐodoc tal�ntwshc. 'Ara f � 1

T
• ω � 2πf
• ac � U2

r
pm
s2 q : kentromìloc epit�qunsh (centripetal acceleration). 'Eqei kateÔjunsh

proc to kèntro thc kuklik c troqi�c.

• Fc � mU2

r
pNq : Kentromìloc dÔnamh. 'Eqei kateÔjunsh proc to kèntro thc kuklik c

troqi�c

• F � G
m1m2

r2 pNq : Nìmoc thc pagkìsmiac èlxhc
G � 6.67 � 10�11pN �m2{kg2q : stajer� thc pagkìsmiac èlxhc. IsqÔei mìno gia swm�tia,  
omogen  sfairik� s¸mata r : apìstash metaxÔ twn kèntrwn touc F : dÔnamh barutik c èlxhc

• ~g �
~F

m
� G

M

r2 p
N

kg
q : 'Entash tou barutikoÔ pedÐou ~g Ðdia kateÔjunsh me to b�roc

• H sqèsh den isqÔei gia   r, dhlad  ìtan to elkoÔmeno s¸ma brÐsketai entìc tou
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s¸matoc pou "dhmiourgeÐ� to barutikì pedÐo

• U �
c
G
M

r
pm
s
q : TaqÔthta peristrof c twn dorufìrwn

• EpÐshmh diatÔpwsh tou 2ou Nìmou tou NeÔtwna: H sunistamènh twn dun�mewn pou
askoÔntai se èna s¸ma, isoÔtai me to rujmì metabol c thc orm c tou s¸matoc.

Σ~F �
�

∆~P

∆t

�
� δ ~P

δt
� d

dt
pm~Uq, dhlad : ~P � m~Upkg �m{sq : Orm (Momentum)

• m � F

a
pkgq : Adraneiak  m�za

• m � W

g
pkgq : Barutik  m�za

• ~F � ~ptel. � ~parq.
∆t

• Arq  Diat rhshc Orm c (A.D.O.): ~PARQ
OL � ~PTEL

OL

H sunolik  orm  enìc memonwmènou sust matoc swm�twn diathreÐtai stajer .

Nìmoi AerÐwn

1. Nìmoc tou Boyle: p � V � k � staj. (isìjermh), ìtan o arijmìc twn mol n kai h
jermokrasÐa T eÐnai stajer�.

2. Nìmoc Charles: V ∝ T , ìtan n, p stajer�. (isobar c)

3. Nìmoc Gay-Lussac: p ∝ T , ìtan n, p stajer�. Katal goume ìti: (1, 2, 3 Ñ):
p � V � n �R � T : Katastatik  exÐswsh twn idanik¸n aerÐwn. H exÐswsh isqÔei kai gia
aèria meÐgmata. Idanikì aèrio eÐnai autì gia to opoÐo isqÔei h katastatik  exÐswsh
akrib¸c, se ìlec tic pièqeic kai jermokrasÐec

• EpÐshc, an mil�me gia sugkekrimèno aèrio, mporoÔme apì (1) na poÔme ìti: p1 �V1 � p2 �V2

• UES � N � �K : Eswterik  enèrgeia aerÐou (ousiastik� jermik  enèrgeia)
�
K � pk1 � k2 � . . .� knq

N
: mèsh kinhtik  enèrgeia morÐwn

• Q � ∆U : Prosferìmenh jermìthta = AÔxhsh eswterik c enègeiac aerÐou
• W � P �∆V : 'Ergo pou dhmiourgeÐ h diastol  aerÐou, ∆V : aÔxhsh tou ìgkou aerÐou
kat� th jèrmansh tou
• Apì ta dÔo prohgoÔmena, anagìmaste sto ex c: Q � ∆U �W : Prosferìmenh
jermìthta = AÔxhsh Eswterik c Enèrgeiac aerÐou � Enèrgeia apaitoÔmenh gia thn anÔyhsh
tou embìlou. H prohgoÔmenh sqèsh ousiastik� apoteleÐ thn A.D.E. gia ta aèria.
• Jermik  enèrgeia = TrofodotoÔmenh en. - Apodidìmenh en.
• U � λ � f : Jemeli¸dhc Nìmoc thc Kumatik c
• 1

p
� 1
p1
� 1
f

, f : apìstash estÐac - koruf c, estiak  apìstash,   apìstash pou

sugklÐnoun oi anakl¸menec aktÐnec kai sqhmatÐzetai to eÐdwlo (figure 45)
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p1 : apìstash eid¸lou m kouc P 1Q1 apì thn koruf .

Figure 45: Anapar�stash tou jemeli¸dhc nìmou thc kumatik c

• Gia sfairikì kajrèpth isqÔei R � 2f (aktÐna kampulìthtac)

• m � �p
1

p
�

���
P 1Q1
���
PQ

(megèjunsh). An to eÐdwlo eÐnai orjì h megèjunsh eÐnai jetik , en¸

an eÐnai antestrammèno, h megèjunsh eÐnai arnhtik .

• n � C0

U
: deÐkthc di�jlashc,   n � sinpθπq

sinpθδq
U : taqÔthta fwtìc sto ulikì mèso

EpÐshc: n � λ0

λ
Ø λ � λ0

n
, λ, n : qarakthristikì ulikoÔ.

• sinpθπq
sinpθδq �

n2

n1
� U1

U2
Nìmoc tou Snell (figure 46)

sinpθπq
sinpθδq � stajerì

Figure 46: O Nìmoc tou Snell   Nìmoc thc di�jlashc

• Nìmoc thc An�klashc ( tou NeÔtwna):
GwnÐa prìsptwshc pθπq = GwnÐa an�klashc pθaq
• sinpθπ � 1

nol
Ñ θπ oriak  gwnÐa
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• Nìmoc Brewster: tanpθπq � n2

n1
Ñ θπ �gwnÐa Brewster,   gwnÐa olik c pìlwshc.

SumbaÐnei ìtan h anakl¸menh kai diajl¸menh gwnÐa eÐnai k�jetec metaxÔ touc.

29.2 Electrostatic Field

• ~E �
~F

q
� k

|Q|
r2

�
N

C
 
V

m



'Entash (se shmeÐo) hlektrostatikoÔ pedÐou, pou dèqetai

fortÐo q apì fortÐo - phg  Q.
• UΣ � k

Qq

r
pJq : Hlektrik  Dunamik  Enèrgeia (electric potential energy); h opoÐa

an kei kai sta dÔo fortÐa -an kei sto sÔsthma- kinoÔmenou fortÐou q se shmeÐo Σ tou pedÐou, r
: apìstash metaxÔ q kai Q.
• VΣ � UΣ

q
� k

Q

r
pV q : Dunamikì hlektrostatikoÔ pedÐou ( Coulomb), se jèsh Q tou

pedÐou, r : apìstash metaxÔ tou shmeÐou S kai tou fortÐou Q pou dhmiourgeÐ to pedÐo.

AntÐstoiqa isqÔei ìti: VSR � WΣÑP

q
pV q � VΣ � VP : Diafor� DunamikoÔ,   t�sh metaxÔ

dÔo shmeÐwn S kai R tou hlektrikoÔ pedÐou

• C � Q

V
pF q pFarad � Coulomb

V olt
: Qwrhtikìthta tou puknwt , Q = fortÐo puknwt , V

= diafor� dunamikoÔ metaxÔ twn oplism¸n tou puknwt . Mas plhroforeÐ gia to fortÐo pou
mporeÐ na apojhkeuteÐ an� mon�da t�shc metaxÔ twn oplism¸n tou.
• C � ε � ε0S

l
pF q : Ex�rthsh qwrhtikìthtac epÐpedou puknwt  apì sqetik  dihektrik 

stajer� ε tou dihlektrikoÔ pou brÐsketai metaxÔ twn oplism¸n tou, S : embadì pl�kac
puknwt , l : apìstash metaxÔ twn plak¸n tou

U � 1
2CV

2 � 1
2Q � V �

1
2
Q2

C
pJq : Hlektrik  dunamik  enèrgeia tou puknwt 

• E � V

l

V

m
: 'Entash omogenoÔc hlektrostatikoÔ pedÐou, �ra mìno gia epÐpedo puknwt 

• Arq  Diat rhshc tou FortÐou: 'Oso fortÐo dièrqetai apì k�poia diatom  tou agwgoÔ
sth mon�da tou qrìnou
• ΣIeis. � ΣIex. : 1oc kanìnac Kirchoff: To �jroisma twn ent�sewn twn reum�twn, pou
"eisèrqontai� s'ènan kìmbo, isoÔtai me to ajroisma twn ent�sewn twn reum�twn, pou
"exèrqontai� apì autìn,   ΣI � 0 sto kìmbo autì
• Σp∆V q � 0 : 2oc kanìnac Kirchoff: Kat� m koc miac kleist c diadrom c se èna
kÔklwma, to algebrikì �jroisma twn diafor¸n dunamikoÔ eÐnai0.
• VPHG � ε� Ires pV q : Polik  t�sh phg c,   t�sh stouc pìlouc thc phg c, I = reÔma
kukl¸matoc, res : Eswterik  antÐstash phg c, VPHG : t�sh stouc pìlouc thc phg c.

• E � h � f pjq : Enèrgeia fwtonÐou
• L � mUr : Mètro stroform c tou hlektronÐou

• ~ � h

2π : Meiwmènh stajer� Planck. Apì ta prohgoÔmena sumperaÐnoume ìti h
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stroform  tou hlektronÐou mporeÐ na p�rei timèc Ðsec me ta akèraia pollapl�sia thc
posìthtac ~. Hlektrìnia me thn Ðdia stroform  kinoÔntai se mÐa apì tic epitrepìmenec
troqièc, aktÐnac r, dld.: mUr � n~ , n P N. Upodhl¸netai ètsi h kb�ntwsh thc stroform c.
• Earq � Etel � h � f pJq : Enèrgeia pou par�getai ìtan hlektrìnio metaphd� apì mÐa
epitrepìmenh troqi� se �llh mikrìterhc enèrgeiac.

• EOL � EK � U �∆ � k
e2

2r �
�
�ke

2

4



� �ke

2

2r : Olik  enèrgeia hlektronÐou tou

atìmou tou udrogìnou (sto sÔsthma hlektronÐou hlektronÐou - pur na).
• rn � n2 � r1 pmq : AktÐna epitrepìmenwn troqi¸n.

n P N� : kÔrioc kbantikìc arijmìc. r1 � ~2

mkq2
e

� 0.53 � 10�10m � aktÐna Bohr

• 1ev = 1.6 � 10�19 pJq : To hlektroniobìlt eÐnai h enèrgeia pou metabib�zetai se èna
hlektrìnio ìtan autì epitaqÔnetai mèsw diafor�c dunamikoÔ 1V.

• En � E1

n2 pJq : Epitrepìmenec timèc enèrgeiac, E1 � �mk
2e4

2~2 � �13.6eV
• EionismoÔ � E8 � E1 : Posìthta enèrgeiac pou apaiteÐtai gia thn apom�krunsh tou
hlektronÐou ektìc tou hlektrikoÔ pedÐou tou pur na.
• λMIN � ch

eV
pmq : Mikrìtero m koc kÔmatoc thc aktinobolÐac pou ekpèmpetai, ìtan h

enèrgeia tou hlektronÐou metatrèpetai se enèrgeia fwtonÐou se mÐa mìno kroÔsh(ktel � 0),
V : t�sh pou epitaqÔnei th dèsmh hlektronÐwn

• H atomik  mon�da m�zac (atomic mass unit = amu) orÐzetai wc to 1/12o thc m�zac tou
atìmou tou �njraka-12 12C, 1amu = 1.66 � 10�24g.
• Sqetik  atomik  m�za,   atomikì b�roc Ar lègetai o arijmìc pou deÐqnei pìsec forèc
eÐnai megalÔterh h m�za tou atìmou tou stoiqeÐou apì to 1amu.
Ar � matìmou

1.66 � 10�27kg
• To mol eÐnai mon�da posìthtac ousÐac sto S.I. kai orÐzetai wc h posìthta thc Ôlhc pou
perièqei tìsec stoiqei¸deic ontìthtec, ìsoc eÐnai o arijmìc twn atìmwn pou up�rqoun se
12g tou �njraka -12 12C. O arijmìc twn atìmwn pou up�rqoun se 12g tou 12C onom�zetai
arijmìc Avogadro (NA) kai upologÐsthke peiramatik� pwc eÐnai Ðsoc me: NA � 6.0252 � 10�23

mol�1. Me �lla lìgia 1 mol eÐnai h posìthta miac ousÐac pou perièqei NA ontìthtec.
• O arijmìc Avogadro ekfr�zei ton arijmì twn atìmwn opoioud pote stoiqeÐou pou
perièqonetai se m�za tìswn grammarÐwn ìso eÐnai h sqetik  atomik  m�za tou. MporoÔme na
poÔme ìti 1mol atìmwn perièqei NA �toma kai zugÐzei Arg.
(1g � 1.66 � 10�23 Ar)
• O arijmìc Avogadro ekfr�zei ton arijmì twn morÐwn stoiqeÐou qhmik c ènwshc pou
perièqontai se m�za tìswn grammarÐwn ìso eÐnai h sqetik  atomik  m�za touc. Dhlad ,
1mol morÐwn perièqei NAmìria kai zugÐzei Mr g.
• Grammomoriak  m�za M enìc stoiqeÐou   mÐac qhmik c ènwshc eÐnai h m�za enìc mole
morÐwn thc kai metriètai sto S.I. se kg / mol. H grammomoriak  m�za (molar mass) eÐnai
1,000 forèc mikrìterh apì th sqetik  moriak  m�za (moriak  b�roc) Mr : ∴M � Mr

1000
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• Grammomoriakìc,   moriakìc ìgkoc aerÐou (Vm) onom�zetai o ìgkoc pou katalamb�nei
1mol autoÔ, se orismènec sunj kec pÐeshc kai jermokrasÐac. Se prìtupec sunj kec pÐeshc
(1atm) kai jermokrasÐac (0�C) - S.T.P., o grammomoriakìc ìgkoc twn aerÐwn brèjhke

peiramatik� ìti eÐnai Ðsoc me 22.4L, dld.: Vm � 22.4 L

mol se STP sunj kec. (dld. V ∝ n).
• NA �toma Ø 1 mol atìmwn Ø Arg mèsw tou moriakoÔ tÔpou
• NA mìria Ø 1 mol morÐwn ØMrg STP kai mìno gia aèria
• NA ontìthtec aèriac ousÐac Ø 1 mol aèriac ousÐac Ø Vm � 22.4L
• Arijmìc twn mol ousÐac: n � mOL

M
, mOL : olik  m�za ousÐac

• H metabol  sthn opoÐa h jermokrasÐa paramènei stajer  onom�zetai isìjermh.
• H metabol  sthn opoÐa o ìgkoc paramènei stajerìc onom�zetai isìqwrh.
• H metabol  sthn opoÐa h pÐeshc paramènei stajer  onom�zetai isobar c.

• p � 1
3
Nm

�
U

2

V
: Sqèsh pÐeshc me th mèsh tim  twn taqut twn twn morÐwn tou aerÐou, m :

m�za k�je morÐou, N : pl joc morÐwn, V : ìgkoc doqeÐou.

• U �
b

�
U

2
�
c

3kT
m

: Sqèsh taqÔthtac (U) me th jermokrasÐa pT q (twn morÐwn) tou
aerÐou,
M : h grammomoriak  m�za, Uπ : pijanìterh tim 

• 1
2m

�
U

2
� 3

2kT : H mèsh K.E. twn morÐwn tou idanikoÔ aerÐou eÐnai an�logh me thn

apìluth jermokrasÐa.
• Oi taqÔthtec twn morÐwn k�poiac posìthtac aerÐou se jermokrasÐa T akoloujoÔn thn
katanom  Maxwell-Boltzmann.
• 'Epeita apì n qrìnouc upodiplasiasmoÔ (hmizwèc) (t1{2) radienergoÔ isotìpou èqei

apomeÐnei: m � p12q
n �m0

m0 : posìthta arqik c, radienergoÔc ousÐac

Mon�dec Radienèrgeiac:

1. Mon�dec pou ekfr�zoun to epÐpedo radienèrgeiac enìc ulikoÔ.
Sunhjèsterh mon�da eÐnai to Curie(Ci), pou eÐnai posìthta ousÐac pou ufÐstatai
3.7 � 1010 radienergèc diasp�seic an� deuterìlepto.
Sto S.I. mon�da radienèrgeiac eÐnai to Becquerel (Bq), pou antistoiqeÐ se mÐa
radienergì di�spash an� deuterìlepto, dld. 1Ci � 37 � 109Bq.
Mon�dec pou ekfr�zoun thn aporrofoÔmenh aktinobolÐa apì ènan organismì.
Gia posotik  ektÐmhsh twn apotelesm�twn thc epÐdrashc thc aktinobolÐac,
jespÐsthkec to RAD (Radiation Absorbed Dose) pou ekfr�zei dìsh aktinobolÐac, h
opoÐa apeleujer¸nei 10�2J enèrgeiac an� kg b�rouc tou s¸matoc pou thn aporrof�.
Sto SI mon�da eÐnai to Gray(Gy)
1Gy = 100 RAD

2. Mon�dec pou ekfr�zoun thn aporrofoÔmenh aktinobolÐa apì ènan organismì se sqèsh
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me tic biologikèc epipt¸seic pou prokaloÔn.
To REM (Radiation Equivalent Man) eÐnai mia mon�da radienèrgeiac pou den exart�tai
apì to eÐdoc thc aktinobolÐac kai ekfr�zei tic biologikèc katastrofèc pou
prokaloÔntai ston �njrwpo apì thn aporrìfhsh twn diafìrwn aktinoboli¸n. Dhlad 
1rem eÐnai posìthta aktinobolÐac, h opoÐa epifèrei èna sugkekrimèno biologikì
apotèlesma.
1rem = 1rad aktin¸n Q   g. 1Gy aktinobolÐac a prokaleÐ 20 forèc megalÔterh
katastrof  stouc anjr¸pinouc istoÔc apì 1 Gy aktinobolÐac g.

29.3 Thermodynamics
• 'Otan s'èna jermodunamikì sÔsthma oi jermodunamikèc metablhtèc, dhlad  h pÐesh(p), h
puknìthta(p) kai h jermokrasÐa (T ), pou to perigr�foun diathroÔntai stajerèc me to
qrìno, tìte to sÔsthma brÐsketai se kat�stash jermodunamik c isorropÐac. H kat�stash
jermod. isor. enìc sust matoc mporeÐ na parastajeÐ grafik� me èna shmeÐo. 'Ena sÔsthma
pou den brÐsketai se isorropÐa den parist�netai grafik�.
• ∆W � p∆V : stoiqei¸dec èrgo p∆W q thc dÔnamhc pou askeÐ to aèrio (pÐeshc p) sto
s¸ma (p.q. èmbolo) metatopÐzontac to, kat� ìgko ∆V .
• U � 3

2nRT pJq : H eswterik  enèrgeia orismènhc posìthtac idanikoÔ aerÐou exart�tai

mìno apì th jermokrasÐa tou.
• 1oc jermodunamikìc nìmoc: Q � ∆U �W
To posì jermìthtac (Q) pou aporrof�   apob�llei èna jermodunamikì sÔsthma eÐnai Ðso me
to algebrikì �jroisma thc metabol c thc eswterik c tou enèrgeiac kai tou èrgou pou
par�gei   dapan� to sÔsthma.
• Eidik  grammomoriak  jermìthta aerÐou upì stajer  pÐesh (constant pressure specific
heat): Cp
IsqÔei: Qp � nCp∆T : jermìthta pou aporrof� to aèrio ìtan jermaÐnetai upì stajerì ìgko

• Eidik  grammomoriak  jermìthta aerÐou upì stajerì ìgko: Cv
Ja isqÔei: Qv � nCv∆T : jermìthta pou aporrof� to aèrio ìtan jermaÐnetai upì stajerì ìgko

• Apì ton 1o N.D. prokÔptei ìti: Cp � Cv �R
• γ � Cp

Cv
, γ ¡ 1

Efarmog  tou 1ou jermodunamikoÔ nìmou
• A) Isìjermh Antistrept  metabol 

'Ergo: W � nRT ln
�
Vtel
Varq



, afoÔ T � staj. Ñ Q � W

• Sthn isìjermh ektìnwsh ìlo to posì jermìthtac pou aporrof� to aèrio metatrèpetai
se mhqanikì èrgo.
• B) Isìqwrh Antistrept  metabol 
Q � ∆U : Sthn isìqwrh jèrmansh ìlo to posì jermìthtac pou aporrìfhse to aèrio
qrhsimopoi jhke gia thn aÔxhsh thc eswterik c tou enèrgeiac.
• G) Isobar c Antistrept  metabol 
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'Ergo: W � p pVtel � Varqq, Apì ton 1o J.N.: Q � ∆U � p pVτ � Vαq.
Sthn isobar  jèrmansh èna mèroc apì to posì jermìthtac pou aporrìfhse to aèrio apì to
perib�llon qrhsimopo jhke gia thn aÔxhsh thc esbterik c tou enèrgeiac kai to upìloipo
apodìjhke ek nèou sto perib�llon upì morf  èrgou.
• D) Adiabatik  Metabol 
Metabol  kat� thn opoÐa de sunteleÐtai metafor� jermìthtac apì to perib�llon sto
sÔsthma kai antÐstrofa.
pV γ � staj.: Nìmoc tou Poisson pou dièpei th metabol .
Apì ton 1o J.N.: 0 � ∆U �W Ø W � �∆U
• E) Kuklik  Antistrept  metabol 
Kuklik  onom�zoume th metabol  sthn opoÐa to sÔsthma met� apì mia diergasÐa epistrèfei
sthn Ðdia kat�stash ∴ Q � W

Upologismìc megej¸n kÐnhshc ap'ta Diagr�mmata
• Di�gramma epit�qunshc - qrìnou: to embadìn apì to gr�fhma mèqri ton �xona tou
qrìnou mac dÐnei th metabol  thc taqÔthtac.
• Di�gramma taqÔthtac - qrìnou: to embadìn apì to gr�fhma mèqri ton �xona tou qrìnou
mac dÐnei th metatìpish∆x : h klÐsh thc eujeÐac mac dÐnei thn epit�qunsh
• Di�gramma jèshc - qrìnou: h klÐsh thc eujeÐac mac dÐnei thn taqÔthta tou s¸matoc

Talant¸seic
• To èrgo dÔnamh F brÐsketai apì to embadìn thc F � fpxq mèqri ton orizìntio �xona x.

• Idiosuqnìthta eleÔjerhc tal�ntwshc: f0 � 1
2π

c
k

m
,

m : s¸ma pou talant¸netai, k : stajer� elathrÐou. Mil�me idanik�. Sthn pragmatikìthta h
f0 ja eÐnai lÐgo mikrìterh afoÔ apaiteÐtai epiplèon dÔnamh gia na diathrhjeÐ wc èqei.

• T � F � l pN �mq : Rop  dÔnamhc F, l : (k�jeth) apìstash metaxÔ �xona peristrof c
kai shmeÐou efarmog c thc dÔnamhc. H rop  èqei th dieÔjunsh tou �xona peristrof c kai h
for� thc dÐnetai apì ton kanìna tou dexioÔ qerioÔ.
• W � T � θ (J): 'Ergo kat� th strofik  kÐnhsh pou prokaleÐtai apì strofik  dÔnamh
(rop ). Gia na to upologÐsoume qwrÐzoume th gwnÐa θ se apeirost� mikrèc gwnÐec
dθ1, dθ2, . . . kai ajroÐzoume ta antÐstoiqa èrga. An h rop  thc dÔnamhc paramènei stajer  to
èrgo dÐnetai apì ton parap�nw tÔpo.

• Pro¸jhsh tou puraÔlou: Utel � Uarq � Usq. aerÐwnln
�
Marq

Mtel



Usq. aerÐwn = sqetik  taqÔthta aerÐwn
H pro¸jhsh tou sthrÐzetai sthn A.D.O., epomènwc me thn exÐswsh aut , melet�me thn
pro¸jhsh tou sto di�sthma, makri� apì k�je barutik  èlxh, ìpou mporoÔme ètsi na
jewr soume to sÔsthma monwmèno.
• Fainìmeno Doppler: phg  = S, parathrht c = A

1. AkÐnhth phg  - AkÐnhtoc parathrht c: fA � fs � U

λ
,
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ìpou: U, λ h taqÔthta kai to m koc tou kÔmatoc pou ekpèmpei h phg 

2. AkÐnhth phg  - KinoÔmenoc parathrht c me taqÔthta UA

fA � U � UA
U

fs, +: parathrht c apomakrÔnetai apì thn phg  kai -: ìtan plhsi�zei se

aut .

3. KinoÔmenh phg  me taqÔthta Us - AkÐnhtoc parathrht c: fA � U

U � Usfs, +: phg 
apomakrÔnetai apì ton parat rhth, en¸ -: plhsi�zei

4. KinoÔmenh phg  me taqÔthta Us - KinoÔmenoc parathrht c me taqÔthta UA :
fA � U � UA

U 	 Us fs,
�

�
: ìtan plhsi�zoun, �

�
: ìtan apomakrÔnontai

• e � W

Qh

: Suntelest c apìdoshc opoiasd pote mhqan c
Qn : jermìthta me thn opoÐa trofodotoÔme th mhqan 
• Sthn kuklik  metabol  to èrgo pou par�gei to aèrio isoÔtai me to kajarì posì
jermìthtac pou aporrof�, to opoÐo eÐnai Ðso me to posì jermìthtac pou trofodoteÐtai meÐon
to posì jermìthtac pou apob�llei Qc.

e � 1� |Qc|
Qh

• Mhqan  Carnot: ecarnot � 1� Tc
Th

Tc : jermokrasÐa yuqr c dexamen c
Th : jermokrasÐa jerm c dexamen c
Den mporeÐ na up�rxei jermik  mhqan  pou na èqei megalÔterh apìdosh apì mia mhqan 
Carnot h opoÐa leitourgeÐ an�mesa stic dÔo jermokrasÐec.

• 2oc jermodunamikìc nìmoc
• EÐnai adÔnato na kataskeuasteÐ mhqan  pou na metatrèpei ex olokl rou th jermìthta
se wfèlimo èrgo.
• EÐnai adÔnato na kataskeuasteÐ mhqan  pou na metafèrei jermìthta apì èna yuqrì
s¸ma se èna jermìtero, qwrÐc na dapan�tai enèrgeia gia th leitourgÐa thc.
• ∆S �

» ∆Q
T

(J/k): H metabol  thc entropÐac (∆S) sust matoc kat� th di�rkeia miac

polÔ mikr c antistrept c metabol c, tìso mikr c ¸ste h jermokrasÐa tou sust matoc na
mporeÐ na jewrhjeÐ stajer .
'Otan se mia antistrept  metabol  to ∆Q eÐnai jetikì ìtan to sÔsthma aporrof� jermìthta,
epomènwc h entropÐa aux�netai. IsqÔei kai to antÐjeto.
• Apì makroskopik  �poyh h aÔxhsh thc entropÐac odhgeÐ se meÐwsh thc ikanìthtac tou
sust matoc na par�gei wfèlimo èrgo, en¸ apì mikroskopik  �poyh h aÔxhsh thc entropÐac
odhgeÐ se aÔxhsh thc ataxÐac tou sust matoc

168



PerÐptwseic upologismoÔ metabol c thc entropÐac
• Adiabatik  antistrept  metabol : ∆S � 0
• Isìjermh antistrept  metabol : ∆S � Q

T
• Kuklik  metabol : ∆SOL � 0

• EleÔjerh ektìnwsh: ∆S � nR

�
VB
VA




• To èrgo sthn adiabatik  antistrept  metabol  eÐnai:
W � ptelVtel � parqVarq

1� γ
• H metabol  sthn eswterik  enèrgeia enìc aerÐou dÐnetai apì th sqèsh: ∆U � nCv∆T
• Jermikèc mhqanèc onom�zoume autèc pou metatrèpoun th jermìthta se mhqanikì èrgo.

29.4 Electric Field
~ΦE � ~E � A cospθq pN �m2{Cq : Hlektrik  ro  pou dièrqetai apì mia epÐpedh epif�neia,
embadoÔ A, h opoÐa brÐsketai mèsa se omogenèc hlektrikì pedÐo èntashc E.
θ : h gwnÐa pou sqhmatÐzei to k�jeto sthn epif�neia di�nusma A me th dieÔjunsh twn
dunamik¸n gramm¸n
• Sth genikìterh perÐptwsh ìpou h epif�neia den eÐnai epÐpedh kai brÐsketai mèsa se
anomoiogenèc hl. pedÐo:
~ΦE �

ņ

i�1

~Ei∆Ai cospθiq , ìpou n to pl joc twn tm sewn thc epif�neiac A se stoiqei¸deic

epif�neiec epÐpedec kai stajer c èntashc.
• ΦE � Qegk

ε0
: Nìmoc tou Gk�ouc gia to hl. pedÐo

H hlektrik  ro  pou dièrqetai apì mia kleist  epif�neia isoÔtai me to phlÐko tou olikoÔ
fortÐou pou perikleÐei h epif�neia, proc th stajer� ε0.
• Dunamik  enèrgeia isoÔtai me to phlÐko tou olikoÔ fortÐou pou perikleÐei h epif�neia,
proc th stajer� ε0.
• Dunamik  enèrgeia poll¸n (èstwn) shmeiak¸n fortÐwn
U � k

q1q2

r1
� kq1q3

r2
� kq2q3

r3
� kq1q4

r4
� . . . k qn�1qn

rn
dld. h enèrgeia tou sust matoc eÐnai to �jroisma twn energei¸n pou èqoun ta fortÐa an�
zeÔgh.
• K � C

C0
¡ 1 : dihlektrik  stajer� tou ulikoÔ

C : qwrhtikìhta tou puknwt  qwrÐc to dihlektrikì
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29.5 Magnetic Field

• ~g �
~F

m
(N/kg): 'Entash pedÐou barÔthtac se èna tou shmeÐo, pou tautÐzetai me thn

epit�qunsh a pou ja apokt sei to s¸ma, e�n afejeÐ eleÔjero se ekeÐno to shmeÐo, dld.:
~a � ~g pm

s2 q
• VA � WAÑ8

m
(J/kg): Dunamikì tou pedÐou barÔthtac.

• VAB � VA � VB � WAÑ8
m

(J/kg): Diafor� dunamikoÔ metaxÔ dÔo shmeÐwn tou pedÐou

barÔthtac

• g � G
M

r2 (N/kg): èntash barutikoÔ pedÐou pou par�getai apì m�za M se shmeÐo pou

brÐsketai m�za m pou apèqei apìstash r apì to ulikì shmeÐo

• U � �Gm1m2

r
(J): Dunamik  enèrgeia sust matoc dÔo ulik¸n shmeÐwn me m�zec m1,m2

pou apèqoun metaxÔ touc apìstash r. To arnhtikì prìshmo upodhl¸nei ìti prèpei na
prosfèroume enèrgeia gia na k�noume �peirh thn apìstash twn dÔo maz¸n
• Me ikanopoihtik  prosèggish, mporoÔme na jewr soume ìti gia th Gh,   opoiod pote
geweidèc our�nio s¸ma, ja isqÔei:

g � G
MΓ

pRΓ � hq2 kai V � �G MΓ

RΓ � h
Gia h � 0 : g � G

MΓ

R2
Γ
� 9.8 pm{s2q

• ~Uδ �
c

2GM
R � h pm{sq : TaqÔthta diafug c s¸matoc, apì our�nio s¸ma m�zac M aktÐnac

P ìtan to shmeÐo ektìxeushc brÐsketai se Ôyoc h apì thn epif�neia.

29.6 Fundamental Constants
• ε0 � 8.85 � 10�12 C2{N �m2 : Apìluth dihlektrik  stajer� tou kenoÔ
• qp � 1.6 � 10�19 C : FortÐo prwtonÐou
• qe � �1.6 � 10�19 C : FortÐo hlektronÐou
• mp � 1.672631 � 10�27 kg � 938.27231 MeV {C2 : M�za prwtonÐou
• me � 9.1093897 � 10�31 kg � 0.51099906MeV {C2 : M�za hlektronÐou
• mn � 1.6749286 � 10�27 kg � 939.56563 MeV {C2 : M�za netronÐou
• K � 8.987552 � 109 N �m2{C2 � 1{4πε0 : Hlektrik  stajer�   stajer� tou Coulomb
� 9 � 109 Nm2{C
• G � 6.67259 � 10�11 m3

kg � s2 � 6.67 � 10�11 m3kg�1s�2 : Stajer� thc pagkìsmiac èlxhc

• C � 2.99792458 � 108 m{s � 3 � 108m{s : TaqÔthta tou fwtìc
• h � 4.1356692 � 10�15 eV � s � 6.63 � 10�34 J � s : stajer� tou Planck
• u � 1.6605402 � 10�27kg � 931.49432 MeV {C2 � 1a.m.u. : Atomik  mon�da m�zac
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• NA � 6.0221367 � 1023 ontìthtec

mol : Stajer� Avogadro.
• 1eV = 1.6 � 10�19 J: Hlektroniobìlt
• 1atm = 101.325 Pa : MÐa tupik  atmìsfaira

• ~ � h

2π � 1.0545727 � 10�34 J � s : Meiwmènh stajer� Planck
• F � e �NA � 96, 485.309 C{mol : Stajer� Faraday = posìthta jemeli¸douc fortÐou
e� / an� mol
• a0 � 5.29177249 � 10�11 m : AktÐna tou Bohr
• g

4� 9.80665 m{s2 : Epit�qunsh barÔthtac thc Ghc
• µ0 � 4π � 10�7 � 1.256637 � 10�6 N{A2   T �m   Wb{A �m ): Magnhtik  diaperatìthta
tou kenoÔ
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30 Chemistry
• pH: Mètro thc oxÔthtac enìc dialÔmatoc pH = � logrH�s
rH�s : h sugkèntrwsh twn H� se grammoiìnta an� lÐtro

• SÔstash qhmik c ènwshc = m�za qhm. stoiqeÐou 1

m�za qhm. stoiqeÐou 2
� stajerì

• M�za antidr¸ntwn = M�za proiìntwn
• Gia k�je �tomo isqÔei: A � Z �N
• oxÔ + b�sh Ñ �lac + nerì
• Polyatomic / Compound ions: carbonate: CO2�

3
hydroxide: OH�, sulfate: SO2�

4 , nitrate: NO�
3 , ammonium: NH�

4

• 1L = 1dm3 = 1,000cm3

• K=C+273 Kelvin Ø Celcius • Atomikìthta eÐnai o arijmìc pou mac deÐqnei apì pìsa
�toma apoteleÐtai to mìrio enìc stoiqeÐou
• Ta anìrgana oxèa kat� Arrhenius èqoun to genikì tÔpo: HxA ìpou, A : amètallo,  
om�da atìmwn (rÐza p.q. SO4), x : o arijmìc oxeÐdwshc tou A
• Oi anìrganec b�seic kat� Arrhenius èqoun to genikì tÔpo: MpOHqx, ìpou, M :
mètallo, x : o arijmìc oxeÐdwshc tou M .
• Ta perissìtera oxeÐdia èqoun to genikì tÔpo: Σ2Ox, ìpou, x o arijmìc oxeÐdwshc tou
stoiqeÐou S
• Ta �lata eÐnai iontikèc en¸seic pou perièqoun katiìn M (mètallo,   jetikì poluatomikì
iìn, p.q. NH�

4 ) kai aniìn A (amètallo ektìc O,   arnhtikì poluatomikì iìn, p.q. CO2�
3 ).

'Etsi, o genikìc touc tÔpoc eÐnai: MψAx, ìpou x kai ψ deÐqnoun thn analogÐa aniìntwn kai
katiìntwn antÐstoiqa sthn iontik  ènwsh

• Sugkèntrwsh,   moriakìthta kat'ìgko (molarity) dialÔmatoc: c � n

v
(M = 1 mol/L).

n : posìthta dialumènhc ousÐac (mol), V : ìgkoc dialÔmatoc (L)
• Kat� thn araÐwsh dialÔmatoc isqÔei o tÔpoc: carq � Varq � ctel � Vtel
• Kat� thn an�meixh dÔo,   perissìterwn dialum�twn isqÔei h sqèsh:
carq1 � Varq1 � carq2 � Varq2 � . . .� carqn � Varqn � ctel � Vtel
ìpou, 1,2, ..., n: pl joc arqik¸n dialum�twn
kai Vtel � Varq1 � Varq2 � Varq3 � . . .� Varqn
• Qhmik  antÐdrash kaÔshc alkanÐwn (gia thn ènarxh thc apaiteÐtai spinj rac):
CvH2v�2 � 3v � 1

2 O2 Ñ vCO2 � pv � 1qH2O

• Qhmik  antÐdrash pl rouc kaÔshc alkenÐwn:
CvH2v � 3v

2 O2 Ñ vCO2 � vH2O

• Qhmik  antÐdrash pl rouc kaÔshc koresmènwn monosjen¸n alkool¸n:
CvH2v�1OH � 3v

2 O2 Ñ vCO2 � pv � 1qH20
• AntÐdrash fwtosÔnjeshc:
xCO2 � ψH2O � hliak  enèrgeiaÑ CxpH2Oqψ � xO2
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• AntÐdrash paragwg c trifwsforik c adenosÐnhc:
ADP + Panìrgana fwsforik� �lata� enèrgeia Ñ ATP

30.1 Useful Chemical Substances
• C6H12O6 : Glukìzh
• Ca3pPO4q2 : Anjrakikì �lac
• CuSO45H2O : 'Enudro �lac / galazìpetra
• CaSO42H2O : GÔyoc
• NH4 : AmmwnÐa
• C2H6O : Oinìpneuma / aijanìlh
• C12H22O11 : Z�qarh / sakqarìzh
• CO2 : DioxeÐdio tou �njraka
• Ca3pPO4q2 : Fwsforikì asbèstio
• H2SO4 : Jeiikì oxÔ / Bitriìli
• H3PO4 : Fwsforikì oxÔ
• HCN : Udroku�nio
• NaCl : QlwrioÔqo n�trio / al�ti
• HNO3 : Niktrikì oxÔ / akouafìrte
• KOH : UdroxeÐdio tou kalÐou / kaustik  pot�sa
• NaOH : UdroxeÐdio tou natrÐou / kaustik  sìda
• NaHCO3 : Anjrakikì n�trio / sìda
• Al2O3 : OxeÐdio tou argilÐou / zafeÐri
• C : 'Anjrakac, Diam�nti, GrafÐthc
• Al2O3 : Cr : OxeÐdio argilÐou - qrwmÐou / roumpÐni (ruby)
• Be3Al2pSiO3q6 : Smar�gdi (emerald)
• C6H8O7 : Kitrikì oxÔ (figure 47)
• pCH3q2CO : Acetone / Propanone

Figure 47: Qhmik  exÐswsh KitrikoÔ oxèwc

• CaCO3 : Anjrakikì asbèstio / asbestìlijoc / m�rmaro
• CH4N2O : OurÐa
• C2H4O2 pCH3COOHq : Aijanikì / oxikì oxÔ
• C9H8O4 : Aketulosalikilikì oxÔ / aspirÐnh
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• CHCl3 : Triqlwromej�nio / Qlwrofìrmio
• CaC2 : Anjrakasbèstio
• CapOHq2 : Asbestìnero
• HCHO : Mejan�lh / FormaldeÔdh
• 2-udroxupropanikì oxÔ / Galaktikì oxÔ (figure 48)

Figure 48: Qhmik  exÐswsh GalaktikoÔ oxèwc

• C6H5COOH : Benzoikì oxÔ / E120(sunthrhtikì trofÐmwn

Figure 49: Qhmikìc tÔpoc KarboxulikoÔ oxèoc - COOH - Benzoikìc daktÔlioc

• C4H6O6 : Qhmikìc tÔpoc TrugikoÔ oxèwc (apant�tai sto krasÐ & se anayuktik�)
(figure 50)

Figure 50: Trugikì oxÔ - KrasÐ

• CH2O2{HCOOH : Mejanikì oxÔ / Murmhkikì oxÔ
• C4H8O2 : Boutanikì / Bouturikì oxÔ
• Purostafilikì oxÔ (figure 51)

Figure 51: Trugikì oxÔ - KrasÐ
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31 Economics
• aν � ap1� τqν : TÔpoc tou anatokismoÔ An katajèsei k�poioc sth tr�peza metrht�,
met� apì n qrìnia ja eispr�xei aν metrht�

a: kef�laio, τ � εp%q

100 : tìkoc touc enìc eur¸ se 1 qrìno

n: qrìnia, e: epitìkio p%q

• τ �
ε

100 � α : tìkoc t pou apodÐdei to kef�laio a me epitìkio e

• Σ � αp1 � τq
p1 � τqν � 1

τ
: tÔpoc twn Ðswn katajèsewn

• Kìstoc eukairÐac tou agajoÔ Y �
Mon�dec tou agajoÔ Q pou jusi�zontai

Mon�dec tou agajoÔ U pou par�gontai
se ìrouc tou

agajoÔ Q

  KEy �
∆X
∆Y : oi mon�dec tou agajoÔ Q pou jusi�sthkan gia thn paragwg  miac epiplèon

mon�dac tou U

• ED �
∆Q
∆P �

P1
Q1

: Elastikìthta thc z thshc sto shmeÐo pou antistoiqeÐ se tim  P1 kai

zhtoÔmenh posìthta Q1.
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: Elastik  z thsh
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: Anelastik  z thsh

• Mèso proiìnpAP q �
Sunolikì proiìnpQq

Posìthta metablhtoÔ suntelest 

• Oriakì proiìnpMP q �
Metabol  sunolikoÔ proiìntocp∆Qq

Metabol  posìthtac metablhtoÔ suntelest c

• Mèso stajerì kìstocpAFCq �
Staj. KìstocpFCq

Posìthta paragwg cpQq

• Mèso metablhtì kìstocpAV Cq �
Metablhtì kìstocpV Cq

Posìthta paragwg cpQq

• Mèso sunolikì kìstocpATCq �
Sunolikì kìstocpTCq

Posìthta paragwg cpQq
• ATC � AFC �AV C

• Oriakì kìstocpMCq �
Metabol  sunolikoÔ kìstoucr∆pTCqs

Metabol  tou proiìntocr∆Qs �

Metabol  metablhtoÔ kìstoucr∆CV Cs
Metabol  tou proiìntocr∆Qs

DeÐqnei to rujmì me ton opoÐo metab�lletai to sunolikì kìstoc, ìtan metab�lletai h paragwg 
kat� mia mon�da • Oi parap�nw 5 tÔpoi aforoÔn th braquqrìnia perÐodo. Kat� th makroqrìnia
perÐodo ìloi oi paragwgikoÐ suntelestèc dÔnatai na metablhjoÔn

• Es �
∆Q
∆P �

P1
Q1

: Elastikìthta thc prosfor�c, ìpou: ∆Q : metabol  prosferìmenhc

posìthtac, ∆P : metabol  tim c, P1 : arqik  tim , Q1 : arqik  posìthta
• Sun�rthsh z thshc: QD � fpP q èqei arnhtik  klÐsh (h kampÔlh D). Sun�rthsh prosfor�c
Qs � fpP q èqei jetik  klÐsh (h kampÔlh S).
• Total Revenue pTRq � P �Q : Sunolik� èsoda (epiqeÐrhshc)
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P : tim , Q : pwloÔmenh posìthta

• Average Revenue pARq �
RT

Q
: Mèso èsodo

• Marginal Revenue pMRq �
∆pP �Qq

∆Q : Epiplèon èsodo apì thn p¸lhdh miac epiplèon

posìthtac proiìntoc
• K � TR� TC � pAR�ATCq �Q : Kèrdoc (  zhmÐa)
• Kajar  epèndush = Akaj�risth idiwtik  epèndush - Aposbèseic
• A.E.P. = Idi¸tikh katan�lwsh + Akaj�risth idiwtik  epèndush + Kratik    Dhmìsia dap�nh
+ (Exagwgèc - Eisagwgèc)
• Exagwgèc - Eisagwgèc = Kajarì eisìdhma apì to exwterikì
• A.E.P. = MisjoÐ + Prìsodoi periousÐac + Tìkoi + Kèrdh + Aposbèseic + 'Emmesoi fìroi -
Kratikèc epidot seic - Tìkoi DhmosÐou qrèouc - Kajarì eisìdhma apì to exwterikì
• A.E.J.P. = A.E.P. + Kajarì eisìdhma apì to exwterikì
• K.E.J.P. = A.E.J.P. - Aposbèseic
• KajaroÐ èmmesoi fìroi = 'Emmesoi fìroi - Epidot seic
• Ejnikì eisìdhma = K.E.J.P. - KajaroÐ èmmesoi fìroi
• Diajèsimo eisìdhma = Ejnikì eisìdhma + Metabibastikèc plhrwmèc + Tìkoi tou dhmìsiou
qrèouc - Adianèmhta kèrdh - 'Amesoi fìroi
• ApotamÐeush = Diajèsimo eisìdhma - Katan�lwsh

• Kat� kefal n pragmatikì A.E.P. =
Pragmatikì A.E.P.

Plhjusmìc
• Posostì reust¸n diajesÐmwn = Posostì qrhm�twn pou h tr�peza diathreÐ apojhkeumèno sta
tameÐa thc gia k�je 100 eur¸ fusikoÔ sunall�gmatoc pou diajètei

• Pragmatikì eisìdhma =
Onomastikì Eisìdhma

EpÐpedo tim¸n
� 100 p%q

• Posostì anergÐac =
Arijmìc anèrgwn

Ergatikì dunamikì
� 100 p%q

176


	Laws of Mathematics
	Logic 
	Sentential Logic
	Quantificational Logic

	Set Theory
	Family Sets

	Algebra
	Algebraic Identities
	Absolute Values
	Powers, Radicals
	Logarithms
	Theorems

	Trigonometry
	Proofs
	Proof Techniques
	Problem Solving
	Analytical vs Numerical solutions


	Relations
	Closures

	Functions
	Even and Odd functions

	Graph Theory
	Discrete Math
	Asymptotic Notations and Growth of Functions
	Sequences and Series
	Fourier Series

	Probability Theory
	Combinatorics
	Probability Distributions
	Stochastic Processes

	Statistics
	Number Theory
	Division Properties

	Geometry
	Line Segment
	Triangle
	Quadrilateral
	Regular Polygon
	Stereometry - Polyhedron
	Line
	Miscellaneous

	Conic Sections
	Circle
	Parabola
	Ellipse
	Hyperbola

	Calculus / Mathematical Analysis
	Limits
	Calculations with 0 and inf
	Differential Calculus
	Derivatives
	Numerical solutions to Derivatives
	Partial Differentiation

	Integral Calculus
	Properties of Integrals
	Integrals
	Reduction Formulae


	Differential Equations
	Ordinary Differential Equations (ODEs)
	Analytical Solutions to ODEs
	Systems of Differential Equations

	Partial Differential Equations (PDEs)

	Difference Equations
	Complex Numbers
	Complex Trigonometric & Hyperbolic Identities
	Complex Analysis
	Quaternions

	Numerical Analysis
	Numerical Solutions to ODEs
	Numerical Solutions to PDEs

	Vectors
	Vector Analysis

	Determinants
	Matrices
	Coordinate Systems
	2-D Coordinate Systems
	3-D Coordinate Systems
	Moment of Area
	Element of Volume
	Element of Area in Space
	Curvilinear Coordinates

	Transforms
	Laplace Transforms
	Convolution

	Z Transform
	Sampling

	Fourier Transform

	Special Functions
	Abstract Algebra
	Recreational
	Physics
	Classic Mechanics
	Electrostatic Field
	Thermodynamics
	Electric Field
	Magnetic Field
	Fundamental Constants

	Chemistry
	Useful Chemical Substances

	Economics

